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Abstract

We study the problem of fairly allocating heterogenous items, pri-
orities, positions, or property rights to participants with equal claims,
in an incomplete information environment. We introduce a dynamic
auction for solving this problem and we characterize both Bayes Nash
equilibrium and “maxmin perfect” play. Building on these charac-
terizations we show that: (i) equilibrium play converges to maxmin
perfect play as bidders become infinitely risk averse, and (ii) each bid-
der obtains his Shapley value when every bidder follows his maxmin
perfect strategy. Hence, the equilibrium allocation converges to the
Shapley value allocation as bidders become more risk averse. Together
these results provide both noncooperative and decision theoretic foun-
dations for the Shapley value in an environment with incomplete in-

formation.
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1 Introduction

This paper studies the problem of allocating heterogeneous items, priorities,
positions, or rights to participants who have equal claims. Examples of this
type of problem include allocating items to heirs in an estate, allocating the
priority of service in a queue, allocating the position of an ad on a webpage
or assigning faculty to offices, or allocating fishing rights to different geo-
graphical areas. In our environment, participants have unit demands and a
common ranking of the items/priorities/positions/rights, which we hereafter
simply refer to as “positions.” All participants agree that one position is
the most desirable, a second position is the next most desirable, and so on.
Despite the common ranking of positions, participants vary in the intensity
of their preferences and these intensities are private information. The prob-
lem is to find an allocation that is efficient, budget balanced, and fair, with
those participants receiving more desirable positions compensating the ones
receiving less desirable positions.

We introduce a dynamic auction for solving this problem and we charac-
terize its equilibrium when participants (hereafter “bidders”) are risk neutral
and when they are risk averse. The auction takes place over rounds, where
at each round the worst remaining position is allocated via an ascending
clock auction. A bidder who drops out is allocated the position at auction in
the current round and receives compensation equal to the price at which he
dropped, with the compensation paid shared equally among the remaining
bidders, all of whom will ultimately obtain better positions. The auction
ends when one bidder remains. He receives the most desirable position, but
pays compensation to every other bidder. Thus bidders pay compensation
to bidders allocated positions worse than their own and receive compensa-
tion from bidders allocated positions better than their own. The auction is
inspired by the classic Dubins and Spanier (1961) moving knife algorithm.

We provide general necessary conditions for a bidding strategy to form
a symmetric equilibrium in increasing and differentiable strategies. We give

closed-form solutions for the unique such equilibrium when bidders are risk



neutral and when they are CARA risk averse. We show that bidders drop
out earlier, accepting less compensation, as they become more risk averse.

An alternative approach to modelling behavior in our auction is from a
decision-theoretic perspective, with each bidder acting to maximize his min-
imum payoff. We will say a strategy is “maxmin perfect” if it maximizes
a bidder’s minimum payoff at every history of play. Maxmin perfection is
a natural refinement of maxmin for dynamic games. We characterize the
unique maxmin perfect strategy. The strategy has a natural fairness inter-
pretation as it calls for a bidder to demand equal shares of the incremental
benefits obtained by bidders who are allocated better positions. Thus the de-
mands resemble the Talmudic solution to the well-known contested garment
problem.

We have three main results. First, the equilibrium bidding strategy of
CARA risk averse bidders converges to the maxmin perfect bidding strategy
as bidders become infinitely risk averse. Second, when every bidder follows
his maxmin perfect strategy, then each bidder obtains his Shapley value
allocation. Our third result, an immediate consequence the first two, is that
the equilibrium allocation of the auction coincides with the Shapley value
allocation as bidders become infinitely risk averse. Hence our results provide
non-cooperative and decision theoretic foundations for the Shapley value in
an environment with incomplete information.

Shapley (1953) introduced the notion of a value for a cooperative game,
now called the Shapley value. The Shapley value is a fundamental solution
concept in cooperative game theory with the Shapley allocation often taken
as the benchmark for a fair allocation (see Myerson (1977), Roth (1988),
Moulin (1992), and Moulin (2004, Chapter 5)). To our knowledge, this paper
is the first to provide non-cooperative foundations for the Shapley value in a

setting with incomplete information.

RELATED LITERATURE
Our paper connects to a variety of literatures in non-cooperative and

cooperative game theory.



The Assignment Problem: The problem of allocating positions is the as-
signment problem for the special case where all the players rank assignments
in the same way, as is natural for example when assignments correspond to
priorities, e.g., first priority, second priority, etc. Both cooperative and non-
cooperative solutions to the general assignment problem have been studied.
Moulin (1992) shows that the Shapley value has several desirable properties
in cooperative models of assignment games.!

Early examples of non-cooperative approaches to the assignment prob-
lem include Leonard (1983) and Demange, Gale, Sotomayor (1986). Leonard
(1983) provides a mechanism for which it is a dominant strategy for each
player to report his preferences over assignments truthfully and which imple-
ments the efficient assignment; he shows it generates Vickrey-Clark-Groves
prices. Demange, Gale, Sotomayor (1986) provide a dynamic auction which
implements the efficient assignment. In the context of internet advertising,
important papers by Edelman, Ostrovsky, and Schwarz (2007) and Varian
(2007) study the use of the generalized second-price sealed-bid auction to
allocate positions under complete information. Edelman, Ostrovsky, and
Schwarz (2007) study, in addition, a generalized English auction with incom-
plete information and show that payoffs (both to bidders and to the seller)
are the same as in the Vickrey-Clarke-Groves mechanism.

In all these papers, the seller collects the auction revenue. We study, in
contrast, a setting where there is no seller and the only payments are transfers
between the bidders. Budget balancedness is a fundamental requirement

since the positions are the common property of the bidders.

Non-cooperative Foundations of the Shapley Value: In bargaining games
with complete information, non-cooperative foundations of the Shapley value
have been provided by Gul (1989) and Hart and Mas Colell (1996). Gul

(1989) provides a game with bilateral bargaining and the random selection of

!The Shapley value is not the only notion of fairness for assignment games. Alkan, De-
mange, and Gale (1991), for example, study existence of efficient and envy-free allocations

in the assignment problem.



the proposer and shows that, in the efficient equilibrium of the game, players
receive their Shapley value payoffs in the limit as they become perfectly
patient. Hart and Mas-Colell (1996) studies a multilateral bargaining game
and shows that players receive their Shapley value payoffs in the limit as
each player’s probability of exogenously exiting from bargaining vanishes.
By contrast, we obtain Shapley value payoffs as bidders become infinitely

risk averse in an environment with incomplete information.

Bidding Rings, Bankruptcy, and Cost Sharing: The Shapley value also
appears in the literature on collusion in auctions. Graham, Marshall, and
Richard (1990) shows that bidders receive their Shapley value payoffs in a
nested knockout auction when bidding rings are perfectly nested. In their
setting, the bidders’ values for the item are commonly known and bidders
are assumed to remain active in the knockout auction until the bid reaches
their value (although this is not equilibrium behavior).?

Aumann and Maschler (1985) shows that the solutions provided in the
Talmud of three different bankruptcy problems coincide with the nucleoli
of the corresponding cooperative games. These solutions are generalizations
of the solution to the contested garment problem: “Two hold a garment;
one claims it all, the other claims half. Then the one is awarded three-
fourths, the other one-fourth.” In this solution, the lesser claimant concedes
the uncontested half the garment to the greater one, and the remainder is split
equally. In our auction, at each round all but the worst remaining position
are contested. The maxmin bid at each round can be interpreted as a demand
for equal shares of the incremental benefits of the contested positions, and
in this respect resembles the solution to the contested garment problem.

