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Abstract

In this paper we develop asymptotics for tests of equal predictive ability between nested models
when factor-augmented regression models are used to forecast. We provide conditions under which
the estimation of the factors does not affect the asymptotic distributions developed in Clark and
McCracken (2001) and McCracken (2007). This enables researchers to use the existing tabulated
critical values when conducting inference. As an intermediate result, we derive the asymptotic
properties of the principal components estimator over recursive windows. We provide simulation
evidence on the finite sample effects of factor estimation and apply the tests to the case of forecasting
excess returns to the S&P 500 Composite Index.
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1 Introduction

Factors are now a common, parsimonious approach to incorporating many potential predictors into
a predictive regression model. Examples that estimate factors using a large collection of macroeco-
nomic variables include works by Stock and Watson (2002), who use factors to predict U.S. inflation
and industrial production; Ludvigson and Ng (2009), who use factors to predict bond risk premia;
Hofmann (2009), who uses factors to predict euro-area inflation; Shintani (2005), who uses factors to
predict Japanese inflation; and Ciccarelli and Mojon (2010), who use factors to predict global inflation.
Examples that estimate factors using a large collection of financial variables include works by Stock
and Watson (2003), who use factors to predict a variety of macroeconomic variables; Kelly and Pruitt
(2013), who use factors to predict stock returns; and Andreou, Ghysels, and Kourtellos (2013), who
use factors to predict U.S. real GDP growth.

In many of these examples, the predictive content of the factors is evaluated using pseudo out-
of-sample methods. Specifically, the usefulness of the factor is evaluated by comparing the mean
squared forecast error (MSE) of a model that includes factors with one that does not include factors.
Typically, the comparison is between a baseline autoregressive model and a comparable model that
has been augmented with estimated factors. As such, the models being compared are nested under
the null hypothesis of equal accuracy and the theoretical results in West (1996), based on non-nested
comparisons, may not apply. McCracken (2007) and Clark and McCracken (2001, 2005) show that,
for forecasts from nested models, the distributions of tests for equal forecast accuracy and encom-
passing are usually not asymptotically normal or chi-square. For one-step-ahead forecasts, tables are
provided in Clark and McCracken (2001) and McCracken (2007) and improved upon by Hansen and
Timmermann (2015). For longer horizons, a bootstrap approach is developed in Clark and McCracken
(2012).

The existing literature on out-of-sample methods for nested models is largely silent on situations
where generated regressors — and, in particular, factors — are used for forecasting.! In most cases, the
asymptotic distribution of the test of predictive ability is derived assuming that the predictors are
observed and do not themselves need to be estimated prior to forecasting. In the context of in-sample
methods, generated regressors have been shown to sometimes affect the asymptotic distribution of a
statistic, typically through the standard errors. Examples include works by Pagan (1984, 1986) and
Randles (1982). Of particular interest here, Gongalves and Perron (2014) prove that in some instances

an asymptotic bias is also introduced when factors are estimated rather than known.

'Li and Patton (2013) establish the first-order validity of the asymptotics in Clark and McCracken (2001, 2005) when
the dependent variable, not the regressors, is generated. Fosten (2015) considers the non-nested case with estimated
factors.



Building on McCracken’s (2007) and Clark and McCracken’s (2001, 2005) results, we examine the
asymptotic and finite sample properties of tests of equal forecast accuracy and encompassing applied
to predictions from nested models when generated factors are used as predictors. Specifically, we
establish conditions under which the asymptotic distributions of the M SE-F and ENC-F tests of
predictive ability continue to hold even when the factors are estimated recursively prior to forecasting.
Throughout we focus on one-step ahead forecasts made by linear regression models estimated by
ordinary least squares (OLS).

Because our asymptotics depend on the relevant size of the number of cross sectional units (N),
the total number of observations (7'), and the number of predictions (P), we provide a collection
of Monte Carlo simulations designed to examine the size and power of the tests as we vary these
parameters. In most, but not all, of our simulations the presence of estimated factors leads to only
minor size distortions, yielding rejection frequencies akin to those found in the existing literature when
the predictors are observed rather than estimated. Nevertheless, we find that the estimation of factors
reduces power relative to the case where factors are observed. Finally, to illustrate how the tests
perform in practical settings, the paper concludes with a reexamination of the factor-based forecasting
of excess stock returns.

The rest of the paper is structured as follows. Section 2 introduces notation and describes the setup.
Section 3 provides assumptions and a discussion of these. Section 4 contains our main theoretical
results, including some asymptotic results on the estimation of factors over recursive samples which
may be of independent interest. Section 5 presents Monte Carlo results on the finite sample size
and power of the tests with an emphasis on the degree of distortions induced by factor estimation
error. Section 6 applies the tests to forecasting excess stock returns using a large cross-section of
macroeconomic aggregates and financial data. Finally, Section 7 concludes.

Before we proceed, we define some notation. For any matrix A, we let ||A|| = tr1/2 (A’A) denote

the Frobenius norm and ||4|; = vz (A’A) the spectral norm. For R = T — P, we let sup, denote

SUPR<¢<T -

2 Setup and statistics of interest

2.1 Setup

Consider a benchmark one-step-ahead forecast predictive regression model given by

Yt+1 :w£,6’+u17t+1, t= ].,...,T, (1)

where w; is a k1 X 1 vector of predictors for the target variable ;1.



We would like to compare the forecast accuracy of this model with that of an alternative model
given by
Yir1 = w0 + fla+ugr1 = 250 +ugerr, t=1,...,T, (2)
where § = (¢, o/)l and z = (w}, f!)" is a kg x 1 set of predictors, with ko = k1 + 7.
In this paper, the r additional predictors f; are latent and denote a vector of r common factors

underlying a panel factor model
x,t:)\;ft—l—ezt,t:l,,ﬂ Zzl,,N (3)

We base our comparison of the two models on their ability to forecast y one step-ahead. To do
so, we divide the total sample of 7' = R + P observations into in-sample and out-of-sample portions.
The in-sample observations span 1 to R, whereas the out—of-sample observations span R 4 1 through
T for a total of P one-step-ahead predictions.

For each forecast origin t = R, ..., T — 1, we generate forecasts of 3,11 using the benchmark model

(1) by regressing ysy+1 on wg for s=1,...,t —1:
i1 = wi By,

where
1y

t—1
Bt = (Zwﬂué) Zwsstrl
s=1 s=1
is the recursive OLS estimator of 5 in (1).

To generate forecasts of y;+1 using the alternative model (2), we proceed in two steps. First, we
estimate the latent factors recursively at each forecast origin t = R, R+ 1,...,7 — 1 by the method
of principal components. More specifically, at each time ¢, we compute an N X r matrix of factor
loadings defined as Ay = ( 5‘1,t S\N,t )/ and the corresponding factors collected in the ¢ x r
matrix £, = ( fl,t ]Et,t )I. Since estimation takes place recursively over t = R,...,T — 1, we
index f\t and Ft by ¢t. Thus, f&t denotes the st" observation on the r x 1vector of factors estimated
using data on x;s up to time t.

The principal components estimators are defined as

.. . 1 N ;N2
(At, Ft) = arg {illflz} Nt ; SZ:; (Jiis - )‘ifs) )

PR,

+— = I;. Under this normalization, we can show that F,

subject to the normalization condition that

is equal to v/# times the ¢ x 1 eigenvector of the ¢ x ¢ matrix X; X}/ (tN) and A; = XéFt, where we let
‘11 ... T1,N
X = e ,fort=R,R+1,...,T —1,
txN
Tl T, N



~ 117 1~ ~ ~ ~
and A, = 28 Thus, 255 F, — FV;, where V, = diag (614, ..., 0ry), with G4 > 94 > ... > By > 0

t tN
Xt X) . . . .
at- As is well known, the principal components estimator is

and 7;; is the gt largest eigenvalue of
not consistent for the true latent factors even under the normalization imposed above. As Bai (2003)
and Stock and Watson (2002) showed, for given ¢, F, is mean square consistent for a rotated version

of F; , where the rotation matrix is defined as follows:

=7 (ﬂf) (42, @

Given the estimated factors {f&t s=1,... ,t}, we then regress ys41 onto w, and fs,t to get

forecasts of y41 :
~ 1) P N
Yo,e41 = wiby + fi 0 = Z3 404,

where
149

t—1
i (z ) S o,
s=1 s=1
~ !/
with Zs; = (w; ! ) fors=1,...,t—1, wheret =R,..., T — 1.

v J st

2.2 Test statistics

The statistics of interest are given by

T—1 ~ ~ ~
ENC-F; = Loz Uit <:21 41~ Gaph) (5)
and To1 o )
_5 (1 — U
MSE-Fs — Zt—R ( 17:5;-21 2,t+l) ’ (6)
with
T—-1
F2=P 1Y a3, (7)
t=R

and where @1 t+1 = Y41 — Y1641 and U2 441 = Yi+1 — Y2,t+1 denote the forecast errors of the benchmark
and alternative models, respectively.

Clark and McCracken (2001) derive the asymptotic distribution of the ENC-F statistic under the
null hypothesis Hy : Euq ¢41(u1,41 — u2,41) = 0 when all the predictors are observed — that is, when
both w; and f; are observed. Similarly, McCracken (2007) derives the asymptotic distribution of the
MSE-F statistic under the null hypothesis Hy : E(uit_s_1 - u%7t+1) = 0 when all the predictors are
observed. In particular, they derive the asymptotic distributions of the analogs of (5) and (6) when
11,441 and g 441 are replaced with iy 41 and g1, the out-of-sample forecast errors based on wy

and z; = (w}, f!)', respectively. Our main goal is to prove the asymptotic equivalence between the



statistics based on 1 441 and 42441 and those based on i1 ¢41 and g 41. This result will justify using
the usual critical values when testing for equal predictability with estimated factors in the nesting
model.

We first establish an algebraic relationship between the out-of-sample test statistics given in (5),
(6), and (7) and their analogs based on i1 41 and fip ;41 (which we denote by ENC-Fy, MSE-Fy,
and &2, respectively).

