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Abstract

In this paper, we propose a generalization of the classical "martingasenplige”
model for prices on a high-frequency level. In our framework, olesdprices are driven
by market microstructure noise and the prevailing discrepancy betwessmval prices
and efficient prices. The speed by which observed prices adjust tmikericing” com-
ponent is governed by a parameter which naturally measures the prideraf§i on the
market. The framework provides a structural approach for the linkageden observed
prices and efficient prices and the role of feedback effects in tradiirgglows to capture
a wide range of stochastic behavior in observed micro prices and caph#elassical
"martingale plus i.i.d. noise" framework as a special case.

We illustrate that the variance of the mis-pricing components is naturally linked to a
measure of the market efficiency and demonstrate that its interplay with tred-signoise
ratio determines two major regimes in the market: when the signal-to-noise ratio is low
relative to the variance of mis-pricing, observed returns become nelyagintocorrelated
and observed prices tend to revert towards efficient prices. In thesite case, observed
returns become positively correlated and observed prices reveékieods in line with
momentum behavior. By locally estimating the model based on NASDAQ limit order
book data, we empirically identify the presence of these two regimes in terms wfdtel
parameters and show that they are in line with autocorrelations in obsetueds:.

We moreover show that the two regimes imply different behavior of realinétity
estimators sampled on high frequencies. While in one regime resulting volatilitgtsig-
plots are upward sloped for increasing sampling frequencies, a egpattern prevails in
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the other. We provide empirical evidence on local volatility-signature plotisdemon-
strate substantial time variations of the corresponding shapes. Our theuéfore pro-
vide new insights for high-frequency based volatility estimation, providectemnels for
the construction of improved estimators and establish a direct link to underyanget
microstructure literature.

JEL classification: C58, C32, G14
Keywords: High-Frequency Data, Volatility Estimation, Market Magtructure Noise, Trade
Reversals

1 Introduction

A major theme in the recent financial econometrics litemiarhow to (efficiently) back out
estimators of daily or intra-daily volatility from finandiaigh-frequency data. A common
methodological starting point is to assume that microdl@rees (or quotes) stem from an
underlying (unobservable) semi-martingale process wlhiolvever, is polluted by noise. The
latter is due to market microstructure effects, such as timgmm tick size making prices to
move on a fixed grid, the bid-ask bounce effect or liquiditieets causing observed micro-
level prices to deviate from an underlying (semi-)martiegaocess. A wide range of studies
considered the problem of optimally utilizing noisy higledquency information to efficiently
estimate the quadratic variation of the underlying "efiitieprice process. For an overview,
see, e.g., the survey Yndersen et al(2010 or the recent book byit-Sahalia and Jacod
(20149.

While most studies treat market microstructure noise as@etestime process which is
equipped with certain stochastic properties, only very $&wdies make the attempt to link the
properties of noise more explicitly to the process of trgdind the underlying microstructure.
Notable exceptions af@iebold and Strass€2013 andChaker(2013.

In this paper, we propose a new model for high-frequencyeprgeneralizing the frame-
work utilized in the aforementioned literature. The majdea is to assume that changes in
observed prices are caused by two different sources of mnéss. First, in line with the clas-
sical literature, market prices are disturbed by randoraanarising due to market microstructre
frictions or noise trading behavior which is unrelated t@rmation. Such "non-informational”
shocks cause "mis-pricing” as observed prices and effipenes deviate. This mis-pricing
component, however, is the second force causing changdsenad prices. The underlying
mechanism is that mis-pricing generates trading oppdrasfior informed traders in the spirit
of Kyle (1989. Consequently, in the long run market prices revert backeoefficient level
as informed traders reap trading benefits and impound timewledge into observed prices.
The speed by which observed prices react to inherent migagrin the market is governed by
a parameter which is associated with the rate of efficiendh@bbserved price process. See,

2



e.g.,Sheppard2013 for a related concept to measure the speed of the market.

We study the properties of the model in a simple discrete-tframework of constant
volatility. In such a setting, the model depends on three gayameters, i.e., the volatility
of the efficient price process (so-called "efficient voiatil), the "noise level” corresponding
to the volatility of the noise process and the market efficygparameter governing the speed
of reversals due to mis-pricing. We show that such a threarpeter setting is quite flexible
and can capture a wide range of stochastic behavior typiobBerved in micro-level prices.

As an important special case, our framework contains thesidal "martingale plus i.i.d. noise”
case as a benchmark, séeang et al(2005. Due to the interplay between the underlying "ef-
ficient” volatility, market microstructure noise and théeraf market inefficiency, the approach,
however, allows for more general high-frequency asseemghjmamics. A key parameter in the
model is the speed of price reversion due to inherent m@niin the market. Since prices
are directly disturbed by this mis-pricing, the model featuproperties in the observed price
process which in the classical setting can only be captuyesbuming endogenous noise, see
e.g.,Kalnina and Linton(2008.

With this new framework, we aim to provide a more structuggpr@ach for linking ob-
served prices to efficient prices and therefore to expjititlk the literature on high-frequency
based volatility estimation to market microstructure sl We show that our framework al-
lows for natural interpretations of the underying model poments. In particular, we propose
the variance of the mis-pricing process as a natural medsutbe market inefficiency and
show that it crucially interferes with the speed of pricearion and the signal-to-noise ratio,
corresponding to the proportion of the efficient variancthototal noise variance. Depending
on the relative magnitude of these components we can disshdetween two fundamental
states of the market: In one state, "mis-pricing” is remofegd contrarian behavior causing
negative autocorrelations in observed returns. In therodggme, "mis-pricing” is enforced by
"momentum” behavior causing positive autocorrelationsbserved price changes.

We provide empirical evidence for the existence of both ekthregimes in typical con-
tinous trading. Utilizing high-frequency data from NASDA€ading, processed via the data
platform LOBSTER and estimating the model over short sub-periods provides Estimates
of the underlying model parameters and thus the local ménkefficiency”. It turns out that
these parameters change over time and thus reflect diffstatets in which the stochastic be-
havior of observed prices significantly change. In line vaitit model, we show that the identi-
fied regimes are in accordance with the underlying (locab@arrelation structure in observed
returns.