The rules of our auction are reminiscent of serial cost sharing. Moulin
and Shenker (1992) studies the problem of allocating costs when agents face
a production technology with decreasing returns to scale. It proposes a cost

sharing rule in which participants pay equal shares of incremental costs (de-

2Littlechild and Owen (1973) obtain the same payoffs when allocating costs to the users

of an airport runway.



fined in a particular way) and show that, given this rule, the game in which
the participants announce quantities is dominance solvable and equilibrium
has several nice properties. The cost sharing rule is a primitive, part of the
description of the game, whereas here the surplus shares are endogenously
determined. In our setting, equilibrium demands for compensation can be
interpreted as (inflated) demands for equal shares of the incremental benefits

of contested positions.

Cake Cutting and Dissolving Partnerships: Although we are concerned
with the allocation of indivisible heterogenous positions, the auction we study
is inspired by the Dubins and Spanier (1961) moving knife algorithm for the
fair division of a divisible cake. In the fair division problem there are N par-
ticipants, each of whom wants cake. To divide the cake, a third party moves
a knife across the cake until some participant cries “stop.” The participant
crying stop receives the cake to the left of the knife and exits, surrendering his
claim to any additional cake. The process then continues with the remain-
ing participants and cake, repeating until the whole cake is divided. In our
auction, a participant who drops out receives the worst remaining position
and compensation equal to the price at which he drops, while surrendering
his claim to every better position.

Dividing a cake is analogous to dissolving a partnership. McAfee (1992)
examines the Texas Shootout, a version of divide and choose, for dissolving
two-person partnerships. Van Essen and Wooders (2016) studies a dynamic
compensation auction for dissolving N-person partnerships. Van Essen and
Wooders (2018) studies dual auctions for the dual problems of allocating
homogeneous goods or chores, and relates the two. The present paper studies
the problem of allocating heterogenous positions via a new compensation
auction and shows for this auction that the cooperative, non-cooperative,
and decision theoretic solutions are tightly related.

The rest of the paper proceeds as follows: We provide in Section 2 a
description of the position allocation problem and we identify the Shapley

value of the associated cooperative game. Section 3 describes the compen-



sated position auction and the private values environment. Our equilibrium
results are in Section 4, while Section 5 identifies maxmin perfect strategies.
Section 6 relates equilibrium, maxmin, and the Shapley value. We conclude

with a discussion in Section 7. All proofs are in the Appendix.

2 Allocating Positions Cooperatively — The
Shapley Value

N > 2 positions are to be allocated to N players, one to each, who have

3 The positions have inherent values, denoted by oy, ..., ax,

equal claims.
which are commonly known. We order the positions so that a; > ... > ay.
Positions may be desirable or undesirable, i.e., we allow a mixture of positive
and negative a’s.* Let x1,...,xy be the profile of player values. In this
section it is convenient to order the players so that z; > ... > xy. The payoff
to a player whose value is x and who receives position ¢ is oz plus any net
transfer he receives. The problem is to efficiently and fairly allocate positions
to players, while respecting budget balance.

Cooperative game theory suggests a solution: allocate positions to max-
imize surplus and make transfers among the players so that each player re-
ceives his Shapley value. The Shapley solution is appealing since it the only
solution satisfying (i) efficiency, (ii) additivity, (iii) symmetry, and (iv) no
surplus to dummy players. For a general characteristic function v, the Shap-

ley value ¢, of player ¢ is

p= Y WBIEDWZIS o) s\,

N!
SC{1,...N}

3This is without loss of generality since, if there are more players than positions, one
can create dummy positions, with a’s equal to zero, until the number of positions equals

the number of players.
4Bogomolnaia, Moulin, Sandomirskiy, and Yanovskaya (2017) study a fair division

problem when the goods to be divided are a mixture of both goods and bads.



where v(.S) gives the value of coalition S. Player i’s Shapley value can be
interpreted as his expected marginal contribution when the grand coalition
is formed by adding players, one at a time, in a random order.

We now describe the Shapley solution to the position allocation problem.

5)

For any coalition S € 2V, let yg s y|(5|) be a rearrangement of the values

{z;|i € S} of the members of S such that y%s) > > y‘(g‘). Surplus is
maximized by assigning players with lower indexes to positions with lower
indexes. Following Moulin (1992), the characteristic function

S|

o(S) = oy
j=1

defines the cooperative game.
Proposition 1 characterizes Shapley values for the position allocation

problem.

Proposition 1: The Shapley value ¢, of player i in the position allocation

7

problem s

1 7 N—i 1 +m—1 r
¢i=z(2“m>l‘i‘ m——1[2i+m(ar_ar+l)xi+m

m=1 m=1 r=

Following the interpretation of the Shapley value as the expected marginal
contribution of a player, the first term in the expression for ¢, is the expected
gross contribution of player 7, while the second term captures the expected
negative externality that ¢ imposes on the other players.

Example 1 provides the Shapley values for the N = 3 problem.

Example 1: Suppose N = 3 and x; > x5 > x3. The players’ Shapley values

are:
1 1 1
le = 1T — 5 (061 — 062) To — 6 (Oél — Oég) T3 — g (Oég — Oég) €3,
1 1 1
Oy = §(Oél+042)$2— 6(041 — () T3 — 5(062—043)5&3,

1
03 = 5(041 + as + a3) x3.



If oy =6, ap = 4, and oy = 2, and =7 = 3/4, 5 = 1/2, and z3 = 1/4,
then ¢, = 15/4, ¢, = 9/4, and ¢; = 1. In the Shapley allocation, player i
receives position i. Players 1, 2, and 3, receive transfers of —3/4, 1/4, and

1/2, respectively.

The next section introduces a non-cooperative game for allocating posi-

tions. We will continue to develop Example 1 to illustrate our results.

3 The Compensated Position Auction

Here we propose an auction for solving the position allocation problem when
the bidders’ values are private information, and we characterize its equi-
librium. The bidders’ values are independently and identically distributed
according to cumulative distribution function F with support [0, Z], where
T < oo and f = F’ is continuous and positive on [0,z]. Bidders have a
common utility function u, where v’ > 0 and u” < 0.

Let X1,..., Xy be N independent draws from F'. Let ZfN), cee Z](VN) be
a rearrangement of the X;’s such that Z{N) < Z2(N) < ... < Z](VN). The joint
density of Z§N), cee Z](VN) is

(N) _nTr ,
gl,...,N(zb RN ZN) N! Hi:l f(zz)

for z; <z < ... < zy and gﬂ_{N(zl, ..., zn) = 0 otherwise. Let GgN) denote
the c.d.f. of Zt(N), ie., G’IEN) is the distribution of the ¢-th lowest of N draws.
The conditional density of Zfivl) given ZfN) =21,..., Zt(N) =z is

[1— Fza)] V"
[1— F(z)]V*

N
g§+1)(2t+1|zt) = (N = t)f(2t11)
if 0 <z <...< 241 and is zero otherwise. Define

A (2) = g (212) = (N — t>1f<—;)(z)

to be the hazard function.