We can write

52 1. X
ENC—FJ; = ENC-Fy + ENC-Fy < 1) + = Z Uiy g1 (Goe1 — U2,441)
t=R

62 &
and
.0._2 9 T-1 1 T-1
MSE-F; = MSE-Fy+MSE-Fy (02 —~ 1> > > (g1 (i 441 — ii2,41)) = 3" (a1 —dings1)?
t=R t=R

This decomposition allows us to identify a set of sufficient conditions for the asymptotic equivalence

of the two sets of statistics (based on fand on f, respectively).

Lemma 2.1 Suppose that R, P — oo such that

a) Yo/ p (lgg41 — dizg1)” = op (1)
T—1 .. ~ .
b) > g tizr1 (U241 — ti2er1) = op (1).
T—1 .. . ~
€) > g U141 (g1 — Uz g41) = op (1).
d) 62 -2 =o0p(1).

Then, it follows that ENC-Fy = ENC-Fy 4+ op (1) and MSE-Fy = MSE-Fy +op (1).

The proof of Lemma 2.1 is trivial and therefore omitted. Our next goal is to provide a set of
assumptions such that conditions a) through d) of Lemma 2.1 are verified. An important step in
that direction is to provide bounds on the mean squared factors estimation uncertainty over recursive

samples, which we do next. But first we need to introduce our assumptions.

3 Assumptions

In this section, we state the assumptions that will be used to establish the asymptotic equivalence of
the test statistics with estimated factors (ENC-F 7 and MSE-F f~) and the analogous statistics with
known factors (ENC-Fy and M SE-Fy). Throughout, we let M be a generic finite constant.



Assumption 1

a) For each s, F || f,||' < M, Yr = E(fsf.) = Irand A’A is a diagonal matrix with distinct entries

arranged in decreasing order.

b) sup, || 4 S0y (foft = 1) = Op (1VT) .

c) H AJ;,A -3 AH =0 <1 / VN ) such that Apin (X4) is bounded away from zero and bounded away from

infinity — that is, 0 < a < Amin (XA) < b < 00 for some constants a and b.

The first part of Assumption 1 a) requires fs to have finite moments of order 16. Although some
of our results could be derived under less stringent moment conditions (for instance, the results in
Section 4 require only finite second moments), we will rely on these many moments in later parts of our
proofs and therefore we impose this condition from the beginning. The remaining part of Assumption
1 a) is a normalization condition often used in factor analysis. It implies that both the factors and the
factor loadings are orthogonal. See, in particular, Stock and Watson (2002) for a similar assumption
and more recently, Fan, Liao, and Mincheva (2013), Bai and Li (2012), and Bai and Ng (2013). Part
b) of Assumption 1 implies that 71 Zstl fsfl converges to Xy = I, at V/T-rate. This condition
follows under standard mixing conditions on f; by a maximal inequality for mixing processes. Part c)
of Assumption 1 requires that a nonnegligible fraction of the factor loadings is nonvanishing, implying
that factors are pervasive. We specify the rate at which A,TA converges to X, a diagonal matrix given
part a). For simplicity, we treat the factors loadings as fixed, but if the factor loadings were assumed
random, this would be the rate implied by the central limit theorem. See Han and Inoue (2015) for a

similar assumption.
Assumption 2
a) E(ex) =0, Elex|* < M.

b) There exists a constant m > 0 such that Amin (Xe) > m, [|Zell; = Amax (2e) < M, where ¥, =
E (ese}) .

c) Vs = E(ejes/N) = % sz\il E (ejte;s) is such that v, ¢ = 0 whenever |t — s| > 7 for some 7 < oo,

and |7t,s| < M for all (¢,s).

16
d) For every (t,s), E (\/% Ef\;l (eiteis — E (eiteis))) < M.

16
)<

e) For every t, F <H\/1N Efil i€t



N T T
f) % Zz’,j:l % 251:1 232:1 ’cov (ei51ej517 €i82ej82)’ < M.

Assumption 2 is rather standard in this literature, allowing for weak dependence of e;; across ¢ and
over t. Part b) of Assumption 2 corresponds to the approximate factor model of Chamberlain and
Rothschild (1983), imposing an upper bound on the maximum eigenvalue of the covariance matrix
of e; = (e1r,...,e Nt)/. It is satisfied if we assume that e;; is independent across ¢, given the moment
conditions on e;;. However, it does not require cross sectional independence and is implied by the
condition that maxi<j<ny Zf\il |E (ejreje)| < M, an assumption used by Bai (2003).

Part ¢) of Assumption 2 allows for serial correlation on e;; but restricts it to be of the moving
average type. This is a stronger assumption than usual. The main reason we impose this assumption
is the need for tight uniform bounds on the time average of the product of the factors estimation error

f‘s,t — H; fs and ugy1, the common value of uy 441 and ug 511 under the null hypothesis. In particular,

1
=0p | —— |,
" (\/ESN,R)

we need that

sup
t

t—1
1y <fs,t - Htfs> Us1
s=1

where 5?\,3 = min (N, R). This in turn is satisfied if

t /t—1 2
Sltlp t_l Z <Z 7[’sus+1> = OP (1) 5
=1 \s=1

which follows under the assumption that v, = 0 whenever [t —s| > 7 for some 7 < co (but not

necessarily if we impose only the more usual weak dependence assumption that 71 ZZSZI 7127 s < M).
Part d) of Assumption 2 strengthens Bai’s (2003) Assumption C.5 by requiring 16 instead of 4 finite
moments. Part e) is also a strengthened version of Assumption 3.d) by Gongalves and Perron (2014),
where 16 instead of 2 finite moments are required. The relatively large number of moments we require
is explained by the fact that we use mean square convergence arguments to show the asymptotic
equivalence of our statistics. Since these are a function of squared forecast errors that depend on the
product of estimated factors and regression estimates, the 16 moments assumptions are the result of
an application of Cauchy-Schwarz inequality. Finally, Bai (2009) relies on an assumption similar to
part f) (see, in particular, his Assumption C.4) in the context of the interactive fixed effects model.

Assumptions 3 and 4 are new to the out-of-sample forecasting context.
Assumption 3

2
= Op (1), where E (fse;s) = 0.

N
a) & SN supy | Sl foeas

2
b) % Zszl Supy ‘ﬁ 22211 é\il (eieis — E (eqeis)) us+1| = Op (1), where E ((ejeis — E (eqeis)) ust1) =

0.



2
c) sup, Hﬁ Zi;ll f\il )\ieisusﬂH = Op (1), where E (\jejsust1) = 0.

2
= Op (1), where E ((ejeis — E (€1€i5)) 25) =

d) 7 X1y sup, HTlvT Yati ity (eaeis — E (eaeis)) 2s
0.

2
= Op (1), where E (\je;52L) = 0.

1 t—1 N /
e) Supy H VNT 23:1 i=1 Ni€isZg

Assumption 3 requires that several partial sums be bounded in probability, uniformly in ¢ =
R,...,T. Since the summands have mean zero, this assumption is not very restrictive and is implied
by an application of the functional central limit theorem. For instance, we can verify that Assumptions
3 b) and c) hold under Assumptions 2 d) and e) if we assume that {u;} and {e;} are independent of
each other and wuy;1 is a martingale difference sequence, as we assume in Assumption 5 below.

Our next assumption requires that the partial sums in parts b) and c) of Assumption 3 have 8

finite moments.

Assumption 4

a) For each (I,t), E Hﬁ 22;11 Z-]\Ll (eqeis — E (ej€4s)) usHHg <M.
b) For each t, E Hﬁ Z’;;ll fil )\ieisuS“Hg < M.

Assumption 4 is a strengthening of Assumption 4 of Gongalves and Perron (2014), according to
2 2
. T N T N
which E Hﬁ 25:1 Zizl (eieis — E (eqeis)) Us+1H <M and £ Hﬁ 25:1 Zizl )\ieisuerlH < M.
A sufficient condition for Assumption 4 is that w41 is i.i.d., given Assumptions 2 d) and e), respectively.
Our assumption on wusy1 is nevertheless weaker, as we assume that only the regression innovation is a

martingale difference sequence. More formally, we impose the following assumption on w4 1.
Assumption 5 E (ui41|F') =0, where F' = o (yp, Yr—1, - -5 Xes Xe—1, -3 26, 241, - - ).

Assumption 5 is analogous to the martingale difference assumption in Bai and Ng (2006) when the

forecasting horizon is 1.
Assumption 6 a) F|z|' <M, E (uf ) <M forallt=1,...,T.

8
b) LetV (t) =t1 Zi;ll ZsUs+1, where B (zsusy1) = 0. Thensup, ||V (¢)|| = Op (1/\/T> and £ H\/TV (t)H <
M for all t.

c) Let B(t) = <t*1 PO zsz;>_1 and B = (E (252.)) ™. Then, sup, | B (t)|| = Op (1) andsup, | B (t) — B|
Op (1/\/T) .



d) P,R — oo such that P/R=0(1).

Assumption 6 imposes conditions on the regressors and errors of the predictability regression model
based on the latent factors. In particular, Assumption 6 a) extends the moment conditions on the
factors assumed in Assumption 1 to the observed regressors w;. In addition, it requires the innovations
ut+1 to have eight finite moments. Parts b) and c) of Assumption 6 imply that sup, Hét -9 H =
sup; |B(t)V (t)]] = Op <1 JNT ), which is the usual rate of convergence. These assumptions are
implied by more primitive assumptions that ensure the application of mixingale-type inequalities.
Part d) is implied by the usual rate condition on P and R according to which limp r_.o % =, with

0<7m<o0.