Moreover, we document that the existence of the two undeglgegimes has profound con-
sequences for realized volatilities sampled on high fragies, e.g.Andersen et a2003. In
the regime of contrarian behavior, realized volatility géea on high frequencies is shown to

1Seehtt ps:// 1 obsterdata. con .
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significantly over-estimate the underlying quadraticaton of the efficient price process caus-
ing well-known upward-shaped (for increasing sampling@iencies) volatility signature plots,
e.g.,Hansen and Lund@0086. In the other regime, however, high-frequency samplingsea
downward-shaped signature plots which are not easily agaain traditional "martingale-
plus-noise” settings but are naturally motivated in ounfesvork. These results are empirically
supported by providing novel evidence on time-varying tilig-signature plots. It turns out
that the volatility signature locally changes and is in Wi¢h the identified underlying market
regimes. We show that regimes of "reverted” signature plodged occur more often than
commonly assumed.

In its basic form, the model can be conveniently represeintstate-space form and thus
allows for maximum likelihood estimation using the Kalmatefi We therefore straightfor-
wardly produce an efficient volatility estimator in a geriged martingale-plus-noise setting
which can be benchmarked to existing estimators. Our ethdirefore provide new insights
for high-frequency based volatility estimation, provideanchannels for the construction of
improved estimators and establish a direct link to undegynarket microstructure literature.

The remainder of the paper is structured as follows. In 8e¢ij we present the under-
lying model. Sectior8 discusses the model's implications for return autocovaea and the
identification of underlying market regimes. Sectibiiustrates implications for realized vari-
ances and resulting volatility signature plots. Sectiaives the empirical results and Section
6 concludes.

2 AHigh-Frequency Asset Price Model with Information Feed-
back and Market Microstructure Noise

In this section, we propose a model for micro-level assetepidrmation that generalizes the
classical "martingale-plus-noise” framework in the lgtirre of high-frequency based volatility
estimation. In our model, feedback between the efficiertepaind the observed market price
is central.

Feedback between the observed price and the efficient prieesaas informed traders
continuously trade upon trade opportunities. Hence, oseprices are subject iaforma-
tion feedbaclkcorrecting inefficiency and guaranteeing that observeckprlie within certain
bounds around the efficient price. We consider a model ielistime, i.e.t € {0,1,2,...}.
Observed priceg; are assumed to be driven by the following model:

Piy1 =D — a(pe — pf) +eq1, >0, (2.1)
———
=t
Piy1 = D¢ + €40, (2.2)

where p; denotes the efficient price at timtefollowinga standard martingale process with
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i.i.d. white noise innovations; ;. Accordingly, the observed pricg is subject to two dif-
ferent sources of randomness. First, market prices angrdesd by i.i.d. noise; arising from
non-informational sources. It may arise due to exogenagrtig motifs or market imperfec-
tions associated with market microstructure frictionsr fgtance, liquidity or noise traders
submit orders affecting observed prices without being eated to information. Consequently,
observed prices face non-informational shocks which leawis-pricing (or price inefficiency),
defined byu, := p — p; # 0.

Such mis-pricing generates trading opportunities forrnmied traders. Thus, in the long
run, market priceg, revert back to the efficient leve} as informed traders reap trading benefits
and impound their knowledge into observed prices. The fattge magnitude of the price
inefficiency ||, the stronger is the feedback that reverts market pricels toatheir efficient
level.

Correspondinglyy is the speed of price reversion, and thus is a natural meésutiee
(in-)efficiency of the market. For instance, a large value stiggests that market prices closely
follow the efficient level, while a low value suggestslaggishrelationship. Figuré illustrates
the relationship between andp; for different values ofv. Low values ofa represent a high
market in-efficiency with observed prices and efficient @sideviating substantially. For high
values ofa, the observed price follows the efficient price more tightly

Figure 1: Simulation of observed pricas (colored solid lines) and the efficient prigg¢ (black solid
line) for different values ofv. The left (right) figure shows the corresponding plots for low (highyea
of a.
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For the caser = 1, we obtain the benchmark case where prices are driven bytangele
processes and are polluted by i.i.d. noise”, Zbang et al(2005. Using @.7), we straightfor-
wardly obtain

Pey1 = pr — o(pe — Py) + €41

*
=Py + €41

(2.3)
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Under this specification, feedback perfectly mitigates/agiteng mispricing. The “classical”
(i.i.d.) market microstructure noise framework therefassumes a strong feedback. Accord-
ingly, observed prices are only confronted with contempecas noise innovationsg, ;.

The general casé) (< a < 1), however, is more flexible, as it captures scenarios where
observed prices follow the fundamental value sluggishly(1). This even includes the case
a = 0, where efficient and observed prices are completely indég@n(see the yellow graph
in Figurel).

The model can be re-formulated in terms of a state-spaceseptation that de-couples
latent and observed variables. This is straightforwardiyedby treating the mis-pring compo-
nentu; = p; — p; as an additional latent state variable. Therefore, we @ekipas the state

vector at time: with
x;:<%“>. (2.4)
Pit1

To specify the dynamics ok, we need to recover the dynamicsgfandp;. With ¢/, , :=
P — Pi» i Can be represented by

Hi+1 = Pt+1 — Pt*+1

=pe — a(p — pf) + €41 — Piyy

= (L= a) (pe — p;) +e41 — D1 — i) (2.5)

=H =€1i1
= (1 —a)u + €,

with €/, := €41 — €, being i.i.d. white noise. The mis-pricing componentthus follows
an AR(1) process with autoregressive parametera. Accordingly, the state space dynamics
are given by

X1 = GXy + wy,

i l—a 0 €¢+1>
Xy = , G= , Wy = . 2.6
t <PI> ( 0 1> t <6i‘+1 (20)

The observed price procesgsis then given by

with

= FX, with F=(11). 2.7)

The error covariance matriX,, is obtained by

Elel'el] Elel'el] o2+ 0% —0
5, = _ (et 0 28
(Ek%ﬂ Efete; 2 o2 ©9



Define the signal-to-noise ratio as the proportion of efficignformational) volatility,

A= e e (2.9)

with o> = o2 + o7 denoting the total noise variance in the system. Below weshitiw that\
has a profound impact on the dynamics implied by the modehdJs, X, can be written as

S =00 (_& _AA> . (2.10)

Observe that,, is not a diagonal matrix implying endogeneity between effitipricesp;,
and the mis-pricing componept_ ;. Note that this endogeneity is directly built in the model
without explicitly assuming dependence between the egoehde,. See, e.g.Kalnina and
Linton (2008.