THE AUCTION

The auction takes place over N — 1 rounds, where at each round the least
desirable remaining position, i.e., the remaining position with the highest
index, is allocated. At each round ¢, the price starts at zero and rises con-
tinuously. A bidder may drop out at any point. A bidder who drops out
at price p; is allocated position N — ¢ + 1 and he receives compensation of
pi/ (N —t) from each of the remaining N — ¢ bidders. Hence, the payoff of a

bidder with value x who drops at round ¢ at price p; is

t—1
Ps
U <04N—t+1ff + Dt — Z N _ S) 3

s=1

where

t—1
Z N —s
s=1

is the compensation he pays to bidders who dropped at prior rounds. After

N — 1 bidders have dropped, the remaining bidder is allocated position 1,

he receives no compensation, and for each s < N — 1 he pays compensation

ps/(N — s). His payoff when his value is z is

N-1 »
u(alx—z;N_S>.

sS=

In sum, a bidder who drops out surrenders his claim to more desirable posi-
tions and receives compensation from the bidders who maintain their claims
to these positions, while he pays compensation to bidders who have accepted
less desirable positions.

A strategy is a list of N—1 functions 5 = (5, ..., Bx_1), where B,(x; p1, ..., p1—1)
gives the dropout price in the ¢-th round of a bidder whose value is z, when

t — 1 bidders have previously dropped out at prices pi,...,p;—1. We write
pe-1 for (p1,...,pi-1).



4 Equilibrium

NECESSARY CONDITIONS FOR EQUILIBRIUM

Proposition 2 provides necessary conditions for 5 to be a symmetric equi-
librium in strictly increasing and differentiable bidding strategies. These
conditions are also sufficient for risk neutral and CARA bidders, as we es-
tablish in Propositions 3 and 4.

Proposition 2: Any symmetric equilibrium (3 in increasing and differentiable

bidding strategies satisfies the following system of N—1 differential equations:

t—1 Di
u <ouv_t+1x + 5t(x; Pt—l) - ijl N i j) 5;(1’, pt—l)
B u (ow_tx + Bya (3 pee1, B3 Pim1)) — w8, (@5 Pet) — N”ij> N

-1 p; ¢ (),
)

—U (04th+1$ + BT Pe-1) — D0jo N

for each t € {1,...,N — 1} where Sy(z;pn_1) = 0.

RiSKk NEUTRAL BIDDERS
Proposition 3 identifies the equilibrium when bidders are risk neutral. We

write 3Y for the equilibrium bid function.

Proposition 3: Suppose that bidders are risk neutral. The unique sym-

metric equilibrium in increasing and differentiable strategies is given, for
t=1,....N—1, by

N —t

By (x) = Noi11

E [(CXN—t —an_n) 2V 5?+1<Z§N))|Z§N) > x> Zt(ivl)i|

where 3% = 0. Equivalently, it is given by

=

—t
m

1N—t+1

GHOE B |(am = amin) 287,120 > 2 > 2]

3
I

Equilibrium bids at each round are independent of prior dropout prices.

10



Observe from the second expression for 6? that if at some round ¢ all the
remaining positions have the same a’s, i.e., a; = ... = ay_411, then bids are
zero at round ¢ and every subsequent round. This is intuitive since when the
remaining positions are identical and the number of positions is equal to the

number of remaining bidders, then no position is contested.

Example 2: If N = 3 and values are distributed U[0, 1], then the equilibrium

bid functions for risk neutral bidders are

01— o1 (L) o (1)

and

CARA BIDDERS

The next proposition characterizes equilibrium when bidders have con-
stant absolute risk aversion (CARA), i.e., utility is given by

1— 6791
0
w(r) = ————,
(r)=
where 6 > 0 is the common index of risk aversion. Note that limg_ou’(x) =
x, i.e., bidders are risk neutral in the limit as # approaches zero. Denote by
Bf the equilibrium bid function in round ¢ when bidders have CARA index

of risk aversion 6.

Proposition 4: Suppose that bidders are CARA risk averse with index of
risk aversion 0 > 0. The unique symmetric equilibrium in increasing and

differentiable strategies is given recursively, for t =1,..., N — 1, by

N —t

B (x) = TN—t+1)0

n { E [efeuow_tfaN_Hl)z,SN)wfﬂ(Z,SN))], ZM 5 g > 70

where B?V = 0. Fquilibrium bids at each round are independent of prior

dropout prices.

11

N)

1

I}



Example 3: If N = 3 and values are distributed U|0, 1], then the equilibrium
bid functions for CARA risk averse bidders are

o, 2 fxl 6_0[(a2_a3)2+ﬂg(z)]3(1 — 2)%dz
Bl(x>__@ln{ (1_1,)3

and .
[ e flenme2)2(1 — 2)dz

1
Bo(z) = —%ln{ 1—2)? } :

BounDs AND COMPARATIVE STATICS

Proposition 5 provides upper and lower bounds for the CARA equilibrium
bid functions. The risk neutral bid function Y is an upper bound for the
equilibrium bid function of a CARA risk averse bidder: a risk averse bidder
drops out earlier, and thus accepts less compensation than a risk neutral
bidder. The lower bound ﬁt, defined below, will be central in the next section

of the paper.

Proposition 5: Suppose that bidders are CARA risk averse with index of
risk aversion 6 > 0 and oy > «as. Then for each t = 1,..., N — 1 we have
that

B,(x) < Bl(x) < B(x) for x < ,

where
N—t m
B,(x) = mZ::l N_t+1 (m — Q1) @

The lower bound 3 has a natural fairness interpretation akin to the so-
lution to the contested garment problem as it calls for a bidder to demand
equal shares of the incremental benefits obtained by the bidders allocated
contested positions. At round 1, for example, positions 1 though N — 1 are
contested. (Position N is uncontested as it is the worst position.) There are
N — 1 bidders who will be allocated position N — 1 or better and who will
each enjoy an incremental benefit of ay_1 — ay. A bidder ¢ with value x

demands an equal share, 1/N-th, of this total benefit as he values it, i.e.,

12



he demands % (ay—1 — ay) x. There are N — 2 bidders who will obtain
position N — 2 or better and who will each enjoy an incremental benefit of

any_o — ay_1. Bidder i demands an equal share of this total benefit too,

ie., % (ay_2 — ay_1) z. Continuing in this fashion, one bidder will obtain

position 1 and enjoy an incremental benefit of a; — . Bidder ¢ demands
an equal share. Adding up these shares of incremental benefits for contested
positions yields . (x), bidder i’s demand for compensation at round 1, as

1 N -2 N -1

N(OZ1-O[2)$+"'+ N (OZN_Q—OZN_l)l"i‘

(an_1— ay)z.

The lower bound @t has an interpretation analogous to N where equal shares
are relative to the NV — ¢ 4+ 1 bidders remaining in the auction.

The risk neutral bid function B?, given in Proposition 3, has a similar
form and interpretation to ét. At round t > 1, positions are 1,..., N —t are

contested. The m-th term in gt,

m

N_t+1 (Qm — 1) 2,

is an equal share (among the N — ¢+ 1 active bidders at round t) of the total
benefit obtained by the m bidders allocated position m or better, as a bidder

with value 2 values it. The m-th term in j3Y,

m

N @n =) B[ 20,120 > 0> 20|

is the same except that bids are based on values that are inflated relative to

the bidder’s true value.
Example 4 gives 3 (z) and () when there are three positions.

Example 4: If N = 3 then

2
(al—ag)x~|—§(0z2—a3)x

(o1 — ) .

N| — W]

13



Proposition 6 shows that dropout prices decrease as bidders become more

risk averse and that the lower bound provided in Proposition 5 is tight.