4 Theory

4.1 Properties of factors over recursive samples

As mentioned earlier, factor models are subject to a fundamental identification problem. In our setup,
this means that factors f~s,t estimated at each forecasting origin ¢ are consistent toward a rotation of the
true factors given by H;fs, where the rotation matrix H; is time-varying. The asymptotic properties
of the rotation matrix H; and its inverse (as well as the inverse of the eigenvalue matrix V;™1) are a
crucial step to proving the asymptotic negligibility of the factors estimation error in the out-of-sample
forecasting context. Lemmas A.5 and A.6 in Appendix A contain these results. These results are
crucial to bounding terms involving the estimated factors in the expansions of our test statistics.
The following theorem establishes the rates of convergence of the estimated factors over recursive

subsamples.
Theorem 4.1 Under Assumptions 1-6,
1 —~T-1]| 7 2 2 2 -
a) 5 2i—r Hft,t - HtftH = Op (1/0%R), where 6% p = min (N, R).

b) sup, {1 > et ’ fsx — Hifs

2} =Op (1/0%R)-

Theorem 4.1 extends Lemma A.1 of Bai (2003) to the out-of-sample context. Just as Bai’s (2003)
result is crucial to proving the asymptotic theory of the method of principal components over one
sample when both N and T are large, Theorem 4.1 is crucial to proving the asymptotic theory of this
estimation method over recursive samples. Part a) of Theorem 4.1 shows that the time average over

the out-of-sample period of the squared deviations between the estimated factor ft,t and the rotated

factor Hyf; converges to zero at rate Op (1/5?\77}3), where dy g = min (\/N, \/E) . Part b) shows that



the same rate of convergence applies uniformly over t = R,...,T to the time average of the squared

deviations between fs7t and H;f, for each recursive sample estimation period s =1,...,t.

4.2 Asymptotic equivalence

This section’s main contribution is to show that Lemma 2.1 holds under the null hypothesis of equal
predictability. In particular, we verify conditions a) through d), which involve the forecast errors
U1 441, U2,¢41, U141 and Ug 441, and their respective differences.
We have that
441 = Y1 — 240,
where 4; is the recursive OLS estimator obtained from regressing ye41 on z, = (w', f1), for s =

1,...,t =1, whereas 1241 is given by
U2, t+1 = Yt+1 — Zé,tgt,

~ / ~ ~ !/
where Z;; = (w,’f, f{t) and 0; is the OLS estimate obtained from regressing ys41 on Zy; = (w;, S’t) .
Thus,

Ug 41 — U 41 = 51/5,1,815 — 2}y

Let &, = diag (Iy,, H;). Adding and subtracting appropriately yields

fig i1 — Uoyp1 = (Fp — Przy) @57 (St - 5) + 2y <8t - ‘I’::_lst) , (8)
where 6 = (ﬁ’ ,0 )’ since # = 8 and a = 0 under the null hypothesis of equal accuracy. This and

- N’
the fact that z;; — ®2; = <0’ , ( fre — Hy ft) > (since wy is fully observed) explain why the term
(Z14 — ®y2ze) ©;10 is missing in (8).
The first term in (8) measures the discrepancy between the “ideal” predictors at time ¢, given
~ !/

by z = (w}, f/)', and their estimated version given by %, = (wg, fét) , interacted with the error in
estimating § using &¢. The second term in (8) measures the impact of the factor estimation error on
the OLS estimators.

Our first goal is to show that Z?:_}% (o441 — 2227“1)2 = op (1). By Assumption 6, sup, Hét — 5“ =

Op (1/\@), whereas

= T 9
T Z 1Z0e — @rze||” = T Z Hft,t - HtftH =0p (1/5?\/,1%)
t=R t=R

by Theorem 4.1. Thus, by an application of the Cauchy-Schwarz inequality, we can show that the sum
of the squared contributions from the first term in (8) is of order Op (1/ 5?\,7 r) - This is op (1) given

that N, R — oo.

10



In turn, the sum of squared contributions from the second term is bounded by
TsupHdt (I)/ 15,5“ Z HzttH

where 71 Z Hzt ¢/ = Op (1) under our assumptions. Thus, condition a) in Theorem 4.1 follows

if sup, H&t — o 5tH =op (1/T), as shown in the next lemma.

Lemma 4.1 Suppose Assumptions 1-6 hold and the null hypothesis is true. Then,

sl w5 o0 (=)

Since Lemma 4.1 implies that sup, H& _15tH = Op (Ré2 > = op ( ) this result and the

above arguments imply that

T-1 )
Z (llg,441 — iing41)” = Op <5 )ZOP(1)7

t=R
which is condition a) of Lemma 2.1.

Next, we focus on condition b) of Lemma 2.1. Given the definition of iz 11, we can write

ﬁ27t+1 = Yit+1 — Zégt = Yit+1 — 2’;5 — Z; ((St — 5) = Ut+1 — Z; <5t — (5) y

where 441 = Y11 — wiB = yir1 — 2,0 under Hy. It follows that

T-1 T-1 T-1
. ~ ! -~
G g1 (2,41 — U2,441) § U1 (U241 — U2p41) 2 <5t ) U1 — U2, t4+1) -
t=R t=R t=R

The second term is bounded by

T-1 T—1 12y 1/2
Z z (51‘, - 5)‘ |tig ¢ 41 — U2q1| < ( (5t - 5)‘ > ( (tig, 141 — ﬁ2,t+1)2> ,
t=R t=R t=R

given the Cauchy-Schwarz inequality. Since the square of the first term is bounded by

2 . 21 -1
o (5:-0)[* <o VT (5= 0)[[ 3 S
t=R

which is Op (1) under Assumption 6, condition b) is implied by condition a) and the next lemma.

T-1

~

=R

Lemma 4.2 Suppose Assumptions 1-6 hold and the null hypothesis is true. If \/T/N — 0, then

S e (g4 — fig 1) = op (1).

11



The rate restriction v/7/N — 0 is the same as the one used by Bai and Ng (2006) to show
that factor estimation uncertainty disappears asymptotically when conducting inference on factor-
augmented regression models. In our context, this rate restriction is used to show that the difference
between the out-of-sample test statistics based on the estimated factors and those based on the latent
factors is asymptotically negligible.

Similarly, condition c) of Lemma 2.1 follows using the same arguments as condition b), whereas

d) follows from conditions a) and b) since

S
R

6'2 . 5_2 _ P—l

(ﬁg,tﬂ - d%,t-&-l)

3§
- X

T-1
_ N . _ . . . 1
= P7') (g —ding1)? + 2P0 Y gy (G4 — izer1) = Op <P> ;
t=R

=

and P — oo. The next theorem contains our main theoretical result.

Theorem 4.2 Under Assumptions 1-6, if the null hypothesis holds and \/T/N — 0, then ENC'-
Ff = ENC-Ff +op (1) and MSE-F; = MSE-Fy + op (1).

This result justifies using the asymptotic critical values given in Clark and McCracken (2001) for
the ENC-F statistic and in McCracken (2007) for the M SE-F statistic. These critical values are
derived assuming conditional homoskedasticity. Without this assumption, a different set of critical
values should be used. In particular, Clark and McCracken (2012) have proposed bootstrap critical

values to approximate the asymptotic distribution under conditional heteroskedasticity.

5 Simulations

In this section, we analyze the finite sample behavior of tests of equal predictive ability with estimated

factors. For this purpose, we use a data-generating process similar to the one in Clark and McCracken

(2001):
Ys\ _ 05 b Ys—1 n Uy,
fs 0 0.5 fsfl Uf s
for s = 1,...,T, where the vector of errors is i.i.d. N(0,I2) and yo = fo = 0. The value of b will be

set to 0 for the size experiment and 0.3 for the power experiment. 2

The panel of variables used to extract the factors is obtained as

Tis = )\zfs + €55,

2We also conducted an experiment with the autoregressive coefficient on ys set to 0 and b set to 0 in both the
benchmark and alternative models. This specification is analogous to our empirical specification in the next section, but
because the results were similar, we decided not to report them. They are available from the authors upon request.
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where \; ~ U(0,1), e;s ~ N(0,02), and o7 ~ U(0.5,1.5). 3

We consider as sample sizes N € {50,100, 150,200} and 7" € {50, 100,200}. We report results for
three sample splits: © = % € {0.2,1,2}. The number of replications is set at 100,000.

We test the predictive ability of factors using recursive windows. For each t = R,...,T — 1, we

estimate the parameters of the model under the null hypothesis:

Ys+1 = /BO + 513/5 + U1, s+1,

using data from s = 1,...,¢t — 1, while the model under the alternative hypothesis is given by
Ys+1 = 00 + 01ys + afs +ugsr1, s=1,...,t -1,

where we estimate f; with f&t recursively using data up to time ¢, x;5, ¢ =1,...,N,and s =1,...,t.
We consider the ENC-F 7 and MSE-F 7 statistics. All tests are conducted at the 5% significance level.

The results are reported in Table 1. We report right-tail rejection probabilities using the asymptotic
critical values for each statistic for two cases: when the factor is known and when the factor is
estimated. The asymptotic critical values are from Clark and McCracken (2001) for the ENC-F
statistic and McCracken (2007) for the MSE-F statistic. The results for 7 = 0.2 are reported first,
followed by m = 1, and w = 2. In each case, we report results for the ENC-F and M SE-F, first with
the factor assumed known and then with the factor estimated.

The size results are reported in the top panel of Table 1. While there should be no effect of changes
in N for the observed factor case, we do see some variation that must be accounted by randomness. As
predicted by theory, the statistics seem to behave very similarly under the null hypothesis regardless
of whether the factor is estimated or known. The largest absolute difference in rejection rates is 0.11
percentage points. The average absolute discrepancy across all sample sizes and three choices of 7
is 0.039 percentage points. Overall, all tests have very good size properties, though there is some
tendency to overreject for smaller values of 1. The MSE-F statistic tends to be less subject to size
distortions than the ENC-F' test statistic.

The bottom panel of Table 1 reports power results for the two tests considered. This panel contains
an important result: estimating the factor reduces power to some degree. For example, for N = 50,
T =50, and m = 0.2, power of the M SE-F statistic is 41.7% if the factor is known, but 40.3% if the
factor is estimated. This is a general result for all values of N, T, and w. We also find other results

from the literature such as the power advantage of the ENC-F' statistic over the M SE-F statistic

3We have also experimented with errors drawn from a Student distribution with 3 degrees of freedom to check
sensitivity to the strong moment conditions imposed in our assumptions. Results are qualitatively similar and are
available upon request from the authors.
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(see Clark and McCracken, 2001) and the fact that power is increasing in P which can be achieved by

increasing 1" for fixed 7 or increasing 7 for fixed 7'

6 Empirical results

In this section, we provide empirical evidence on the predictive content of macroeconomic factors for
the equity premium associated with the S&P 500 Composite Index. Others who have looked into
factor-based prediction of the equity premium include Bai (2010), Cakmakli and van Dijk (2010), and
Batje and Menkhoff (2012). Like us, they use monthly frequency data to investigate whether factor-
based model forecasts are more accurate than just using the historical mean. Unlike us, formal tests
of statistical significance are not necessarily conducted (though to be fair, prior to the current paper
a theoretical justification for doing so did not exist). In addition, in each of these three papers an
in-sample information criterion is used to select the “best” model prior to forecasting — an approach
we do not follow. Instead, we consider a range of possible models each defined by a given permutation
of the current estimated factors.