From @.5), it follows that for0 < « < 2, pu, IS covariance-stationary with first and second
moments given by

o2 1
Elu,) = E —(1l-—a)2£_— 2.11
[1e] =0, [usam] = (1 —a) 02— ( )
for A > 0 and witho? = E[(e}')?] = o2 + o7 as of .9). HenceE[y,] = 0 implies that
E[p:] = E[p;]. This arises from the information feedbaak > 0, which constantly pulls
observed prices to back to their efficient level. Note th#téextreme case of = 0, E[u;] = 0
does not hold and observed prices can systematically @dvan efficient prices.

While observed and efficient prices equal in expectatiory tievertheless deviate over
time. Evidently, the extent of this deviation is capturediby-(y;). Therefore, in our frame-
work, it is reasonable to udéar(y;) as a proxy for the extent of inefficiency jn.

Definition 1 (Market Inefficiency) Given the mode{2.1) and (2.2), the total market ineffi-
ciencyx and relative market inefficiencyare defined as

_ :Var(,ut).

K :=Var(u), K: p
m

(2.12)

The total market inefficiency is a proxy for the total magnitude of deviations between
efficient and observed price when the system is confrontéld tetal noise Ievebﬁ. Corre-
spondingly, the relative inefficiendy is measured in terms a unit standard deviation of noise,
i.e.,o—i = 1. Consequently, it only depends on the speed of price revessitJtilizing (2.11),

x andk can thus be expressed as

o2 1 1 1
K i=—" , K= . (2.13)
a2—« a2 —«




Figure2 shows the relationship betwegrmanda. It is shown that is monotonously decreasing
in a which is consistent with the intuition that a stronger (imf@tion) feedback should make
observed prices more efficient. Note, moreover, that1. Thus, the total inefficiency cannot
get arbitrarily small and is bounded from below(bfy

Figure 2: lllustration of k depending orx. The solid blue line corresponds &o the dashed black line
corresponds to the level 1.
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3 Informational Noise and the Return Autocovariance: Two
Regimes

Definery,, := p.11 —p andr;, , := p;,, —p; asthe observed and efficient return, respectively.
Note that the observed return obeys, = —au; + ¢;,1. Taking into account thag,; andy;,
are independent, the return variance is thus given by

Var(r,) = ng + anar(ut) (3.1)

=0, + a’K.
Thus, information feedback triggered bynduce excess variation in observed returns on top of
variations due to the non-informational noise componrenThis contribution is amplified by
the variance of the mis-pricing proce$s;r (1, ). Hence, innovations in the underlying efficient
price are channeled forward to the market price by the speékhus, the highet, the more
informational variations arrive at the observed returrcpes, amplifying their variations. It is
easily checked that, despitebeing monotonously decreasingdn Var(r;) is monotonously
increasing iny, see Figure. Hence, when feedback is strong, market inefficiendgcreases,
but variations in the price return increase. This is natasamis-pricingu, triggers stronger
reactions when the feedback magnitudss high.



Figure 3: Relationship between?x anda.
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We moreover show that feedback effects do not necessanly ithat excess variations in
observed return variations exceed variations of the effigpeice. Observe thaB(1) implies

o2 < Var(ry) <202 + o2, (3.2)

where the lower and upper bound are sharp bounds, i.e., th@ttained forr = 0 anda = 1,
where in the latter case, we obtdifur(r,) = 202 + ¢%. Thus, in fact, depending om, o2
ando?, both scenarios may occur, i.e., either observed or effisi@riance can be higher. To
see this, observe that by constructioh= (1 — A\)o. ando? = Ao, holds. Using 8.1) the
variances of the efficient return and the observed pricenette given by

Var(ry) = ai(Qou% — ), Var(ry) = )\ai. (3.3)

This allows to identify regimes where the observed retunmmavae exceeds the efficient return
variance and vice versa. The result is stated in the follgdemma.

Lemma 1. The return variance of the observed price procéss;(r;), and the efficient price
processV ar(rf), obey

Var(ry) < Var(r]) if ak < A, (3.4)
Var(ry) > Var(ry) otherwise (3.5)
withl <ark == <1.
If A <1/2, then
Var(ry) > Var(r]). (3.6)

Thus, when informational noise dominatesX k), the observed return variation is lower
than the return variation of the efficient price. The ressiintuitive. If A is sufficiently high,
the proportion of the "informational variance” is high,.i.@rice innovations are dominantly



driven by information. Theny, sluggishly followsp; becausex < 1, implying that changes
in the underlying efficient price are not passed over to theeoled price one-to-one but in a
mitigated way.

In the second regime, however,is low and price innovations are mostly driven by non-
informational noise. In this case; tend to continuously correct non-informational distur-
bances;. Then, information feedback tends to act in a contrarian (nay, implying contrar-
ian trading) and the observed price constantly mean rewedsler to mitigate the impact of
non-informational shifts. This mechanism induces excetgm variance. It is interesting to
note that the regimex < X only exists forA > 1/2. In other words, if the signal to noise
ratio is not at leasi0%, the observed return variance always exceeds the retuancarof the
efficient price.

An important implication of these mechanisms are that thewrhof informational noise
affects the nature of autocovariances in observed retiiose precisely, when informational
noise is dominant, observed returns are positively autetaied and prices tend to follow local
trends. In the opposite case, observed returns becomeivedgatutocorrelated and prices
reveal mean-reverting behavior. These effects are statiée ifollowing lemma.