Proposition 6: Suppose that bidders are CARA risk averse with index of
risk aversion 6 > 0. Then for each t = 1,...,N — 1 we have that 3%(z) is

decreasing in 0, and Bf converges uniformly to ét on [0,Z] as 0 — oc.

Figure 1 illustrates propositions 5 and 6 when N = 3, values are dis-
tributed U[0,1], and oy = 6, ay = 4, and a3 = 2. In the figure, the bold
solid lines are the risk neutral bid functions (i.e., # = 0) for rounds 1 and 2,
which are the upper bounds for CARA risk averse bidders. The dashed lines
give 5 and B ,» which are the lower bounds. The thin solid lines are the bid

functions when bidders have CARA index of risk aversion of 8 = 10.

bid > bid T

Round 1: 8 = 0, 10, and oo. Round 2: # = 0, 10, and oc.

Figure 1: CARA Bounds

14



5 Maxmin

For a bidder who remains in the auction at round ¢, let v,(z;, z_;, 5, 37" Pr_1)
be the bidder’s payoff when his value is z; and he follows the strategy ',
and z_; and 7" are the values and strategies of the remaining bidders, and

P:_1 is the sequence of prior dropout prices.

Definition: A strategy ' guarantees bidder i with value z; a payoff of v,
at round t given Pt-1, if vt(xia T—i, Bia 6_17 pt—l) > Uy \V/.I'_Z‘,B_i.

Let vy(x;; pi—1) be the largest payoff that bidder ¢ with value x; can guar-

antee at round ¢ given p;_1.

Definition: A strategy ' is a mazmin perfect strategy for bidder i if 3°

guarantees Uy(x;; ps—1) for each t, x; € [0, z], and p;_;.

Proposition 7: The bidding strategy 8 = (B,,-..,8,_,) given in Propo-
sition 5 is the unique mazxmin perfect strategy of the compensated position

auction. In particular, 8 guarantees a bidder with value x a payoff at round

t of

Nottl t—1 '
V(T Pr—1) = — |z : Ty
when py_1 s the sequence of dropout prices.

An immediate implication of Proposition 7 is that participation in the
auction is individually rational. Following his maxmin perfect strategy, a
bidder with value x guarantees himself a payoff of at least % Zgb:l faT
and a utility of at least u(+ Zﬁzl amx). His equilibrium expected utility is

therefore at least u(+ SN _ a,,z). Concavity of u implies that

N
1 < 1 <
u(ﬁmz:lamx) > Nmzjlu(amx),

and thus bidders would rather participate in the auction than not, when the

alternative is the random allocation of positions.

15



6 Equilibrium, Maxmin, and the Shapley Value

Proposition 8 provides the decision theoretic foundation of the Shapley value

in the compensated position auction.

Proposition 8: If each bidder follows his maxmin perfect strateqy then each

bidder obtains his Shapley value allocation.
Example 5 illustrates Proposition 8 when N = 3.

Example 5: Suppose, as in Example 1 that x1 > x5 > x3. If each bidder
follows his maxmin perfect strategy (3, given in Example 4, then Bidder 3

drops first at . (x3), he wins position three, and his payoff is

1
Q3T3 + él(fﬂg) = g (Ckl -+ (6%) + 053) T3 = ¢3.

Bidder 2 drops second at /3 2(:1:2), he wins position two, he receives compen-

sation 3, (z2) and he pays compensation 38 ,(x3). His payoff is

oy + B, (22) — 15 (23)

91
1 1 1

= §(a1—|—a2)x2— 6(041 —042)$3—§(a2—a3)$3

= ¢

Bidder 1 wins position 1 and pays total compensation of 3, (z2) + 6 L(@3).

His payoft is

arxy — f,(x2) — %ﬁl(l‘s)
1 1 1

= 041951——(041—042)1’2——(041—042)3:3——(042—@3):63

2 6 3
= ¢51-

Thus, each bidder receives his Shapley value.

By Proposition 6, as bidders become infinitely risk averse, the equilibrium

bid function converges to the maxmin perfect bid function 3. By Proposition

16



8, when each bidder follows his maxmin perfect strategy, then each obtains
his Shapley value allocation. Combining these two results yields the following

Corollary.

Corollary 1: As bidders become infinitely risk averse, the equilibrium allo-

cation approaches the Shapley-value allocation.

The next example and the associated figure illustrate Corollary 1, showing
that the bidders’ realized payoffs converge to their Shapley value payoffs as

bidders become infinitely risk averse.

Example 6: Figure 2 shows the equilibrium payoff of each bidder as a
function of #, when a; = 6, as = 4, a3 = 2 and the bidders’ values are
1 =3/4, 9 = 1/2, and x3 = 1/4. The payoff of bidder 3 is

y3(0) == azxs + 5?(903),
of bidder 2 is
1
Yo (0) := qnza + B5(22; B9 (23)) — 55?@3)»
of bidder 1 is

D (0) 1= oy — B(os; B (rs)) — 55 (s)
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The dashed lines are the bidders’ Shapley values.

o 1 2 3 4 5 6 71 8 9 10
Figure 2: Equilibrium Payoffs as a Function of 6.

Since the auction is efficient, each bidder is allocated the same position he
would receive in the Shapley allocation. As 6 approaches infinity, each bidder
also receives the same transfer that he would receive in the Shapley alloca-
tion: Bidder 3 receives compensation of 3 (1/4) = 1/2. Bidder 2 receives
compensation of 3,(1/2) = 1/2 from Bidder 1, but pays compensation of
% B 1( 1/4) to Bidder 3, for a net transfer of 1/4. Bidder 1 pays compensation
of %ﬁl(l/él) to Bidder 3 and j3,(1/2) to Bidder 2, for a net transfer of —3/4.

These are exactly the transfers identified in Example 1.

7 Discussion

This paper proposes a solution to the problem of fairly allocating heteroge-
neous items, priorities, positions, or rights among participants who have
equal claims. The auction we propose is efficient and budget balanced.

From a purely theoretical perspective it is of interest since it provides non-
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cooperative and decision theoretic foundations for the Shapley value in an
environment with incomplete information.

While we have framed the compensated position auction as multi-round
ascending bid auction, it is strategically equivalent to the multi-round sealed
bid auction in which, at each round, the bidders simultaneously make bids
(i.e., demand compensation), and the bidder with the lowest bid is allocated
the worst remaining position and receives his bid as compensation. The
reasoning is the same as for the strategic equivalence of the Dutch and first
price sealed bid auction.

There may be other auctions whose Bayes Nash equilibria converge to
the Shapley value as bidders become infinitely risk averse and which gen-
erate Shapley value allocations under maxmin play. It is easy, however, to
construct auctions that do not have these properties. Consider, for example,
the auction in which all bidders simultaneously make sealed bids, the highest
bidder gets the best position, the second highest bidder gets the second best
position, and so on. In the auction, only the highest bidder pays his bid and
his bid is divided equally among all the bidders. If the auction has a sym-
metric equilibrium in increasing strategies, then the auction will be efficient
and budget balanced. It cannot, however, generate the Shapley allocation
as all the bidders (except the highest) receive the same net transfer, namely
1/N-th of the highest bid. As Example 1 illustrates, the Shapley allocation
requires different bidders receive different net transfers.