In our exercise, we construct factors ft,t using a large monthly frequency macroeconomic database of
134 predictors documented in McCracken and Ng (2015).* This dataset is designed to be representative
of those most frequently used in the literature on factor-based forecasting and appears to be similar
to those used in the papers cited above. If we let P;;1 denote the value of the stock index at the
close of business on the last business day of month ¢ + 1, we construct our equity premium as y;+1 =
In(Piy1/P;) — 1441, where ryy; denotes the 1-month Treasury bill rate.” After transforming the data
to induce stationarity and truncating the dataset to avoid missing values, our dataset spans 1960:03
through 2014:12 for a total of T' = 658 observations.

We construct our forecasting exercises with two goals in mind. First, we want to identify the
factors with the greatest predictive content for the equity premium. Toward this goal we consider

6 As shown later, the

each of the first 8 macroeconomic factors ( fu, e fgt) as potential predictors.
second factor, which loads heavily on interest rate variables, is clearly the strongest predictor.
Second, we want to investigate the importance of the “timing” of the estimated factors. In our

reading of the factor-based forecasting literature (not limited to the papers listed earlier), it is not

4We extract the factors using the April 2015 vintage of FRED-MD. Four of the series are dropped to avoid the presence
of missing values. By doing so we can estimate the factors using precisely the same formulas given in the text.

>The 1-month Treasury bill rates are obtained from Kenneth French’s website
(http://mba.tuck.dartmouth.edu/pages/faculty /ken.french/data _library.html).

6 As discussed in McCracken and Ng (2015), Factor 1 can be interpreted as a real activity/employment factor. Factor
2 is dominated by interest rate variables. Factor 3 is concentrated on price variables. Factors 4 and 5 are a mix of
housing and interest rate variables. Like Factor 1, Factor 6 concentrates on real activity/employment variables. Factor
7 is associated with stock market variables, while Factor 8 loads heavily on exchange rates.
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always clear whether the time t factors are dated using calendar or data-release time. Note that in
equation (2), the dependent variable is associated with time ¢ + 1, while the factor is associated with
time ¢. Since our dependent variable is observable immediately at the close of business on the last
business day of month ¢ + 1, the distinction between calendar and data-release time is irrelevant.
This is in sharp contrast to the data used to construct the factors. The dataset used consists of
macroeconomic series that are typically released with a 1-month delay. As such, the factor estimates
based on data associated with (say) April 2015 cannot literally be constructed until May 2015 after the
data is released. To evaluate the importance of this distinction, we conduct our forecasting exercise
once estimating the factors ft,t such that ¢ represents calendar time (i.e., the data are associated with
month ¢) and once such that ¢ represents data-release time (i.e. the data is associated with month
t—1).

For all model comparisons, our benchmark model uses the historical mean as the predictor and

hence Model 1 takes the form

Yer1 = B+ ui i1

The competing models are similar but add estimated factors and hence take the form

Y1 =0+ fz,ta + ugt41.

We consider all 28 — 1 = 255 permutations of models that include a single lag of at least 1 of the first 8
factors. For each we construct one-step-ahead forecasts and test the null hypotheses of equal predictive
ability at the 5% level using the MSE-F and ENC-F test statistics based on critical values taken
from Clark and McCracken (2001) and McCracken (2007). Note that the appropriate critical values
vary with the number of factors used in the competing model. All models are estimated recursively
by OLS. We consider two out-of-sample periods: 1985:01-2014:12 and 2005:01-2014:12. These imply
sample splits (R, P) equal to (298,360) and (438, 120), respectively.

Rather than report all of the potential pairwise comparisons, for each out-of-sample period and
for each definition of time t (calendar vs. data-release time), we report the results associated with
the 10 best-performing factor-based models. The results are reported in Table 2. The upper panel is
associated with calendar time, while the lower is associated with data-release time. For each of the
four sets of results we list (i) the factors in the model, (ii) the ratio of the factor-model MSE to the
benchmark model MSE, and (iii) the M SE-F and ENC-F statistics. An asterisk is used to denote
significance at the 5% level.

The upper panel of Table 2 suggests the presence of predictability for a variety of factor-based
models. Despite the fact that the gains in forecast accuracy are nominally small, both the M SE-F
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and ENC-F tests indicate significant improvements relative to the benchmark. The predictive content
is largely concentrated in the second factor — a feature also documented in Bai (2010) and Batje and
Menkhoff (2012). Over the shorter, more recent, out-of-sample period the gains in forecast accuracy
are larger than before but still remain modest. Interestingly, it appears that the eighth factor has
become increasingly important for forecasting the equity premium and, in fact, the best 6 models all
include both the second and eighth factor.

All of that said, in the lower panel of Table 2 we find less predictive content, which suggests that
the timing used to estimate factors can play an important role in determining their usefulness for
forecasting. Over the longer out-of-sample period, exactly 2 of the 255 factor-based models have a
nominally smaller MSE than the benchmark (note that the ratio is reported to only two decimals)
and in only two instances is the improvement statistically significant based on either the MSE — F
or ENC — F. Over the shorter out-of-sample period, the evidence of predictability is a bit stronger.
As in the upper panel, the second and eighth factors seem to contain predictive content, providing an
improvement in forecast accuracy of about 2% that is significant at the 5% level regardless of which
test statistic we consider. Unlike the upper panel, the seventh factor shows up in roughly half of the
models and is one of the better predictors over the longer out-of-sample period. The seventh factor,
which loads heavily on stock market variables, shows up in only one model under calendar based
timing.

Overall, it seems the second factor, which loads heavily on interest rates, is the strongest and most
consistent predictor of the equity premium. This is consistent with extensive empirical results in the
literature on the ability of interest rates to forecast stock returns, see for example Hjalmarsson (2010)
for evidence for developed countries. Even so, the eighth factor, which loads heavily on exchange rate
variables, seems to be of increasing importance. Of course, one could certainly argue that the gains
in forecast accuracy are small but, as is common in the financial forecasting literature, even small
statistical improvements in forecast accuracy can provide large economic gains. On a final note, it is
interesting to note that the first factor, which loads heavily on real activity and employment variables,
never appears in Table 2. This is of independent interest since the first factor is the one most often

used in the literature on factor-based forecasting.

7 Conclusion

Factor-based forecasting is increasingly common at central banks and in academic research. The ac-
curacy of these forecasts is sometimes compared with other benchmark models using tests of equal

accuracy and encompassing for nested models developed in Clark and McCracken (2001) and Mec-
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Cracken (2007). In this paper, we establish conditions under which these tests remain asymptotically
valid when the factors are estimated recursively across forecast origins. While some of these condi-
tions are straighforward generalizations of existing theoretical work on factors, others are new and of
independent interest for applications that estimate factors recursively over time.

Simulation evidence supports the theoretical results showing that the size of the tests are typically
near their nominal level despite finite sample estimation error in the factors. Perhaps not surprisingly,
we find that this finite sample estimation error reduces power compared with a hypothetical case in
which the factors can be observed directly. The paper concludes with an empirical application in which
a large macroeconomic dataset is used to construct factors and forecast the equity premium. While
the predictive content is not high, we find significant evidence that the second factor has consistently
exhibited predictive content for the equity premium and that of late, the eighth factor has become

increasingly more relevant.
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A Appendix

This appendix contains two sections. First, we provide several lemmas useful to prove the results in

Section 4, followed by their proofs. Then we prove the results in Section 4.

A.1 Auxiliary lemmas

Our first set of results are instrumental in proving some of the auxiliary lemmas that follow. As in

Bai (2003), we use the following notation:

N N
e e
Yis = E ( L S> N E ezlezs ) Cl s — N Z (eileis - (eileis)) )

fiNes 1 , f’A’el
S R D fosAezz

2

Moreover, for t = R, ..., T, we let

Uy T —Ut+1< > ( Szzsus+1>

and note that U; 1 is a martingale difference sequence array with respect to F* given Assumption 5.

Lemma A.1 Under Assumptions 1-6,

2
I 1 Sl su8+1) > = Op (1), where 7, , = & SN E (eqeis) -

2

ES (S Gaen) ) = O0p (%) where G = 3 X2 (cacis — B (eacis)

2 /A/ s
Zl 1 s 17715Us+1 >=Op (%),Where 77[735 lee _ Z/J{TZ )\ew

e) Supy Zl 1st 17[3 5

f) sup, (1301 1”2 1C1,5%5 2) =Op (%)

d) Supy ( Zl 1 11‘£l,su8+1>2 = OP (%) ) where gl,s = Ns,i-

2
g) Supy Zl 1”25 177ls s >:OP (%)

Lemma A.2 Under Assumptions 1-6,
1t t—1 4
a) sup, ||} Sy £ (S0 e )| =0 ).

18



b) sup, B (|2 500 i (S e )| = 0 ((R)7).
c) sup, E¥ H Zl i <Zs 1™ sus-i-l) H <(%)2> :
d) sup, E H% St i (Zi;ﬁ fl,sus+1> H =0 ((%)2) :

Lemma A.3 Under Assumptions 1-6,

a) + 5 pllthrll” =0p(1).

b) ZtT:R (1 S fss t) AUy = Op (1), where A is any r x (r + k1) matrix of constants.

)
V5
)

Our next result provides bounds on the norms of A4, Aoy, A3st, and Ay, which are defined

%

) Yin (330, fsCs,t), AUy = Op <

ZH

d) ZtT:R (% S fsnst) AUy = Op <

=

e) Yrr(33l, fs§s7t)/Aut,T =0Op <

by the following equality given in Bai (2003). Specifically, for each t = R,...,T and s = 1,...,t, we

can write

o~

fsx— Hefs =V, %Z Jivis + 5 Zfltcls_‘_ Zfltﬁm‘*’ Zfltgls : (9)

EAls,t EAQs,t EASs,t EA45,t

Lemma A.4 Under Assumptions 1 through 6,

a) ¥z Z ||A1tt|| =Op ( ) , whereas for j = 2,3,4, + 5 Z HA]tt” (%)
b) sup, Zs 1 ||AlstH (ﬁ) , whereas for j = 2,3,4, sup; 7 Zs 1 ||Aj8t|| =Op ( )

Lemma A.4 and part a) of the following result (which provides uniform bounds on V,! over

t=R,...,T) are used to prove Theorem 4.1.