Lemma 2 (Return Autocovariance) Assumé) < a < 2andA > 1. Then,

Cov(rien, i) = —(A — 1)(04/?; — /\)7 (3.7)
with (A — 1) = a(1 — a)?7? (‘752* 1 af) > 0.
Proof. See Appendix. ]

Hence, high informational noise\ (> ak) induces positive serial correlation, while low
informational noise X < ak) causes negative serial correlation. The corollary charaes
the different regimes in terms of the parametgra andk.

Corollary 1. Assumé) < « < 2. Then, the following holds.
(i) If « =0, thenCov(riin,r¢) = 0.
i fFo<a<l1,and

(@) if A < ak, thenCov(ra, ) <0,
(b) if A > ak, thenCov(riia, ) > 0.

(i) If 1 <a <2,thenCov(riia,r) <O0.

Proof. Follows directly from Lemma. ]
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In the casel < a < 2, observed price changes over-shoot as a response to ITisgpri
Hence, the forces that make prices efficient in the long ruluge inefficiency themselves.
Therefore, this case is a rather pathological (but not rsec#yg unrealistic) setting.

While o« = 0 is the trivial case, our major focus therefore is on the genease (ii).
The two regimes, characterized hyand the threshold, are illustrated in Figuré. When
observed priceg; are disturbed by non-informational noisethen market makers or informed
traders act as contrarian traders and revert prices bableitodfficient level inducing negative
serial correlation. Conversely, when the informationaiaraze innovatior 2. is high, informed
traders act as momentum traders and cause positive retielatmn. Consequently, prices
reveal local trends. Overall, we can expect that the cdroglatructure of observed returns is
driven by the combination of both regimes.

Figure 4: lllustration of the two regimes > ak and\ < ak (left figure) and a comparsion of the
components:;, ak anda?z.
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To illustrate the effects, we present the two regimes in $sofriwo numerical examples.

Example 1(Positive serial correlation)Assumer = 0.5 and\ = 1. Then{ = —1/3. Assume
also that the efficient and the market price initially coiowe i.e.,p, = p* = 0 and that
a = 0.5. Now assume hat at timte= 1, information arrival ¢; = 2) changes the efficient level
to p; = 2 and that it remains constant thereafter, i.€.= 0 for t > 2. Then, because ¢P.7),

market returns take the form,., = —au..1 = —a(p: — p;). Therefore, the returns at times
t > 0 obey
7’12—;(0—0)20, pr=po+ri=0 (3.8)
7”2:—;(0—2):1>0, p2=p1+r2=1 (3.9)
7“3:—;(1—2):1/2>O, p3s=po+r3=23/2 (3.10)

Hence, innovations in the efficient market pricetat 1, generate a sequence of positively
correlated returns at > 1.

11



Example 2 (Negative serial correlation)Consider the case = 1/2 and XA = 0. Then,{ =

2/3 > 0. Assume alsp, = p* = 0 and that the system is shocked by a single non-informational
innovation att = 1, i.e. ¢; = 2 and¢, = 0 for ¢ > 1 and that there is no information arrival,
i.e.e; = 0fort > 0. Market returns obey; ; = —a(p: — p;) + 1. Therefore, the returns at
timest > 0 obey

1

71 :—5(0—0)-0—0:0, p1=po+ri =0 (3.11)
1

rp=—2(0-0)+2=2>0, p2=po+r2=2 (3.12)
1

r3=—5(2-0)+0=-1<0, ps=p1+ro=1 (3.13)

Hence, non-informational innovationsiat 1 induce negative dependencel ia- 2.

4 Implications for the Realized Variance

In this section, we analyze the quadratic variation of theeobed price process implied by
(2.6) and @.7). We will show that the identified regimes translate in amiguing way in
distinct properties of the quadratic variation processis fias clear implications for realized
variances sampled on high frequencies.

Letr® := p,a — pr, denote thel — return sampled at time Moreover, define the timé-
guadratic variationof the price process;, sampled over subsequent sub-intervals of aizas

%

(p)p =E [Z(rg)ﬂ . (4.1)
=0

Now, our main result follows.

Theorem 1. Assumé) < « < 1. Then, the timé&- quadratic variation<p>$ sampled over the
interval sizeA obeys

(p)y = 02T + o, TH(A)(ak — N), (4.2)
with 6(A) = OZ (1 (- oz)A>. (4.3)

The mapping) — ¢(A) is strictly monotonously decreasing and obeys

(i) limao@(A) = —21log(l — a),

(i) lima_eo $(A) =0,
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(iii) with 0 < ¢(A) < —2log(1 — a).

Hence, according to Theorefn the quadratic variation consists of two terms. The first
term is the quadratic variation of the efficient price whinhour simplified setting just equals
02T and is associated with the "fundamental” variance measwedthe interval fron) to 7'.
The second term originates from the information transrarsg§eedback between efficient and
observed prices and is a function of the sampling intetvédr of the sampling frequenc !,
respectively, fofl' = 1). Excluding the trivial case: = 0, we can again identify two regimes
triggered by the signal-to-noise ratioand the relative market inefficiengy In the regime
of high informational noiseX > «k), the quadratic variation of the observed price process is
systematically below the quadratic variation of the ungded efficient price process. In the
opposite case, however, the quadratic variation of thergbdeprice process systematically
exceeds the fundamental variance.

The following corollary show that resulting volatilityeggiature plots (depicting the rela-
tionship betweerﬁpﬁ andA) are monotonically increasing or decreasing, respegtielthe
two regimes.

Corollary 2 (Monotonicity of quadratic variation and noise regime&ssumé) < o < 1, a
fixed time period” > 0, and the sub-sampling interva&l < T'. Then, the following holds.

(i) If & = 0, then the mappings — (p); is constant.
(i) If <o < 1,then

(@) if A < ak, the mappingA — (p>$ is strictly monotonically decreasing,

(b) if A > ak, the mapping\ — (p>$ is strictly monotonically increasing.
Proof. Direct consequence of Theoreim O

Hence, when the signal-to-noise ratio is low & «ak), the quadratic variation of the
observed price process decreases with the sample size stainsyically overestimates the
guadratic variation of the efficient price. Consequentlglized variances sampled on high
frequencies reveal the well-know positive bias documeirtdte literature, see, e.gdansen
and Lundg2006. At extremely high sampling frequencie& (— 0), the divergence between
efficient and observed quadratic variation is maximal antatsj¢(0) T (k — A)].