The cooperative game we study admits a non-empty anti-core and the
Shapley value is a member of this set. Given a characteristic function v, a
payoff vector (my, ..., 7x) is in the anti-core if (i) >, .y m = v(IN) and (ii) for
every coalition S C N we have that ) . _o m; < v(S). In other words, a payoff
vector is in the anti-core if no coalition of players receives more than what
it could obtain if the coalition had complete command over the allocation
of resources. A payoff to S that exceeds v(S) requires a subsidy from N\S,
which would object on fairness grounds. (Observe that the anti-core of a

cooperative game is motivated by normative/fairness considerations, in con-
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trast to the core which is motivated by strategic considerations. See Moulin
(1995, Chapter 7).) Moulin (1992, Theorem 2) established that the general
assignment game is concave, and thus the problem of assigning players to
positions is also concave. It follows, by Shapley (1971, Theorems 4 and 7),
that the anti-core of the game is non-empty and contains the Shapley value.
These results imply that the compensated position auction produces alloca-
tions in the anti-core when bidders are sufficiently risk averse or when each

bidder follows the maxmin perfect strategy.

8 Appendix

The proof of Proposition 1 involves combinatorial arguments that play no
role in the remaining proofs. It is included for completeness, but the reader

is invited to skip it.

Proof of Proposition 1: We compute the Shapley value directly using that

6, = Y WL DN S () — w8\ (i)

Bi (S)

where

Bi(s) ={S]i € S and |S| = s}.

We first compute the marginal contribution of player ¢ to coalition S. If

i € S has the j-th highest value in coalition S (i.e., z; = yf)) then

|S|—j
. S S
o(S) — oS\ = ay'® =3 (@gimet — agem) D,
m=1
|S|—j <
= T~ Z (@ tm—1 = Qjtm) yj('+)m-
m=1

This follows since in coalition S player i is assigned the j-th position, players
in S with a smaller index than ¢ stay in the same position they occupied in

S\{i}, and players with a higher index than ¢ move down one position.
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Player ¢’s Shapley value can be written as
N—3
¢, =c'w; — Z AT m,
m=1
where ¢! is of the form
¢ = ciozl + -+ cﬁai,
and d"™ is of the form
d™ = dy" (g — az) + -+ A (Aot — Qi)

The term ¢’ is the expected contribution of player i and d™z;.,, is the
expected externality that ¢ imposes on player i + m.

We now compute c;ﬁ for 1 < r < 4, which is the contribution of player ¢
when allocated position r. For each coalition size s, we count the number of
coalitions of size s where ¢ is in position r and multiply this number by the
appropriate Shapley weight. The coefficient ¢’ is the sum of these terms over
all s.

The smallest coalitions where 7 is in position r are coalitions of size r,
and consist of player ¢+ and » — 1 players with a smaller index. The largest
coalitions where ¢ is in position r are coalitions of size N — ¢ + r, and consist
of player i, r — 1 players with a smaller index, and N —i players with a larger

index. The number of coalitions of size s where 7 is placed in position 7 is

i—1\ /(N —1
r—1)\s—r)’
where (*11) is the number of ways of choosing r —1 players with index smaller

%
r—
N—i

S_T) is the number of ways of choosing s — r

than ¢ from ¢ — 1 players, and (
players with index larger than ¢ from N — ¢ players. The Shapley weight for

coalitions of size s is

(s = DN —s)!
N! 7

21



and therefore

TR0

Summing across positions where player ¢ can be placed yields

i [N—it+r . .
i (s —DUN —=s)l i =1\ (N —i
© = ; ; NI r—1)\s—r )|
_ Z 1 NZ () (if:)] .
r=1 _N s=r (];[—_11)
1 &
= = Ay,
v r=1

where the last equality holds by Claim 4 in the Supplemental Appendix.

Next, we compute d?™ for 0 < m < N —diand 1 < r < i+ m. The
term d"™(a, — a4 1) Tim Will be the expected externality player ¢ imposes on
player ¢ + m by pushing player i + m from r to r 4+ 1. For each player ¢ + m,
position r, and coalition size s, we count the number of coalitions of size s
where player ¢ pushes player ¢ + m from position r to position r + 1 and we
multiply this number by the appropriate Shapley weight. The coefficient d”™
is the sum of these terms over all s.

The smallest coalitions where i pushes 7 + m from position r to position
r 4+ 1 are coalitions of size r + 1, and consist of player i, player ¢ + m, and
r — 1 other players with smaller index than i + m. The largest coalitions
where ¢ pushes ¢ +m from position r to position r + 1 are coalitions of size
r+ 14+ N — (i +m), and consist of player i, player i +m, r — 1 other players
with index smaller than ¢ + m, and the N — (i + m) players with an index
larger than 7 + m. The number of coalitions of size s where ¢ pushes ¢ + m

from position r to position 7 + 1 is
i+m—2\(N—(i+m)
r—1 s—(r+1) )
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where (”TTIZ) is the number of ways of choosing r — 1 players (excluding
player ¢) with index smaller than i +m, and (JZ :((:ﬂﬂ;)) is the number of ways

of choosing s — (r + 1) players with index larger than i +m from N — (i +m)

players. The Shapley weight for coalitions of size s is

(s — DN —s)!
N! ’

and therefore,
r+14+N—(i+m)

D G [rat)!

s=r+1

Summing across positions where player i + m can be placed yields

itm—1 [r+14+N—(i+m)

R TG v [

r=1 s=r+1

i+m—1 1 r+1+N—(i+m) (i+m72) (Nf(ier))

r—1 s—(r+1)
= — — (o — apyq)
O L N ) -

The identity in Claim 4 holds for all ¢ < N. Replacing ¢ with i + m and
r with » 4+ 1 in this identity, and noting that i +m < N also, we obtain the

following new identity

LS e 1) ()

N r+1)-1) ")) it+m

Applying this new identity to d'™ yields

i+m—1 (i+m72) 1 r+14+N—(i+m) ((i+m)—1) (N—(i+m))

dim _ Ar_1 L (r+1)—1 _s—(r+1) (Oér—Oér 1)
2wy |V 2 &) .

1 i+m—1 (i+m72>

= = Z Z_:T;l_l (CYT - Oé?”-H) :
i+m ( )

r=1 r
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The total expected externality that player ¢ imposes on the other players

is
N—i N—i 1 mol (i+m72>
Z dim$i+m = . Z 1_:;1_1 (ar - a?“—i—l)] Titm
m=1 m=1 t+m r=1 ( r )
N—i . i+m—1 (i+m—2
L fitm—1 ("10)
= DT | i 2 W(ar_ar—i-l) Tipm:
m=1 r=1 T
Noting that
() GG
. r— . i+m—2—(r—1))!(r—1)!
(t+m—1) (i+m1_1) = (i+m-—1) T
r (Gitm—1—r))ir!
(i+m—2)!
. (t+m—1—r)(r—1)!
= (i+m—1) (i+m—1)!
(i+m—1—r))!r!
= ’]"’

we can write

N—i [i—l—m—l

N—i
Z:ldimxier = Z Z—Hn;—l Z i _:m (ar - ar+1) xi+m] .

m=1 =

Collecting terms, the Shapley value of player ¢ is

1 i N—i 1 i+m—1 ,
¢; = ; (Z%n) T; — Zz—i—m——l [ Z i+m<ar_ar+1)xi+m] .

m=1 m=1 r=1

OJ

Proof of Proposition 2: Let § = (§,...,0y_1) be a symmetric equi-
librium in increasing and differentiable strategies. Since equilibrium is in
increasing strategies, the sequence of dropout prices (pi, ..., p;—1) at round ¢
reveals the t — 1 lowest values (z1,...,21). In the proof it is convenient to

write the round ¢ equilibrium bid as a function of the prior dropout values
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rather than as a function of the prior dropout prices. In particular, we write
B,(x|z¢—1) rather than 5,(z; pi_1).