Lemma A.5 Under Assumptions 1-6, we have that (a) sup, Hfft_IH =O0p (1), and (b) sup, |H¢||? =
Op (1), for any ¢ > 0.

Our next result derives the convergence rates of Hy;, H, 1 and 12;1. Given the identification
condition Assumption 1 a), we show that H; converges to Hy; = diag (£1) at rate O (1/dn,r) uniformly
over t = R,...,T. A similar result holds for H, L and for f/fl, which converge to H&l and to VO*1 =

Exl at rate O (1/dn r) uniformly over ¢t = R, ..., T, respectively.
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Lemma A.6 Under Assumptions 1-6,
a) sup, ||Hy — Hot|| = sup, HH[1 - H&IH = Op (1/6N.R), where Hyy = diag (£1) and 0y, p = min (\/N, \/E) .
b) sup, Hf/{l - ‘/(le =Op (1/6N,R), where Vo =X > 0.

Next, we provide a result that is auxiliary in proving Lemma 4.1.

Lemma A.7 Under Assumptions 1 through 6,

1 . -1
a) sup, H% pp Als’tUSHH = Op () whereas for j = 2,3,4, sup, H% >t Ajs,tus+1H =Op (*éN) .
1
RN

. -1
= O (&), for j = 2.3, sup, ||} 210} Ayl

~or(i;):

To prove Lemma 4.1, we need to introduce some additional notation. Let

t—1 -1 t-1
B(t) = (t_l > zs,tzg,f) cand V(5 =t Zogue,
s=1 s=1

1 t—1 /
b) sup, H 721 A1z

1 t—1 /
[ 27 e

and note that ys11 = 250 + usq1 with § = (ﬂ’,()’)/ under the null hypothesis. Moreover, adding and

subtracting appropriately it is also true that
Ys1 = 2y 40 = (Zep — Puzs) @40 + wgr1 = 2040 + U1,

given that (Zs; — Cths)' @;_15 =0 when § = (5' 0 )I and there is no estimation error in the regressors

of the benchmark model. Therefore,

A~ ~

ot =0+B@)V(t) and d; =6+ B(t)V (¢),

which implies that
0y — @1y =B )V (t) - S BV (1),

since § — @;_15 = 0 under the null hypothesis. Thus, we can write
5, — 715, = /71 B () &) ! (f/ () — BV (t)) + (B (t) — &1 B (t) cp;l) V),

where the first term captures the factors estimation error in the score process and the second term
captures the factors estimation error in the (inverse) Hessian.

The following result analyzes each term of 5 — @;_1&.

Lemma A.8 Suppose Assumptions 1-6 hold. Then,
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a) sup, HV(t) - <I>tV(t)H — Op (mgm) .
b) sup, HB (1) — ®1B (1) <1>;1H — Op <(5?le> .

c) sup, HV(t)H =0Op <%) .

Our next result is useful to prove Lemma 4.2. Given (8), we can write

T-1 T-1 T-1
S i (g een — diggen) = 3 et (Goe — Bpz) @) (St - 5) +3 e, (Est - @;—1&) . (10)
t=R t=R t=R

We analyze each piece separately. The following lemma contains the results.
Lemma A.9 Suppose Assumptions 1-6 hold. If the null hypothesis holds and \/T/N — 0, then
a) ST Mgy oy — Byz) @) (& — 5) —op(1).
b) SR w17, (375 - ‘132_1515) =op(1).
A.2 Proofs of auxiliary lemmas

Proof of Lemma A.1. We start with a). Under Assumption 2 c), we can write

t—1 I+
Z%,susﬂ = E Vi,sUs+15
s=1 s=l—T

where we let v, ; = 0 if min (/,s) < 0 or max (I, s) > t. By Cauchy-Schwarz,

t—1 2 l+T 2 I+7 I+7 I+ 47
(Sna) = (5 ) < 552 55t <arenmnbitd 35 i< 3t
s=1 El

s=l—r s=l—T s=l—7 s=l—r s=l—r1

for some constant M, given Assumption 2 c), implying that

e 2 1t b | T=1 LT
o (33 (Sowen) | <oram (23 55 )
t =1 \s=1 t I=1 s=l—7
provided F (ug +1) < M, which follows under Assumption 6 a).
Next, consider part b). We have that

s 2
Slilp tz<z<l,sus+l)
s=1

=1

1 T t 1 t—1 N 2
= N sup ? Z (M Z Z (eileis - F (eileis)) ’LLS+1)

s=1 i=1

-1 N 2
TT (1 1 T
= __ | = - e — Fenes _ =
NE\T E sup (W E E_ (eireis (euezs))um) Op (N)



under Assumption 3.b).

For ¢),
A 2 . t-1 | N 2
sup n Z <Z nl,suerl) = sup n Z (fllz ~ Z)\Z’Bisus+1>
' =1 \s=1 ¢ 1=1 s=1 " i=1
1< = 2
< w2 AP == D0 D Neisusa
Nt ¢ =1 ‘/W s=1 i=1
¢ t—1 N 2
T 1 2 1 T
S NS ( 12l )Sup —— > Nieisusa|| =Op <> :
N t =1 At NT = N
=0p(1) =0p(1)

given in particular Assumption 3 c).

Finally, for d),

|t [ 2 AR 2
an (13 (S ) | = o (130 (X 4 Do)
s=1 i=1
1 | X t—1 2
= Ssup n (NZMBﬂZfsusH)
=1 s=1

2 2

Lt & t—1
< sup |~ NZ)‘;W > fauep
t 1=1 i=1 s=1
T N 2 t—1 2
1 1 T 1
= — — e <> sup ||—= U )
n v 2] () oz 2 b
—0p(1) —0p(1)

given Assumptions 2 e) and Assumption 6 b).

Part e) follows exactly as the proof of a) given Assumption 2 ¢) and the fact that E ||z|* < M by
Assumption 6 a).

Next, consider part f). We have that

2 T 2
T (1 &
= NE |72
=1

t

sup %Z

t =1

t—1

1 N

1

VNT Z Z (eieis — B (eneis)) 2
s=1 i=1

t—1

/
Z Cl,szs
s=1

under the analog of Assumption 3 b) with usyq replaced with 2. (cf. Assumption 3 d)).



For g),

L=t 2 1 =1/ N 2
o (13 S | = s (13 f;z(NzAieis) :
t =1 ||s=1 =11 s=1 i—1
t -1 N 2
T 1
< T (thz N
=1 s=1i=1

2

o ().

t—

s

IN

t
T 1
NouP <tz 1 /2] )Sup

N
E i ezsz
1

1=

s

=0p(1) =0p(1)
given in particular Assumption 3 e) (the analog of 3 c). m

Proof of Lemma A.2. Starting with a), by the Cramer-Rao and Cauchy-Scwharz inequalities,

L t—1 4 L&
4
{Zfl (Z’Yz,susH) < gZE £l sUs+1
s=1 =1
ey Ny g\ 1/2
< 2> (B4 st
=1
8\ 1/2
<

L 1/2 L t—1
(tZEHleB) gZE Z%,susﬂ
=1 =1 ls=1

The first term in parenthesis is bounded given the moment conditions on f;. For the second term, by

the moving average-type assumption on ; ;, we have that for given [,

t—1 8 I+7 I+
E\D vusii| =E| D visusn @r+1)7 Y WE (uly,) <M,
s=1 s=l—T s=l—T1

given that hl s| <M and E (ud,,) < M by Assumptions 2 ¢) and 6 a).

For part b), following exactly the same steps as for a), we have that

1 < i1 8 1 =1 N 8
EZE Zgl,suerl - EZE Z Z €ilCis — ezleis))uerl
=1 s=1 =1 s=1 i=1
T 4 1 T 1 t—1 N 8
< — up F||—— enei. — E(eqe; w 7
B <N> ;R<tI<)T m;;( iTis (€ireis)) us+1

which is O ((%)4> given Assumption 4 a).
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For part c),

4

t t—1 t—1 N
1
S DS ot | IEYE EOSPVES u i vetees |
t =1 \s=1 ¢ s=1 i=1
t—1 N 4
< Sup Z E ||fl“ N Z Z A i1€isUs+1
s=1i=1
8\ 1/2
1/ T | LN
< su E( 16) ~iSup E Ai€isl
= lp ||fl|| p \/ﬁ;l - 118 S+1
T\ 2
- ol (=
given Assumptions 1 a) and 4 b).
Finally, for part d), we have that
1 t—1 4 1 L t—1 4
S P (Zs) e (Nz n3 s
=1 s=1 =1 =1 =
t | = 4
4
. = U
; Hfl % \/Tszlfs s+1
o , N 1/2 | g\ 1/2
< - el
= N2 Slip n IZ Hfl Z 164l \/Tszlfsus—‘rl
- N 16\ 1/4 | e 8\ 1/2
< E|fi|*® E i E||—
< o (i) (s | oS ) (s S e

given Assumptions 1.a), 2.e) and 6.b). m
Proof of Lemma A.3. For part a), note that by definition of U; 7,

2
=0Op(1)

t—1

T2 Z ZsUs i1

s=1

T T

1

fZHUt,TH2 Z|ut+1l| (T/R)” sup
t=R t=R

given Assumptions 6 a) and b).