In the opposite regime, when informational noise is high<{ «ak), the quadratic vari-
ation of the observed price under-estimates the efficieatiguiic variation forA — 0. An
illustration of both regimes are shown in Figure
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Figure 5: Simulated quadratic variatio('p)% as a function of the sampling interval for the two
different regimes. Exemplary parameters @re- 100, ai = 1, A = 7/10. The blue line corresponds
to o = 4/5 implying that informational noise is low, i.exx > A. The red line corresponds to= 1/3
corresponding high informational noise, i.es < A. The black line corresponds to the efficient level,
ie., 02T =op\ = 170.
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The underlying reasoning for the two regimes is in analogyéodiscussion above and is
essentially induced by the return autocovariance stra@srof Lemma. When informational
noise is sufficiently high, observed returns are positialjocorrelated returns and thus local
drifts accumulate on longer time horizons and do not aveoagieConsequently, the quadratic
variation increases monotonously with As a < 1, observed prices however do not fluctuate
as much as the efficient price process since only a fractidhesie fluctuations are channeled
back to the observed price.

On the other hand, when informational noise is low, obseretains are negatively seri-
ally correlated and long-run returns get effectively agechout and decay over the sampling
interval. Hence, increasing volatility signatures aremhadlue to local drifts, while decreasing
volatility signature arise from mean-reverting behavior.

Thus, our theory provides a unified framework to explain betimes and tie them to
fundamental informational properties of the underlyingkes such as the signal-to-noise ratio
A and the relative market inefficienay Particularly the regime of downward sloped signature
plots (for A — 0) is interesting and are implied by effects which are not uised in the
literature yet. In the empirical section, we will provideidence for the presence of both
regimes in high-frequency trading processes.

The next corollary provides some results on interesting lbases.
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Corollary 3. The following limits hold

lim (p)? = U?T,

a—0

lim (p)7 = 02TH(A)

(4)

(i) !

2—a’

Proof. Direct consequence of Theoreim

92—
lim (p) = 02T + aiTzA, (4.4)
1
. A2 o
lim (p) = 02 T6(A) (2 — 1) | (4.5)
O

Finally, we consider the diffusion limit of the discretea model 2.6) and €.7). In
the continuous time limit, the inefficiency procegsbecomes a continuous time Ornstein-
Uhlenbeck process and the efficient price procBsdbecomes a standard Brownian motion,
i.e.,

dpy = —apy + odWy — o*dW, dP; = o*dW}, (4.6)
with the first two moments given by
o*)? + o2
Bfju] = 0, By = LT (4.7)

Consequently,4.6) is a system of linear stochastic differential equationthwbprrelated
random error terms witd1V; anddW;" being the differential increments of two uncorrelated
standard Wiener process witjdWW;, dWW};| = 0 andE[dI};] = 0. The parametes* denotes
the (constant) volatility of the efficient price proceB$ ando denotes the (constant) noise
volatility. Recall that the observed price procé$satisfies

Pt :Pt*+lut' (48)
By Ito’s Lemma, the integrated Ornstein-Uhlenbeck progesken satisfies
t t
e = poe” " + 0/ e~ = qy, — J*/ e = qyr, (4.9)
0 0

For the observed market price processwe consider the quadratic variation over the
periodT" with sampling intervalp, i.e.,

(p)7 =D E[rd], (4.10)
=0

wherer;a = pu+na — pia. Using @.6) and ¢.9) , one can decompose the high-frequency
returnsr; into three mutually independent components

rin = A; + B; + C;, (4.11)
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with

A = poe @ (e — 1), (4.12)
) (+1)A iA
B; = geA ( / A=) gy, — / e"‘deS>, (4.13)
0 0
(i+1)A , iA ,
Ci=o" ( / (1 — e~olHDA=9))gpps / (1- e—a@A—s))dWS*). (4.14)
0 0

Observe thatl;, B, andC; are zero-centered and Gaussian and so is the returhhe mutual
independence ofl;, B; andC; derives from the fact that the Wiener incremedits;, anddV;
are independent, i.€E[dV;, dW] = 0 for anys, t > 0. Therefore, the quadratic variation can
be decomposed as follows

PEEDILENEDS (E[A?] FE[B) + E[CE]) . (4.15)

The following lemma provides the quadratic variati(;uj? for the observed market price in
the diffusion limit as of {.6). We show that similar to the discrete case, the quadratiati@n
can be decomposed into an efficient and a noise componente \thee latter depends on the
sampling intervalA.

Lemma 3. Leto? and (¢*)? be the variance of the market microstructure noise and mtor
tional noise; A and be the sampling interval for the quadratic variation loé tobserved price
process{p);. Then,(p)s, satisfies

(p)p = To? + TH(A)(0? — (0%)?), (4.16)

with ®(A) = 1‘2% such that the mapping. — ®(A) is strictly monotonically decreasing
and strictly convex. Thereforéy) > satisfies the following:

(i) If o > o*, then(p)> > T(c*)? and <p>§ is strictly monotonically decreasing ifA.
(i) If o < 0¥, then(p>,_% < T(c*)? and <p)$ is strictly monotonically increasing if.
(iii) If o = 0%, then(p) = T(c*)? and (p)5 is constant with respect tA.

Moreover,T min(o?, (0*)?) < (p) < T'max(c?, (¢*)?) and the following limits hold.

lim <p)? = T(c%)?, lim <p)$ = To? (4.17)

A—0 A=T—o00
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5 Empirical Evidence

In this section, we provide empirical support for the praabsodel and demonstrate that high-
frequency trading processes reveal the two regimes sweghbgtour model. We first provide
novel evidence on time variability of volatility-signatplots. For a given sampling interval
A, we consider high-frequency midquote returns measuredtbgantervalA,

Tﬁ = Pt +A — D, with t; € T={0,A2A,...mA}, (5.1)

with m := sup [ andp,, denoting the midquote at timg. Then, the realized variandeV?
I<T/A

for a fixed sampling intervah and time period’ is given as
RV = > (rp)> (5.2)
t; €T

Figuresl4to 18 show the signature plots of daily realized variances awstayer ten consec-

utive trading days for different stocks selected from theSIDAQ 100 index in January 2014.
To illustrate that dynamic evolution of the realized vadas, we consider 6 different 10-day
periods between January 2nd, 2014 to March 28th 2014. Nuwiry days are excluded.