For each t < N, let m(y, x|z;_1) be the expected payoff to a bidder with
value z who in round ¢ deviates from equilibrium and bids as though his
value is y (i.e., he bids (,(y|z;—1)), when z;_; is the profile of values of the
t — 1 bidders to drop so far. In this case we will sometimes say the bidder
“bids y”. Let

I (z|z:1) = ™ (@, 7|24 1)

be the equilibrium payoff of a bidder in round ¢ when his value is z and z;_;
is the profile of values of the ¢t — 1 bidders to drop in prior rounds.

We now derive the necessary conditions in Proposition 2. Let z; ; be
arbitrary. Consider a bid y. If z; € [z,_1,y| the bidder continues to round
t 4+ 1 and has an expected payoff of 1, 1(z|z; 1, 2). If z; > y he obtains a
payoff of ay_; 12 + B,(y|zi—1) — 25;11 ﬁpj in round t. Hence his expected

payoff is
(Y, T|Z¢—1) = f:ﬂ 1 (]2, Zt)ggN_l)(ZﬂZt—l)dZt
z _ N-1
+ fy u (O‘N—H—l$ + By(ylzi-1) — E;:ﬁﬁ%) gzg )(Zt|zt—1)dzt
Differentiating with respect to y yields

ome(y, x|24-1)
dy

= [ (@]ze-1,y) —u (Oéth+1x + By(ylzi-1) — Zz;ﬁNL_ij')]gENil)(y\zt,l)

+u’ <04N7t+155 + Be(ylze—1) — 23;11]\/;,]-%) Bi(ylze—1)(1 = GV D (ylz ).

A necessary condition for equilibrium is that 0w (y, z|z:—1)/0y|,— = 0, i.e.,

Mot (olz-1,@) = w (@-vsrz + By(alze1) = S 5y o™ alze-a)
+u’ (O[thJrl:C + ﬁt(xyztfl) - E;;llﬁpj) 5;(1}|Zt,1)<1 — GENil)(l”thl)) = 0.

Since

i1 (2)2e-1,2) = mpa(2, v|241, )

1
. (aN_tx+ﬁt+l<x|zt_1,x> ~ L sz -z

N —t N
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the necessary condition can be written as
! t—1 1 /
U | an—pn® + By(]ze-1) — X2 N Bi(@|zi-1)
u (o + B (olmo,e) — gBualz) - S 5n) | oy
i A (),
—u (an_117 + By(v]Z—1) — E] 1N N_;Pi

where (y(2;2y-1) = 0. Replacing z,_; with p;_; and the z in 5, (x|z;—1, x)
with 3,(z|p;_1) yields the differential equation given in the Proposition for
round ¢. [J

Proof of Proposition 3: We first show that the bidding functions in Propo-
sition 3 satisfies the system of differential equations in Proposition 2. The
proof is by induction. Consider round N — 1. The differential equation for
round N — 1 is

Noa(@lzn-2) = —[(01 — az)a — 285, (slzn—2)]AN 1 (2). (1)

The unique solution is

1) (1 — as) 22f(2)(1 = F(2))d2
2 (1— F(z))?

1
- §E [(0‘1 - a2)Z(N)1|ZN 1> T > Z](V]\i)Q ,

5%—1(51”) =

which is 3%_;(z), as given in Proposition 3.
Suppose B?H, ..., B%_, are as given in Proposition 3 for round t+1, ..., N —
1. Consider round ¢. The differential equation in Proposition 2 for round ¢,

using the notation from the proof of Proposition 2, is

N—-t+1

N _¢ Bg(x‘ztﬁ] MV (x).

B (x|zey) = — [(owt —an-141)T + Bl (2|21, ) —

Since (), (2|21, ) is independent of (z;_;, ), we can write

) = = (an = oo+ o) - S ) A ).
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The unique solution is

0 _ Nt T ((an—t = an—es1)z + B4 (2)) (N =t + 1) f(2)(1 = F(z)V
ey (1 F@)v
N —t

Y o) 2 B ZNA 5 > 28]

N—-t+1

m N N N
= le oo it (@ = ) 280,128 > 2> 2],

where the second equality restates the first equality as an expected value.
The third equality is established as Claim 5 in the Supplemental Appendix.
This establishes the result for round ¢ and hence, by induction, the result for
all £.

Next we establish that the bidding strategies are an equilibrium. It is

sufficient to show that the following three-part claim holds for every t¢:

1. If # > 2z, then z € argmax, m(y,x|2z;—1), i.e., it is optimal for a
bidder with value  to bid 47 () in round t.

2. If v < 2z, then 2z, € argmax, m:(y, z|z:_1).

3. —dnt(flft_l) > ON—t41-

Parts 2 and 3 are ancillary results needed to establish Part 1 for rounds
prior to the last round. Part 2 is necessary to evaluate the consequence at
round ¢ of a bid y greater than the equilibrium bid x. In this case, a rival
bidder with value z; > = may drop out before the bidder, and we need to
evaluate the consequence for his optimal bid in round ¢ + 1. Part 2 shows
that in this event it is optimal for the bidder to bid z; (rather than z) in
round ¢ + 1.

The proof is by induction. Consider round N — 1. Any bid below zy_s

is strictly dominated by a bid of zy_o since both bids result in the same
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position while a bid of zx_5 yields higher compensation. Suppose y > zn_s.
When bidders are risk neutral we have

)
7TN—1(?J7 13|ZN—2) = f (Oéﬂ - 5(1)\/71(ZN—1) - ij:f—leij gg\[N__ll)<ZN—1|ZN—2)dZN—1
ZN—2

+/ (0421’ + 8% 1 (y) — 2= ]pg) g (avoa|zn—2)den .
)

Differentiating with respect to y yields Ory_1(y, z|zn_2)/0y =

(nz — By 4 (y) — 215 —pg)g%v 11)(y|2zv—2)
— (aaz+ BN 4 (y) - g i —p»g%v (ylan—2)
+ A1 =GR (ylen—2)).
Substituting the differential equation (1)
Vo1 (W) = —[(1 — a2)y — 263 (1)IAN 1 (v) (2)

into the expression for Omy_1(y, z|zn_2)/0y yields

Omy-1(y, xlan—2) /0y = (01 — a2)(& = y)gx'," (Yl zn—2).

Ify < zthen Orn_1(y, z|zNn_2)/0y > 0, and if y > x then Oy _1(y, x|z2y_2) /0y <
0. Thus z > zy_o implies # € argmax, Tn_1(y, z|zy_2), which establishes
Part 1.

If x < zy_9, then any bid below zy_5 is strictly dominated. For any bid
y > zny—2 then y > x and the above argument establishes Om y_1(y, x|zy_2) /0y <
0 for all y > zy_o, ie., 2n_2 € argmax, Tn_1(y, z|zy_2). This establishes
Part 2.

By the Envelope Theorem

dly_1(z|zNn_2) _ OrN_1(y, T|zZn—2)
dx Ox =z
= GV (@lanoa) + 02(1 = GV (2]2n—2))
2 a2,
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which establishes Part 3. This completes the claim for round N — 1.