For part b), it suffices to show that
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Using the triangle and Cauchy-Schwarz inequalities,

T t ! T
1
E Z(tzfm,t) Alyr|| < uArE(Z Zuflu w)
t=R =1 t=R =
1 T T
< A = SN E Nt Al vl
t=R =1
T T
1 1/2 1/2
< HA!R;%;(EII%TW) (B1A2) "
1/2 1/2 T T
< 11 (supmiear?) (swEiae)” 72l
t=R [=1
- o),

2= 0(), (i) sup BIfi* = O (1), and (i)  Y0"p >0 el = O (1)
(ii) follows by Assumption 1 a) and (iii) follows by Assumption 2 ¢). Next, we show that (i) follows

provided (i) sup,

under our assumptions. By definition of U 7,

2

t—1
81t1pEHLl,g,TH2 < supE ut+1( >( 1/2Zz5u3+1> (T/R)%tipE up 4 T71/2Zz5u5+1
s=1
1/2 t—1 N 2
< (T/R)’ (Sng(U?ﬂ)) sup £ TN " 2 ,
s=1

IN

4
implying that supp<;<r £ Uy 7]|* = O (1) since sup, E (uf;1) < M and sup, B HT71/2 Zz;ll ZsUst1 H
M under Assumptions 6 a) and b).

For part c), we can write

T t
Z ( Zfl(l t) Al = Zut+1WtT7

t=R =1

T 11 N ! =
Wi = <t> (tN ZZ; 2 2 (eqeir — E (eileit))> A (\/T ;Zsus—i—l)

is measurable with respect to Ft. Thus, F (ut+1Wt7T\.7-" t) = 0 given the martingale difference assump-
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tion 5 and it follows that
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which suffices to prove the result. Note that
4

¢ =1 =1

T
< () (e

= O(1/N?),

1/2 8

t—1

! t—1
T 1
slipE IWerll* = sup ( ; ) l ( Z Z 2 (eqeir — ezleit))> A (\/T ;ZSUSH)
4
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T AT Z Z <l ezlezt - ezlezt))

l:1 i=1

sup E

1
ﬁ Z Zsls+1

s=1

where we have used Assumption 6.b) to bound the first term in the square root parentheses. The

second term can be bounded by

t N 8\ /2
sup 1;1’7 EZ: eqeit — E (eqeit))
N 16y 1/2\ 1/2
< sup %Z (Bl0®) " | 2 v 2 (e B ()
=1 i
1/4 t N 16\ 1/4
< sup ( Y E \|2z||16> %ZE %Z (eacir — E (cucit))
=1 i=1
16 1/ 1 & oy ! 1
< <supE A > NE Sl’lpE N ; (eaeir — E (eqeit)) =0 <N2> )

given Assumptions 2.d) and 6.a).

Next, consider part d). By replacing 1, , and U1, we can write

ZT: <1ifm,,t)/Aut,T = Z ( Zflfz Z/\ e,t> Aug iy ( ) ( Zzsu5+1>

t=R =1
Adding and subtracting appropriately, we can decompose the term above as the sum of two terms,

1EZ<NZW> ( > afl - )Aum (T) ( fzzsuﬁl)

!/

and
T

=> (N PPy en> Augiq <T> (\f Zzsus+1)

t=R
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We can bound yx; by

T | X
Z w1l NZ/\ieit
t=R =1

-1
T
Ixall < () | Allsup || - E ZsUs+1
R ¢ \f —

E flfl I, SUP
1 1 & O I & 2\ V2
Op (=T —= 3 =3 Nes
>~ P(\/T) (TtR||ut+1||) NTt:R \/Ni:1 Cit

)

given Assumptions 1 a) and b), 2 e), and 6 a). For x,, we can write

T
X2 = Z Ut+1X¢,Ts
t=R

T 1N ! =
Xt = (t> (N ;)\ieiz‘) A (ﬁ ;ZsUerl)

is measurable with respect to F¢. Since £ (ut+1 Xt F t) = 0 given the martingale difference assumption

where

5, it follows that

T T T /2 , 7 1/2 T
Var (Z ut+1Xt,T> Z E ut+1XtT < (Z E (U?H)) (Z E (X?,T)) =0 <N> )
t=R

t=R t=R

where

T t—1 4
1
Sng HXt,TH4 = sup ( > < E i ezt) (\/T EZI ZsUerl)

1/2
N 8\ 1/

\/1]V Z Ai€it

i=1

IN
—
=
~—
_J;
=
0
-
s
&

— o),

given our assumptions. This proves that || x| = Op ( %}) and concludes the proof of part d).

Finally, to prove part e), by replacing §;; and Uy 1, we can write

T

N t—1 T
z( > s ) AutT_zftutH( ) (12 (}Vzma f;) A (;Tz) S fle
i=1 s=1 t=R

t=R =1

@) CE G
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is measurable with respect to F*. Since E (ut+1 f{gt’T|f¢) = 0, we can use the above argument to show
that Var (ZtT:R vt+1gt7T> =0 (%) , given our assumptions. ®
Proof of Lemma A.4. Part a). For j =1,2,3,4, let

T t
. 1 ;
=5 Z | Ajeel®  with Ajp, = 7 > b
t=R =1

where ¢y 1, =74, G211 = Cip» P30 = My and @y, = &, We consider each term separately. Starting

with the first term,

1T 2 2 1T B e 1 1 LT
Li=5> |52 fume| <520 (tZHfl,tH ) <t273t> <rpE DD M =0/T)
t=R |~ 1=1 t=R = = t=1 =1

Lt To1 /0t o\ [ , I
EZ tCzt <=5 Z(tZHfz,tH ) (tZC%t> STFRZZQ%:OPO/N)’
—rR \' =1 =1 t=1 I=1

given Assumption 2 d). I3 and I follow similarly using the fact that

PRZth PRZZgH p(1/N).

t=1 =1

Part b). The proof follows the same argument as part a) and is therefore omitted. m

Proof of Lemma A.5. We start with (a). Recall that V; denotes the eigenvalue matrix of

¢ ort = R,...,T, with its eigenvalues arranged in a non-increasing order: @14 > U9 > ... >
X X|/tN fort =R T, with its eig | ged i i ing order: 01, > Uy > >
~ 2 ~
Up¢. It follows that V[l = diag (17}1) where v vlt < v2t <...< 27*1. Hence, *1H = {r (V;Q) =
D1y > < Tv” , where ¥y is the 7" largest eigenvalue of X;X//tN. Since
~ 1
—1 1/2 ~_1 _,1/2
sup HV H <r/“sup (v = _
t t t } it } inf; |Ur,t\

it suffices to show that inf; |4 > C' > 0 for some constant C', with probability approaching 1. We use
an argument similar to that used by Fan et al. (2013; cf. Lemma C.4). First, note that for s = 1,... ¢,
wheret = R,..., T, s = Afs + es, where 3 = (215, . .. ,:UNS)/ is N x 1 and a similar definition applies

to es. This implies that the N x N covariance matrix of x is equal to
Y = E (z2)) = AE (fofi) N + E (esel,) = AN + X,

or equivalently, iE = lAA’ + iEe, given that F (fse;s) = 0 (by Assumption 3 a)) and the identifi-
cation condition Assumption 1. Given this assumption, the r X 7 matrix AN is diagonal with distinct
and positive elements on the main diagonal. This implies that its eigenvalues, say A; (ATA), are all

positive and distinct for 7 = 1,...,r. Since A’A and AA’ share the same nonzero eigenvalues, it follows
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that AA’ has r nonzero eigenvalues, with the remaining eigenvalues equal to 0. By Proposition 1 of
Fan et al. (2013) (which relies on Weyl’s eigenvalue theorem), and given Assumption 1, we can then
show that for j = 1,...,r, the difference between the j* eigenvalue of /N and the j** eigenvalue of
AA’/N is bounded by the maximum eigenvalue of 3. /N; that is,

/) = (WA)] < 115l =0 (3) =000,

given Assumption 2 b). By a second application of Weyl’s Theorem (cf. Fan et al., 2013, Lemma 1),
foreach j=1,...,m,
[0 = A (NA/N)| < [ X{X/tN = N7IS|

given that X/X; and X;X] share the same nonzero eigenvalues. Thus,
Brp > A (NA/N) — || X[ Xe/tN = N7'E[]] > Amin (84) /2 — || X{ X /tN = NS
since [Aj (X/N) — Xj (AA/N)| = o(1) and the fact that |A; (A'/A/N) — X; (£a)] = o(1). It follows that

inf |Tr| > Amin (Sa) /2 = sup | X/ X /tN — N~'5|,,
t

and hence it suffices to show that sup, HXt’Xt/tN — N_12H1 =op(1). But )i’é\),(t — % = Dq; + Doy +
D3¢ + Dy, where

t
1 (1
Dy = N( Zfs —L)A’, D2t=N<t$Zlese;_ze>,

AL
Ds = 7 Zlfse;a and Dy = Dy,
S—
where we recall that E (fsf.) = I by assumption. It follows that

sup || X{X1/tN = N1, < sup [ Du| + sup [ Dz + 25up [ Dar .

since [|Al|; < ||A| for any matrix A (see Horn and Johnson, 1985, p. 314). Starting with Dy;, we have

(f) GE? (fefi- L))

for some constant C. Since T'/R = O (1) by assumption, it follows that sup; || D1:|| = op (1) given that
supy, H% a1 (fsfi— H = Op <1/\F> = op (1) by Assumption 1. Next, consider Dy;. We have

that

! Z (fof— 1)

S=

2 T
sup [Dull = |[A/VN]|" sup <C-psw |-
t . , t

=tr(A’A/N)=0(1)

that for any € > 0,

T T
1
P(supDal > ) < 3P (1Dl > ) < 5 S E D,
t=R t=R
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thus it suffices to prove that ZtT_R E || Da|* = 0(1). By the definition of the Frobenius norm, ||A|* =

tr (A’A) = Zf\; 1 ” for any N x N matrix. Thus, for given t = R, ..., T,

2 N t ot
1 1 1 1
E HD2t||2 = 32 E E (t E (eisejs — E (€isejs) ) e g 2 g E COU (€45, €js, » €isyCiis )

3,j=1 s1=1s9=1

T 1 1 1 T T
< w | W 2 7 2 2 leov(meiacines)l |

2,j=1 s1=1s2=1

which implies that

d TV 1 [1 n 1 - —
S EIul < (3) 3 (5 X 7 5 X o intmscimesll | =00/0) o).
t=R i,7=1 s1=1s2=1

given in particular Assumption 2 f). Finally, for Ds; = D),, we have that

2
1A Pl N t
1D? < H LS g z z
N||[VN tszlm It
<C

N ¢ 2
1 /T\ 1 1
< C=(=)= — L=
< cR(R)N; 77 2 e

given Assumption 3 a) and the fact that T/R= O (1).