The results are as follows. First, in line with our theoratimodel, we observe that volatil-
ity signatures reveal both upward and downward slopingWiehaParticularly, the presence of
upward sloped (foA increasing) signature plots is striking and clearly prégeseveral cases,
see e.g., for Apple (Figurg&4), Amazon (Figurel5) and Google (see Figures). We checked
that these effects areot driven by the presence by a local drift in price level§hese results
therefore indicate that these effects occur more frequémtin currently believed.

Second, the slope of the signature plots are highly time mbigr®. For instance, in the
case of Google (Figur8), quadratic variation tends to increase in the second arudi tilad-
ing period. Then, in the forth trading period the volatilgignature inverts and jumps back
to monotonic decay in the fifth and sixth trading period. TEheffects suggest that market
conditions and thus the stochastic properties of the uyidgrprocesses may change rapidly.

Third, overall, the generic patterns can be classified imted distinct regimes or superpo-
sitions thereof. 1) monotonic decay, 2) monotonic incress3) constancy during the sampling
period. Given that the quadratic variation is regime-dejeemand we average over an extended
time period of ten trading days, we may naturally estimagecttimbined effect of two regimes.

2Re-doing the analysis based on de-meaned high-frequetuyseyields virtually identical results, see Ap-
pendix. The reason is that the second moment dominates shenfirment of the observed return by orders of
magnitude. Therefore, the quadratic variation is not &ffgéby drift terms, even if we average over comparably
short periods.

17



Figure 6: Averaged daily realized variance for six different trading periods$tferstock Apple (AAPL).
Each trading period consists of 10 trading days, starting January 2rdda2@ ending March 3rd 2014.
The estimated realized variance is shown for a given sampling intArval
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Figure 7: Averaged daily realized variance for six different trading periodstli@r stock Amazon
(AMZN). Each trading period consists of 10 trading days, starting Jarirad 2014 and ending March
3rd 2014. The estimated realized variance is shown for a given samplimgainfe
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Figure 8: Averaged daily realized variance for six different trading periodsHerstock Cisco (CSCO).
Each trading period consists of 10 trading days, starting January 2rda2@ ending March 3rd 2014.
The estimated realized variance is shown for fixed sub-sampling int&rval
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Figure 9: Averaged daily realized variance for six different trading periodsHerstock Ebay (EBAY).
Each trading period consists of 10 trading days, starting January 2rdda2@ ending March 3rd 2014.
The estimated realized variance is shown for a given sampling intarval
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Figure 10: Averaged daily realized variance for six different trading periodstli@r stock Google
(GOOG). Each trading period consists of 10 trading days, starting dafnd 2014 and ending March
3rd 2014. The estimated realized variance is shown for a given samplimgainfe
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Figure 11: Averaged daily realized variance for six different trading periodsHerstock Intel (INTC).
Each trading period consists of 10 trading days, starting January 2rda2@ ending March 3rd 2014.
The estimated realized variance is shown for a given sampling intarval
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Figure 12: Averaged daily realized variance for six different trading periodstfier stock Yahoo
(YHOO). Each trading period consists of 10 trading days, starting da2na 2014 and ending March
3rd 2014. The estimated realized variance is shown for a given samplimgainfe
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According to our model, the different slopes of volatilgignature plots should go hand
in hand with the presence of positive and negative autoletioas in observed high-frequency
returns during the respective intervals. Moreover, theesponding regimes should be alter-
natively identifiable in terms of the relationship betwee andx.

The model is straightforwardly estimated using the stpteee representation provided in
Sectior?. Given normality of the underlying model errors, the partarseare then estimated
by Gaussian maximum likelihood using the Kalman filter. Altively, the model might be
estimated by the method of moments utilizing the autocavae function derived in Section
3.

According to theory, there are two fundamental regimesstFivhen the proportion of
informational noise is high, i.eqx — A < 0, then markets exhibit positive serial return cor-
relation and an upward sloping volatility signature. Setamhen informational noise is low,
ak — A > 0, markets exhibit negative serial correlation and downvedoging volatility signa-
tures.

To test our theory, we proceed as follows. From the volgtdignature plots in Figure
14to 20, we select those stocks and trading periods for which thatNit} signature is either
upward or downward sloping and estimate the return coroelatf the observed price process
and construct the ML estimators farand )\, denoted byy and)\. Tablel reports ML estimates
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& and)\, the corresponding critical value

1 o
gt (5.3)

separating between the two regimes and the first order auédation of observed returns,
pP-

Table 1: ML estimates fora and\, ;2= — A and the first order autocorrelatigirfor different stocks
and trading periods. Estimation based on Kalman filter.

ML Estimates

Stock Period Trading Dates V-Regime & A L) p

AMZN 5 03.03.-14.03.2014 up 0.769 1.000 —0.188 0.030
CSCO 2 16.01.-30.01.2014  down  0.445 0.523 0.120 —0.022
EBAY 6 17.03.-28.03.2014  down 0.440 0.612 0.029  —0.005
GOOG 4 14.02.-28.02.2014  down 0.489 0.536 0.126 —0.026
GOOG S 03.03.-14.03.2014 up 0.728 0.999 —0.213 0.006

6

1

5

GOOG 17.03.-28.03.2014 up 0.066 0.701 —0.184 0.006
INTC 02.01.-15.01.2014 up 0.249 0.597 —0.026 —0.032
INTC 03.03.-14.03.2014  down 0.352 0.492 0.115 —0.017

The results are as follows. First, in line with our theoryragimes with downward sloped
signature plots coincide with a negative valueﬁg — ) and thus a "momentum regime”.
This is moreover confirmed by positive autocorrelatipng his accordance holds in all except
one case. The only exception occurs for the Intel stock duitire trading period2.01. —
15.01.2014, where the sign onE—d — X is consistent with downward sloping signature plots
but reveal negative serial return correlation. Hence, aor@e selection broadly confirms our
theory.