Assume the three-part claim is true for rounds ¢ + 1 through N — 1. We
show it is true for round ¢. Let z,_; be a sequence of dropout values. Suppose
x > z_1. Consider an active bidder in the t-th round whose value is x and
who bids y. A bid below z;_; is dominated. Since his payoff function differs
in each case, we need to distinguish (i) y € [z, 2| and (ii) y > z. In what
follows, we denote the payoff to a bid of y as 7l (y, z|z;_1) if y € [2;_1, 7] and
as T (y, x|zs_q) if y > .

Case (i): Consider a bid y € [z;_1, x]. If the next highest value of a rival
bidder is z; € [2;-1,y], then the bidder continues to round ¢+ 1 where, by the
induction hypothesis, he optimally bids x and he has an expected payoff of

t—1 1

Iy 11(z|2-1, z¢). If z, > y he obtains a payoff of aN,tHx—l—ﬁ?(y) — 2]:1N_,jpj

in round ¢. Hence his payoff is

T (Y, x]2Ze1) = fifl 1 ()21, Zt)glgN_l)(Zt|Zt—1)dZt
z _ N-1
+ fy (aN—tHﬂC + B8 (y) — 22‘:11 ﬁpj) gt( )(Zt|2t—1)d2t-
Differentiating with respect to y yields

aﬂ-tL(y7 x’zt—l)
dy

_ N—
= [Me(alzr,y) — (avme +B) - S 750 )lo™ D (ylz)

Y () (1 — GV (yz0)).

By the induction hypothesis we have

O*rf (y, |zi1) _ dlly 1 (z|ze—1,y)

— aN-t+1) gt(N_l)(y|Zt—1) > 0.

Case (ii): Consider a bid y > x. If the next highest value of a rival bidder
is z; € [z;_1, x], then the bidder continues to round ¢+1 and, by the induction
hypothesis, he bids = and obtains IT;,(x|z; 1, 2). If z; € [z,y], then he
continues to round ¢ + 1 and, by the part 2 of the induction hypothesis, he
optimally bids z;, he wins position N —t, and obtains compensation B? 1 (%)
His payoff is an_z+ 8)1(2) — 507 (2) — S5 55p;- If 2 > y, then in
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round ¢ his payoff is ay_ 17+ BY(y|ze1) — Z;;ll ﬁpj. Thus his expected

payoff at round ¢ is

T N-1
T (Y, v 2e1) = fZH Ht+1($|Zt—1,Zt)9§ )(

_ N—
7 (awew + B () — 558020 — D gm ) ol 1)z

z - N—
+ fy AN—t417 + 5?(9) - Z§:11N;_jpj> gt( 1)(2’t|2’t—1>d2’t-

Zt | Zt—l)dzt

Differentiating with respect to y yields

aﬂ-l{{(y7 Z)’J|Zt_1)

dy

N—-t+1 _
= [((azvt — aN—t+1)T + B?Jrl(y) TN —¢ ?(Z/))} ng U(Q\ZH)
+8Y () (1 = GV (ylze))-
Since ay_¢ — ay_¢r1 > 0 then

O*ri (y, x|2-1)

0xdy
We have shown that

= (an—t — OéN—t+1)9t(N_1)(y|Zt—1) > 0.

or(y,xlze-1)|  _ Onf(y,@lzea)|  _ 0
Iy y=r y Y=
and
2L 2 _H
iy, vlzi) >0 for y <z and O (y, vlz1) >0 for y < =x.

0x0y dx0y

hence by Lemma 0 in Van Essen and Wooders (2016) we have « € argmaxye(», , z) 7¢(Y, ©|Z¢—1).
This establishes Part 1 for round t¢.
Suppose © < z;_1. Any y < 2,1 is strictly dominated by a bid of z_;.

For y > 2,1 we can write

— N—
Ty, xlz-1) = fzi_l <O‘N—t$ + B (2) = 5580 (20) — E;ﬁﬁm) 9t 1)(Zt|21t—1)dzt

z — N—
I (aw-eniw+ B2y) = 2 55m5) oDzl )dz

Differentiating with respect to y and replacing ﬁ?, (y) with the equilibrium

differential equation yields
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Oy (y, x|24-1)
dy

since y > x and ay_; — ay_4y1 > 0. Hence, if < 2,7 then z_; €

= (an—t — an—t41) (T — ¥) gy (ylze-1) <0

arg max, m(y, x|z;—1). This establishes Part 2 for round ¢.

Finally, by the Envelope Theorem, we have

dll(z|z,—1) _ ony (y, x|ze—1) _ omi! (y, |24—1)
dx Ox - Ox i
Todllq (z]z—q, 2 _ _
— / t+1(st L '*)gt(N V(2 )z1)dze + an_ein (1 — GV (2)2,1)
Zt—1
> an G (@]z0) F an—en (1 — GV (2]z0)
> ON—t41

where the first inequality follows from the induction hypothesis and the sec-
ond inequality follows since ay_; > an_;y1. This establishes Part 3 for round

t, and completes the proof by induction. [

Proof of Proposition 4: We first show that the bidding functions given in
Proposition 4 are the unique solution to the system of differential equations
in Proposition 2 when bidders have CARA utility. The proof is by induction.

Consider round N — 1. The differential equation for round N — 1 is

—Olaza+B%_ 1 (zlzn—2)—SN 2 ;] por _
e R (alanoa) =

[e Ol B8R (wlan—2) —TL wlpi] o —flenw—BYy (alan—2) L NGRIN (g,
Dividing both sides by ¢ loaw—BYy i (alan—2) =357 wiyps] yields
—96_2%?\7—1(m|ZN’2)6%_1(:L‘|ZN_2) — [6_265(19\’—1(33'21\’*2) _ 6—9(041—112)%’])\%_1(:5)'

Multiplying both sides by 2(1 — F(x))? yields

—2(1— F<w))296—26[3?\,,1(x|z1v,2) %_1(x|ZN_2)
= Zf(l’)(l — F(a}))[e_wﬂ(zgv—ﬂﬂzzvfz) _ 6—6’(041—042)1]'
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Rearranging
—20(1 = F(a))*e a5t (ala ) — 2f (2)(1 = F(a)e 20hoalen=2)
= e el f(a)(1 - F()).

or

L (o201 Pa)?) = e f(0) (1~ F(x)).

By the Fundamental Theorem of Calculus

67295}%_1(96&1\772)(1 _ F<$))2 _ / —679(0{170‘2)32]0(8)(1 — F(s))ds + C.
0

Since the LHS is zero at x = Z then

C= /x e 0le1=02)59 £(5)(1 — F(s))ds.

The unique solution 5% _,(z|zx_3) therefore satisfies

67295?\,_1(IB‘2N72)(1 _ F(l‘))Q _ /:E 6*9(0417012)82f<5)<1 _ F(s))ds.