Op (11%) =op (1),

To prove (b), we prove the result for ¢ = 2 and note that this implies the result for any ¢ > 0 since

9\ 4/2 ) q/2
sup 1" = sup (15) " = (sup ) = 0 (1)

if sup, ”Ht||2 ( ). By definition, for t = R,...,T, H, = ‘Zfl <@) (A&A) , implying that
) < || 7 H\ MA|l by the fact that [|A - Bl < ||Al| - | B]l. Thus,
e | EE| A
supHHt||2§supHV;_1H sup || L1 ’ ,
t t t t N

where the first factor is Op (1) given part a) and HA/TAH = O (1) under Assumption 1 c). Thus, it

EF,

2
H = Op (1). By the Cauchy-Schwarz inequality,

suffices to show that sup, ‘

PR 2 t 2 t ) t t
t _ 5 _ ; _ _
| I O WY AT I S V%1 I S A RSV S VA
s=1 s=1 s=1 s=1
—_——

=r
implying that

. 2
E/F,

sup

T T
<r ()T = 0n )
s=1
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since sup, E || fs||* = O (1) by Assumption 1 a). m
Proof of Lemma A.6. For part a), we follow the proof of result (2) in Bai and Ng (2013; cf.
Appendix B, p. 27). In particular, by the definition of H;, we can show that for t = R, ..., T,

HiH] = I, + Cyt + Cat + Csy,

where .

Ci = —% ifs,t (fs,t - Htfs)/, Cyt = —% Z (fs,t - Htfs) feH]
s=1

s=1

and

t
1 ! !
Cy = —H, (t Szlfsfs - I,,> H;.

1/2 " 1/2
) (g nal)

o\ /2
) =O0p (1/0N,R),

It follows that

f;i j;i _'Ehjg

t

t
1
sup [Cul| < sup (tﬂ
s=1

jii‘_AEhjg

t
1

_.1)2 1 ‘
= r/‘su E

tp<t81

given Theorem 4.1. Similarly,

t 1/2 t
1 1
sup || Car| < (sgptz HsztH2> (SgptZ’
s=1 s=1

by Theorem 4.1 and the fact that the first factor can be bounded by

N
for — Hifs ) =0p(1/dNR),

1/2

¢ 1/2 T
1 1
(sgp > HsztH2> < sup | 2| (R 2 Hfs||2> =0 (1)
s=1 s=1

given Lemma A.5.b). Finally, for Cs; we have that

t

1

S Sl
s=1

given Assumption 1 b) and the fact that 7/R = O (1). This shows that H H] = I, + Op (1/dn.Rr),

=0p (1/VT)

sup [Csel| < sup HHtHQSlzp

where the remainder is uniform over t = R,...,7. We can now follow the argument in Bai and Ng
(2013) to show that H; = Hot + Op (1/dn,r) uniformly over ¢ = R, ..., T, where Hy is a diagonal
matrix with £1 on the main diagonal. Note that we are not assuming exactly the same identifying
restrictions as Bai and Ng’s (2013) condition PC1. The difference is that we assume that ¥; = I,
instead of assuming that F}F;/t = I, for each t. This explains why we get only the rate 1/0y r instead
of 1/(5?\,71%. For part b), note that we can show that

- ANA
Vi=—

+ Op (1/5N,R)
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by exactly the same argument as Bai and Ng (2013, p. 27). Given our Assumption 1.b), we can write
Vi =%A+O0p(1/0x.R) (11)
uniformly over ¢. Since ‘Zfl — Ej\l = ‘Zfl (EA — f/t) Exl, it follows that
sup |17 = 20| < sup |77 [ sup 2 - 7| 1211 = 0p (1) 0p (/0w m) 0 1)

given Lemma A.5 b) and (11). m
Proof of Lemma A.7. Part a). We rely on Lemma A.1. In particular, for j =1,...,4,
1/2

t
sl | (s

2\ 1/2

js,tUs+1

-1
E Gj1,sUst1
s=1

¢
12 Z (Z ¢j,l,sus+1>

=r

1/2

—_

1
AT

Us+1

s

where we let ¢;; ; be one of {7578, Chs,nhs,fl?s} depending on j = 1,2, 3,4. By Lemma A.l.a) through
d), it then follows that

1/2

1
< —
R

V7 |su

sup
t

jil,sUs+1

t—1

1

; g Ajs,tus+1
s=1

whereas it is Op <%T\/Jiv) =0 (ﬁ) for j =2,3,4, given that T/R =0 (1).
Part b). The same arguments follow by relying on Lemma A.1 e), f), and g). For the last term
involving A4+, the analogue of Lemma A.l d) when we replace ugyq1 with 2. does not hold because

= Op (1) since E (fsz() = (E (fow), E(fsf{)) # 0. Thus,

we need a more refined analysis. Replacing A4, with its definition yields

/

we cannot claim that sup, H NG ES 1 fsz

t—1 N
1
sup t! g Agerzy|| = Slip ¢t E t! E fue (N E A;%) fs7s
s=1 s=1 i=1

t—1
= sup||t™? Z fl,t (;7 Z )\261’[) t Z fszg
; s=1
=1 ; N 1 v
1 Z fie (N Z )\;€u>
=1 i=1

< sup |t Z fozs

sup

is bounded under Assumption 6. By adding and subtracting appropriately,

Wheresupth LSt gz
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we can write

sup

IN

sup

v 3|
f ~F )\i@i
z(Nz l

t N
. 1
—1 . - / .
Y (- ) (o o) '
t | X
-1 /
t Zfl <NZAZ€ZZ> ‘ .
=1 1=1
The first term can be shown to be Op (1/dn,r) X Op (1/\/ N) given Theorem 4.1 and the fact that

2
T N
PO || A S Nea

second term, given that sup, ||H|| = Op (1), it suffices that

t 1 N t N
o3 a (x| - (5 A3
=1 =1 =1 =1

which follows under Assumption 3.e). This concludes the proof of part b). m

+sup | Hel sup

= Op (1) under our assumptions. Thus, this term is Op (1/5?\77]%) . For the

— Op (1/\/TiN),

sup
¢

Proof of Lemma A.8. Part a). Given the equality (9) and the definitions of V (¢) and V (t),

we have that

) = 0
V()= HV (8) = 2> (Bt — Pr2s) st = ( st (fst - Htfs) Usi1 ) ’

s=1

which implies that

sup HV (t) — HV (t)H = sup

t—1
% z:l (fs,t - Htfs) Us+1
1 1 1
! <R> tor <VRN> —or (ﬁwN,R) ’

0] -

4 t—1
~ 1
Vt IH Zsup E ZAjs’tuS+1
j=1 ¢ s—1
by Lemmas A.5 and A.7.
Part b). Given the equality A7l — B71 = A1 (B - A) B!, and the fact that sup,

Op (1) and sup, H<I>/ Bt IH < supy || @} IH sup, || B (t)|| = Op (1), it suffices to consider

t—1
Bl (t)—&,B (1) P, =71 Z (Ze42h; — Pr2s2s @) = Fuy + For + Foy,
s=1
where
t—1 t—1
Fro=t"1> (Zer — ®r2) (Fag — ©2s) and Fop =71 (Zep — Byzs) 2,0}

s=1 s=1
1
=0 .

By the triangle inequality and Theorem 4.1,

-1 t—1
1Pl < 7 e = @z = 71|
s=1 s=1

fs,t - Htfs
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For F5;, note that

where fs ;=

t—1

For =t ) (Zor — ®y25) 24

Htfs -

0
—= 3 t:<t Ly (fst Htfs>zéq)z/t>’

(Als t + A28 t + ASs ,t + A4s t) Thus,

~FQth/t_l (t IZ Alst+A25t

s=1

which given Lemma A.7 is bounded in norm by

4
sup || < sup [V sup ] 3 sup
j=1

which is Op

(551,21%) ‘

Part c). We have that

sup
t

=
i > Ajsizl
s=1

V(t)H < s%pr/(t) -

+A35t+A45t) ) @27

|+ sup [ sup [V ()]

where sup, ||V (¢)|| = Op (1/\/T) given Assumption 6.b). m
Proof of Lemma A.9. Part a). Given that d; — 6 = B () V (t), we can write

T-1

T-1

Z Ut+1 (2t7t — @tzt)' (I):;l (5t — 5) = Z Ut+1 (gt,t — <I>tzt)' (I):;lB (t) V (t) = .Al + AQ,

t=R
where

T-1

./41 = Z Ut+1 (»%t,t — <I>tzt)/ (I)/O;IBV (t) s and .AQ =

t=R

t=R

T-1

t=R

D e (Gog — Pez) (S B (1) — €, 'B) V (1) -

Let B = (E (2,2.)) " and note that by Assumption 6, sup, || B (t) — B|| = Op (1/\@) . By the triangle

and Cauchy-Schwarz inequalities,

Az <

IN

if VT/N — 0, where we have used Theorem 4.1 to bound %Z?:l 1266 — ez,

T-1

D w12 — @oze| | @771 B (8) — 96" B| |V (1)

t=R

1/2 T 1/2
Slip\}‘ble(t)—%ZIBHS%PHV ||T< Zut—i-l) (TZ\|5t,t—‘1>tZt||2>

op<

1
ONT

Jor () ormoe (555

t=1

> Op ((;ﬁ) = op (1),

and where (1)

sup, |97 B () — 24" B|| = Op (1/dw1), (2) sup, [V 0] = Op (1/VT), (3) 4 XL, utey = Op (1)
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hold under our assumptions. To see (1), note that
sup |®{7B (1) — @, B < sup[[@;" — @/ | sup | B (1)]| + sup || @, || sup | B (¢) - B
= Op(1/6n1)+Op (1/\/T) = 0p (1/0x1),

given Assumption 6 and the fact that sup, H<I>t_1 — (D(;tl H is bounded by sup, HH[l — H&l

, which is

Op (1/dnT) by Lemma A.6. (2) and (3) follow easily under Assumption 6. For A;, note that given
~ !/

that 2, — ®r2p = <0', <ft,t — Htft) > and ®o; = diag (I, Hot), with Ho = diag (£1), we can write