Third, the speed of market efficieney, varies significantly over time and the cross-section.
For instance, we observe strong price feedback and a cobipdrigh market efficiency for
Amazon and Google during the first two weeks of March 2014.h&sé cases, the observed
price more closely follows the efficient price. Converselg @bserve that in the second half
of March, the observed price and efficient price are almostalgled and independent of each
other (@ = 0.066). Nevertheless, in all cases,is significantly belowl which supports our
claim that our model captures effects that are not accouoteih the classical "martingale-
plus-i.i.d. noise” model. In fact, adjustments of obserpedes due to mis-pricing are more
sluggish than implied by the latter setting. Our resultsggsg that the market mechanisms that

22



induce feedback to pull back price to their efficient levelyph significant role in describing
the price variation of observed price returns.

Similarly, the signal-to-noise-ratio and market micrasture noise varies strongly over
the cross-section. For instance, we find that there is lijer® market microstructure noise
contamination in the first two weeks of March for Amazon anad@e as) is effectively one.
On the other hand, in the same period market, microstructoige accounts fo50% of all
changes in the observed price process for Intel.

As a representative example, Figurg illustrates the time-varying nature of the model
components for the Google stock for the first seven tradiryg d62014. To reduce the com-
putational burden, estimation is based on consecutiveprerapping trading intervals, with
interval size being half a day and the underlying samplingriral beingA = 2sec. The first
plot illustrates the time evolution of the estimateand.\, while the second plot illustrates the
time evolution of the estimated threshai- — ). Finally, the third plot illustrates the variance

of the microstructure component) and the informational innovation in the efficient price
(02.-).

Note thato2 and o2, are not estimated directly, but derive from the ML estimatemnd
o2,. This is because, by definition? = o2 + 02 and\ = i% Therefore 2. ando2, are
given by

A Xk A
0-6

2= \o2, 02 = (1= 4) 02, (5.4)
The results support our idea that the key market charatitsiishe noise levels and the effi-
ciency of the market strongly vary even on an intraday le8elcond, market efficienay and
the signal-to-noise ratia are strongly co-moving. In the case of Google, we see thatetar
tend to be more efficient when the signal-to-noise-ratiage hThird, when informational in-
novations strongly dominate microstructure noise, theshold;- — X becomes negative and
the underlying regime changes. In the selected tradinggethis happens at the end of the
second trading day and during the fourth trading day of Jan2@14. Indeed, around these
times, the informational noise IevéF: significantly overshoots the microstructure noise level

o2..
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Figure 13: ML estimates ¢, A, 526* and§2€) for the stock Google, for non-overlapping, consecutive
trading intervals of half a trading day throuth the first 7 trading days ofi26tarting at January 2nd.
Estimation is based on the discrete state space mad#lgnd @.7) with sampling intervalA = 2sec.
The second picture below illustrates the time evolution of the thresﬁedld— \. The dashed line in the

second picture separates the two regimgs; — A > 0 and52= — \ < 0.
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6 Conclusions

We propose a model establishing a novel link between obddmngh-frequency prices and the
underlying (efficient) price process following a (semi-)tiregale. The essential connection
betwen both price processes is channeled through a feedbabiserved prices as a response
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to prevailing mis-pricing in the market. The latter is givgnthe discrepancy between observed
prices and "efficient” prices. The rate by which observedgsireact to mis-pricing is governed
by a parameter which is naturally interpreted as a measumdoket (in)efficiency and plays
a crucial role for the resulting dynamics in observed return

Despite its simplicity, the proposed model yields a fleximework to model high-
frequency asset price behavior and to establish the irtgt@tween the underlying "efficient”
volatility, market microstructure noise and the rate of keainefficiency. While the classical
"martingale-plus-i.i.d. noise” setting is contained apagal case, the proposed model captures
many more settings and provides a novel view on commonlyrgbdehigh-frequency phe-
nomena. In this sense, the approach links together aspect$ifgh-frequency based volatility
estimation and market microstructure analysis.

Most importantly, the model allows to identify differengises where the dynamic proper-
ties of observed high-frequency returns are significanffemnt. We show that these regimes
depend on the magnitude of the signal-to-noise relativiedartarket inefficiency and provide a
natural link to underlying trading behavior and the way haformation is channeled through
the market.

We moreover show that the existence of these regimes had@updbeffect on realized
volatilities sampled on high frequencies. We demonstiadé the sampling limit of the latter
behave very differently depending on the underlying reginmeparticular, we illustrate that
volatility signature plots can be upward sloped as well agrdeard sloped, respectively. Our
model thus provides a very natural explanation for the presef downward sloped signa-
ture plots (for increasing sampling frequencies) whichas easily explained in the existing
literature.

We moreover show strong empirical support for the model Hustiate that the regimes
postulated by the model can be identified based on typicatHmaguency processes. Utilizing
high-frequency data from NASDAQ trading we demonstratedyngamics of high-frequency
returns can locally change and are in line with the regimesdipted by the model parameters.
Likewise, we provide novel empirical evidence for locallyanging volatility signature plots.
We particularly demonstrate that downward sloped sigegtlots occur much more frequently
than commonly believed.

We discuss a simplified version of the model assuming disdnete and constant under-
lying volatility. In such a setting, all model parametensc{uding volatility) are straightfor-
wardly estimated by maximum likelihood using the Kalmarefilor moment matching. An
interesting remaining question is whether our method okingcout volatility estimates from
high-frequency data is superior if benchmarked againstieg approaches. If we stick to
the simplified (fully parametric) framework, we should egpgains as our approach is more
general as the classical "martingale-plus-noise” setimg) thus should be able to identify un-
derlying volatility more precisely.
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Likewise, even more efficiency gains can be expected if weoBepeven more structure
on the microstructure noise and the modeled feedback imnsgpto mispricing in the market.
Here, the link to market microstructure literature coulddaxploited bringing this literature
together with the statistical literature on high-frequewnalatility estimation.