~ /
(24 — Dp2e) @), ' B = (ft,t - Htft) HyC,
where C'is a r x (r + k1) submatrix of B containing its last 7 rows. It follows that

Ay = Tz:l Uty1 <Jgtt - Htft)/ HyCV (t) = \/1? Tz:l (ftt — Htft>/ HgtC(\/TV (t) Ut+1)7
t=R - y

t=R

Eut,T

where we note that U 1 is a martingale difference sequence array with respect to F* given Assumption

5. Given the decomposition (9), we can write
ft,t —Hif; = Vo_1 (Aree + Aot + Aser + Aary) + (‘N/t_l — V0_1> (Aree + Aop s + Ase s + Aart)

which implies that we can decompose Ay into the sum of A; 1 and A; o with

T-1
1 _
Al = — (Aygs + Agey + Asy + Agey) Vi Ho Cly 1,
VT =,
| T2 ) ,
Ao = — (A1 + Aopy + Asgee + A4t,t)/ (Vt_l - Vo_l> HoCUy 1.
VT =

We can prove that [|Aps| = Op (5\2/T> = op (1) if VT/N — 0, given that sup, H%_l — VO_lH =
N, T

Op (ﬁ) by Lemma A.6; that 1 ZtT:_]% ||Ajt’t||2 =Op (ﬁ) forall j =1,...,4 by Lemma A.4 a),
and given that %ZtT:R |Us7]|*> = Op (1) by Lemma A.3 a). So, we concentrate on A;;. We can

decompose
4

Ai1 :R1+R2+R3+'R4EZ'R]'
j=1

with obvious definitions. Let ¢y ;4 =, &9, = G145 P31 = M y> and @y, = & ;- Given the definition

of Aji¢ for j =1,...,4, we can write
1 - 1< N
At =33 fudry = Hoy 3 fidj00+ 7 D (Fie = Hoult) 6510 (12)
=1 =1 =1
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which implies that
T—1

-1 ¢
_ L LIS ' /-1 = R Ros
Rj= JT tZR ( Zfl@bjlt) Vo 'Clyr+ T Z ; Z (fht Hmfl) ?50:Vo  HotCUrr = Raj+Raj,

t=R =1
where we have used the fact that Vj is diagonal under our assumptions and Hy = diag (£1) t
write H(’)tVO'*lHOt VO when defining Ry;. By Lemma A.3, we can conclude that Ry; = Op (\%)

whereas R1; = Op ( for j = 2,3,4. For Raj, note that

)

T t
_ 1 1 - !
IRl < VTVe [ supllHoll 72 > IWhr ‘tz (fiu = Houft) 0y
= =1
T 1/2 T . o\ 1/2
_ 1 1 1 . /
< VIV oo o (TZ Hutmlf) IS (e ) 6300
! =R t=R |~ i=1
1< 2\ '/ 1 & 1/2 1 T 1/2
< VTG st (st 3 i o) (33 mar) (X )
' P t=R t=1 =1
Note that

T
TR 2 2t = O W)
under Assumption 2 c),

1 T T 11 T T 1 N 2
P7R Zzgit = N?R ZZ ( N Z €il1€it — ezleit))> =0Op (1/N)
=1

t=1 =1 t=1 1=1

given Assumption 2 d),

, I.T | I | I T /N 2
LS - Ly - Mzz(szeit)

t=1 =1 t=1 I=1 t=1 [=1

IA
==
—
| =
”Mﬂ

5
o~
=
MH

given Assumption 2 e) and the fact that E || f;||* = . Moreover,

t t
1 _ 2 1 _ 2
SngZHfl,t_HOtle = SngZHfl,t_Htfl‘i’(Ht—HUt)le
=1 =1

t T
1 5 2 1
< 2 {suptx oo = i+ sup 1, — Horl* 55 j||fl||2}
=1 =1

t

= Op (1/8%r) +0p (1/6% ) = Op (1/0%r) »

2= Op (1) by Lemma A.3 a), it follows that

[Rasll = Op ( ) when j = 1,

1
ONT
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whereas for j > 2,
VT
[Rojll =Op | ——= | »

whlchlsop(ﬁ)1f5NT_ﬁandop(f)1f5NT_fThus All_op( )+op(§)

op (1) if VT /N — 0, which concludes part a).
Part b). Given that

oy — B, = 1B (1) @t (f/ (t) — &,V (t)) + <B (t) — & 1B (t) <I>;1> V (),
we can write
T-1 A )
Z Ut 124 (51: - @271@) = By + B,
t=R
where

T-1
= wnZ T B @ (V) - @V (1)) and By = Z uiiz, (B -9 B 7 ) V(1)
t=R

We can easily show that Bs = Op (6\?/\,7;) = op (1) if VT/N — 0, given in particular Lemma A.8 b)
and c). For By, note that we can show that under our assumptions,
T-1
= Z 112, BPo; (V (t) — &V (t)> +Op (f) =C+O0p (f) :
t=R NT NT
This follows by first replacing Z;; with ®;2; + (Z¢+ — ®;2¢) and then replacing B (t) &, 1 with B@&l +
(B (¢) ot — BCD&I), where we note that ®,,' = ®p;. The extra terms can be shown to be Op <@>

2
5NT

by applying Theorem 4.1 and Lemma A.8. Notice that we can write

t—1

0
Vi)—dV(t) = t! Zot — Przs) Usp1 =
0 v (®) ;( ! t2s) Us+1 (t Iy (fst Htfs)us+1>
Ok xcr _
= < k‘lXX >‘/; 1 Z <t 1 ZAJS tu8+1> .
=J
With this notation,

-1 t—1
C = Z ut+1Zth)otJV Z <t1 Z Ajs’tus_Fl) = Cl + CQ,

t=R s=1

where
T—1 4 -1
C1 = Z w112, BOo JVy Z (t_l Z Ajs,tus+1>
=R j=1 s—1

and

T-1 t—1
ut+1zt Bq)otJ> ( — VO ) Z (t_l ZAjs,tUS-i-l) .

t=R J=1
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We can easily show that Co = Op ( ﬁ) by the usual inequalities, given Lemmas A.6 b) and A.7 a)

2
6NT

and b). Consider C;. We have that C; = Z?Zl S;, where

T—1 t—1
Si=3 w1z <t—1 ZAjs,tuS“) , where Wo; = Bdo, JV, L.
t=R s=1

Given the definition of Aj,¢, by adding and subtracting appropriately (see (12) with s = t), we can
write S§; = 81 + Sz, where

T—1 t—1 t
1 1
. /
Sij = t_ER ut+1zt\P0tH0t¥ E n lE 1 J19j1 sUs+1

s=1 =
d
an T—1 1 t—1 1 t
J— / f
Soj = Z Ut+1zt‘1’0t¥ Z n Z (fl,t - HOtfl) Djd,sUs+1-
i—R s=1 " I=1
It follows that
= 1t =1
sup [Sa;| < sup || o] = Z luis12¢|| sup n Z (fl,t — HOtfl) Z¢j,z,sus+1
t t =R t =1 s=1
12 B 1/2

= Lt ) e 2
< Sup [Wor = R [ | (Slip n > Hfl,t - HOtle ) sup & > (Z ¢j,z,sus+1>
=R =1 =1 \s=1

By Lemma A.7, the last factor is Op (1) when j = 1, which implies that sup; |S2;| = Op (1/0n7) for
this value of j. For j = 2,3, and 4, Lemma A.l implies that the last factor is Op («/T/N), which
implies that sup; |S2;| = Op (1/dnT) Op (wT/N) = op (1) if VT /N — 0. Hence, we conclude that

4
Ci=) Sij+op(l),
j=1

where we can write
T—1

1
S1j = T Z Sjt+1
=R

with sj441 = w12 Z; and Zj = Vo Hoy (L) 232020 300 fih)1.4us+1. Noting that Zj; is a func-
tion of o (2¢,2t—1,-.-;Ut, Ut—1,.--; € €1,...) and that this information set is identical to Ft =
(2t 2t—1y -« 3 Yty Yt—1y - -5 Xty Xt—1,...), given that yi11 = 210 + uey1 and that Xy = Afy + e, it
follows that E (s;¢+1]|F") = 0 by Assumption 5. Thus,

1 T-1 1 T-1 )
Var (Slj) = ﬁ Z E (Sg,t—f—l) = ﬁ Z E [(ut+1z£th) ]
t=R t=R
1 T-1 )
< 75 2 B[zt 12217
t=R
T-1 1/2 4 T—1
1 1/2 1/2 1 1 1/2
< 2 (E Hut+1Z£H4> (E ||th|\4) < T <Slt1PE |th||4> T Z (E Hut+1Z£H4) :

i
S

t=
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We can check that sup, E || Z1;||* = Op (1) and sup, E || Z;:||* = Op ((T/N)2> for j = 2,3,4 by Lemma
A.2. Since E|lusy17)|* < M by Assumption 6, it follows that Var (Sy;) is equal to O (1/T) when
j=1and O(1/N) when j = 2,3, or 4. This shows that S;; = op (1) and concludes the proof of part
b). m

A.3 Proof of results in Section 4

Proof of Theorem 4.1. Part a). By (9), it follows that

= s 1 TL )
2 Z Hft,t — HtftH =P Z HVt_l (Arpe + Aogpp + Aspp + A4t,t>H
t=R t=R

. 9 1 T-1 ) 1 T-1 ) 1 T-1 ) 1 T-1 )
<asup [V (5 X0 Il + 5 D el + 5 2 Mseel® + 5 Y 1 daeel
t=R t=R t=R t=R

where sup;, H‘Zfl H2 = Op (1) by Lemma A.5. The result now follows by Lemma A.4.a), which shows
that the first term inside the parentheses is Op (1/7"), whereas the remaining terms are Op (1/N).
Part b). The proof follows exactly the same reasoning as part a), given Lemma A.4.b). m
Proof of Lemma 4.1. The proof is immediate given Lemma A.8. m
Proof of Lemma 4.2. The proof is immediate given (10) and Lemma A.9. =
Proof of Theorem 4.2. The proof follows from Lemma 2.1, given Lemmas 4.1 and 4.2 and the

arguments described in the main text. m
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