Finally, the proposed framework is straightforwardly exted in various directions. For
instance, relaxing the assumption of constant volatilitg/ar augmenting the model by a jump
component could bring up interesting challenges for thessizal literature on volatility esti-
mation.
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Appendices

Appendix A Empirical Results

A.1 Robustness: Quadratic Variation Estimates Based on De-trended
Returns

Figure 14: Averaged daily realized variance for six different trading periodsHerstock Apple (AAPL)
based on de-trended returns. Each trading period consists of 1Qgtidaiis, starting January 2nd 2014
and ending March 3rd 2014. The estimated realized variance is shovirgdrsub-sampling interval
A.
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Figure 15: Averaged daily realized variance for six different trading periodstiier stock Amazon
(AMZN) based on de-trended returns. Each trading period considf3 wéding days, starting January
2nd 2014 and ending March 3rd 2014. The estimated realized variartoens $or fixed sub-sampling
interval A.
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Figure 16: Averaged daily realized variance for six different trading periodstferstock Cisco (CSCO)
based on de-trended returns. Each trading period consists of 1(gtidadie, starting January 2nd 2014
and ending March 3rd 2014. The estimated realized variance is shovirddrsub-sampling interval
A.
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Figure 17: Averaged daily realized variance for six different trading periodstferstock Ebay (EBAY)
based on de-trended returns. Each trading period consists of 1Qgtidaiis, starting January 2nd 2014
and ending March 3rd 2014. The estimated realized variance is shovirddrsub-sampling interval
A.
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Figure 18: Averaged daily realized variance for six different trading periodstii@r stock Google
(GOOG) based on de-trended returns. Each trading period consiHisti@ding days, starting January
2nd 2014 and ending March 3rd 2014. The estimated realized variartoans $or fixed sub-sampling
interval A.
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Figure 19: Averaged daily realized variance for six different trading periodgterstock Intel (INTC)
based on de-trended returns. Each trading period consists of 1Qgtidaiis, starting January 2nd 2014
and ending March 3rd 2014. The estimated realized variance is shovirddrsub-sampling interval
A.
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Figure 20: Averaged daily realized variance for six different trading periodstier stock Yahoo
(YHOO) based on de-trended returns. Each trading period consisGtodiding days, starting January
2nd 2014 and ending March 3rd 2014. The estimated realized variartuais $or fixed sub-sampling
interval A.
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Appendix B Proofs

For general reading, the next lemma can be skipped and omnlgssas a technical support for
the results in the next sections.

Lemma 4 (Support Lemma)The cross-moments gfand ; obey
(|) E[/jt,AGt] =0 VA > 0,
(i) E[prae] = (1 —a)?o? VA > 0.

Proof. Observe that because éf§), we haveu, 1 = —au; + €, ;. Hence, through backward
recursion, we obtain the moving average representation,for andy,, i.e.

A
prn = (1= ) +3 (1 —a)le Ay (B.1)
=0
t
pr=(1—a) o+ (1—a)e . (B.2)

1=0

Also note that the inefficiency error term is definedegs= ¢, — ¢; and thate, ande; are

mutually independent and are iid random noise. Therefore
Eleel] = 6(t — k)o? (B.3)

€

whered denotes the Dirac-Delta function. With this preparatiog,prove the lemma.

(i) Using (B.2), we have fort > 0 andA > 0

>

t—

Elu-ac] = (1 - ) *Eldie] + 3 (1 — o) E[el_5_e/] (B.4)
jo_z

Il
=)

The last terms vanisesh because3dff and the factthat — A— <t — A < t.

(i) With (B.1), we obtain

A
Elpryae] = (1 - O‘)AH (111164 +Z (1-a) EtEQLJrAfi]
T Z:O
The first term is zero because of (iii) that have proven. For the setemad, we us€B.3) and
obtain

= (1 —a)?c?
(B.5)



Appendix C  Main Results
Proof of Lemma&.

Cov(rira, 1) = E[(rera — E[reeal) (1 — %)] = E[rirar = El(prya — prea—1)(pe — pi-1)]

Usingp: = ut + pf, we replacep; and get
= E[(pesa — tusa—1 + Diga — DPrya—1) (e — pe—1 + Py — Dr—1)]

Now we usé€2.5) and obtain

=E :(—auHAl +en+ €t+A) (—Oé,utﬂ +e' + é)]

=€+ A =€t

=E _(—aMtJrA—l + €t+A) (_aUt—l + Et)]

= 042E[,ut+A—1,ut—1] - OZE[,MHA—th] - QE[EtJrAMt—ﬂ + E[€t+A€t]
=0 =0

Where we used Lemrdaand the fact that; is iid.
2
=« E[MHAAMA] - OZE[,UHAAQ]
N————
=(1-a)2~ 102
The first term is given i{2.11), while the last term derives from LemraThus, we finally obtain

2 (1_04)A
1—(1—a)?

_ O[(]. . O!)A_I(O'?* + 0_E2> <<1 _a(zfa)z - :1[ : Ei : Z,;Q) +)\>
=p(A-1)

= (0% + oD —a(l —a)* (o2 + 02+ a(l —a)* o2

e* €

1
S )
(C.1)
L]

Proof of Theoreni. The proof to Theorem is derived in a similar fashion as in the proof to
Lemma2. For sake brevity, we leave the explicit proof to the reader. ]
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Proof of Lemme&3. There is direct proof of Lemma, exploiting the fact that the terms$;, B;
and(; are independent and Gaussian. Then, the quadratic varihtoquadratic variation is
obtained by calculating the expectation of each term séggrand sum them up..

A more elegant proof is by considering a diffusion limit oktkiscrete time case as of
LemmaZ.

To this end, re-write the discrete-time quadratic varratio terms of infinitesimal time
incrementsit as follows

a = adt, A=—. (C.2)
Now, the proof follows from the fact that (for fixedandA), the following limits hold
lim o = 0, lim aA = aA. lim (1 — a)® = s (C.3)
dt—0 dt—0 dt—0

Applying these limits to4.2) and — by slight abuse of notation — using the identificatit in
the diffusion limita is @ andA is A, gives the result. O
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