Rearranging yields

0 Jy e M1 f(5)(1 — F(s))ds
BN—l(x) = _%1 ( (1 _ F( ))2 )
1

= —%ln<E [6_6(0‘1 az) N1|Z 1> >Z](V )ZD

which is £%_,(z), as given in Proposition 4.
Suppose 5f+1,-~-75?v71 are as given in Proposition 4 for rounds t +
1,...,N — 1. Consider round t. The differential equation in the proof of

Proposition 2 for round ¢ is

-1 1
u’ (aN—t+1$ + B (z]ze-1) — Z.:l N _ .pj) B («]2e1)

_ U<OKN—t$+ﬁ§+1($) rBt(ﬂzt 1) Zé N_p'> /\N
—u (OéN—t+1$+5t (z]Ze-1) — X252 1 )
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where we have used that 3 +1(2) is independent of z; by the induction hy-
pothesis. We have

—Olan—ir12+8Y (x]ze—1)— 32t py] a6
fe t+ t j=1 N—; PJ Bt (x’Zt—l)
-1 1

—1
_ efa[aN—tJrlirﬁf(I\Zt—l)*zjzl ~5Pil _ efa[aN—ﬂHJ’fH(w)*ﬁﬁf(ﬂﬁlzt—l)*zzzl ﬁpj] )\iv(x)

Dividing both sides by ¢ Olon -tz =g B (elee1) =501 wpil yields

e O IRER B @lm—) g9 (1], )

_ fG%ﬁg(ﬂzt_l) _ —6‘[(aN,t—aN,t+1)m+,8f+1(m)] N — ¢ f(l')
¢ ‘ -0
Multiplying both sides by 2=t (1 — F(2))N = yields
N —t+1 _ _oN=t+1 50 (01,
9 v (1 . F(:L‘))N t+1 ,—0 "= Bt (=] pl)ﬁf'(ﬂzt_l)

_ [679%5?@\%—1) _ 6_0[(04N7t—04N7t+1)r+B?+1(m)]](N —t+ 1)(1 = F2)N ' f(x).

This equation can be rewritten as

N—t+1 =
O (1 = F()) Ve R Al gl g )
_oN

—e ﬁilﬂf(mlmfl)(]\[ —t+ 1)(1 . F(:L“))N_tf(:p)
— ey =GN 4 1)(1 - F(@) (o),

i.e.,

di((1_F<x))N—t-&-le—@N]\?z—lﬂf(ﬂzt1)) — _6—9[(041\77t—aN7t+1)$+5f+1(I)] (N—t+1)(1—F(x))N_tf(x).
x

By the Fundamental Theorem of Calculus
(1 — F(I‘))N_H_le_@%ﬁf(f\ztfl)

— / —etlen—man )L ONN — ¢ 4 1)(1 = F(s))V " f(s)ds + C.
0
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Since the LHS is zero at x = Z then

C = / e~flon—imon— e )s B G (N — 4 1)(1 — F(s))N ' f(s)ds.
0

Hence the unique solution 37 (z|z,_,) satisfies

(1_F(x))N—t+1e—0—N§iT1B?(xlzm) - /9C o Olan—t—an—t41)s 46711 ()] (N—t+1)(1—F(s))N "t f(s)ds.

x

Thus
N —t

(1= F(s)™

0 _ : —0l(an—t—aN—t+1)s+B7,1(s)] _
= — 1 t+1 N—-t+1
(@) (N—t+1)0 </x ‘ ( * )(1 — F(z))N—+

_ _N—_t)e In {E {e—e((wt—aNtH)Zt‘”)wa(Zz(N)’) 12 > v > ") } } ’

(N—t+1

which establishes the result for round ¢ and hence, by induction, the result
for all ¢.

Next we establish that the bidding strategies are an equilibrium. It is

sufficient to show that the following two-part claim holds for every ¢:

1. If © > 2z_, then z € argmax, m(y,x|z;—1), ie., it is optimal for a
bidder with value z to bid 8¢(x) in round ¢.

2. If # < %4 then z_; € argmax, m,(y, z|z,_1).

The proof is by induction. Consider round N —1. Suppose that x > zy_s.
Consider an active bidder whose value is x and who bids y. Any bid below
ZN_o is strictly dominated by a bid of zx_s since both bids result in the same
position while a bid of zy_» yields higher compensation. Hence consider bids
Y > ZN-2.

With a bid of y the bidder wins Position 1 and obtains a;z— 3% ;(zy_1)—

Z;V:_fﬁpj if y > zy_1, and he obtains asx + S%_,(y) — Eéy:_fﬁpj if
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y < zy_1. Hence

)
7TN—1(?J7 I|ZN—2) = f U (Oéﬂ - 5?\/71(ZN—1) - Eﬁy:_f—Nl ) QJ(VN; )(ZN—1\ZN—2)dZN—1
ZN—2

+Ju (04295 + 81 (y) — S ]pj> g (avoa|zn—2)den .
)

Differentiating with respect to y yields Orn_1(y, z|zn_2)/0y =

(N-1)

u(ozla:—ﬁ?\,fl( ) — ] 1 —pj)g —1 (y‘ZN 2)
R u(agz + By_y(y) — =5 N— PN (Y en—2) (3)

~1
+ wonr + B (y) — BP0 () (1 — GV (ylen—2)).
The necessary condition given in Proposition 2 for the general utility function
u is
/ 0 N=2 1 or
u (agy + Bnay) — Zj:1 N——jpj N-1(¥)
N-2
u<a1y_6?\f—1(y)_2] 1 N— ]p.7> N
0 N—-2 1 )\N—l(y)
—u (042?J +Bnay) — 255 E]U)
Substituting this expression into 0mn_1(y, x|zn_2)/0y yields

u(onz — B 4 (y) — 225098 (ylen—2)

- u(nz + By_1(y) — E;V 2 Jp»gxl (y]2n—2)

N-2 1
u’(a21+ﬁ?\'71(y)*2§\;2ﬁpﬂ U <Oély - 5N—1( ) - Zj:l N_jpj> g(N_l)(y|z )
T W(a 6 N2 1 . _ N-1 N-2)-
(Q2y By W) =2 w5Pi) |y (Ozzy + B85 1 (y) — Zj‘vzf N—l,jpj>

This derivative has the same sign as
u(or — ﬂ?\ffl@/) - Ejv 12_]73) u(agx + B?Vfl(y) - E;'V:712NL—jpj)
0 N—2
o (azz+B% 1 (1) -7, % =p)) (aly — Bn-aly) — Zj:l ﬁpj)
u' (o % i —
O O = L (Ozgy + B?\f—l(y) - Z;’V:f ﬁz%)
Using that u(z) has CARA we can write
w(agr + By (y) — SN )
u'(agy + B2 (y) — )5 w5p))

_ o—Oaz(@—y).
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We can write

5 1 o 1
u(onz — By, (y) — Ej:IZN—_jpj) — u(agz + B4 (y) — Ej'v:frpj)

as

—Olasa Y 1 (1) -S75" ghyps] _ p—Olone—BY () -2357 5]

0

Hence the sign of the derivative is the same as the sign of

e

o~ Oloar+8% 1 ()=S0 5ps] _ —Oleaz—BY 1 () —375" 55 ps]

_p—baz(z-y) <6—9[a2y+6§’v,1(y)—2fz’fﬁpj} _ e—H[aly—B%,l(y)—Zﬁ-V:fﬁpj]) _

We can rewrite this as

_ e tlane =B () -T357 w5l | g—fan(a—y) ;~Olaay =B (1) -T)5° w5pi]

which has the same sign as

_e bz + e faz(z—y) ,—bary

which has the same sign as

_e—ﬂal(a:—y) + e—ﬁaz(a:—y)‘

Since oy > o, this expression is positive if y < x and is negative if y > x.
Thus Orn_1(y, z|zy_2)/0y > 0 if y < = and Orn_1(y,z|zN_2)/0y < O if

Yy > .

We have shown if © > zy_, then z € argmax, mn_1(y, z|Zy_2), which

establishes part 1 of the two-part claim. If x < zy_», then y > zy_5 (since

any bid below zy_5 is strictly dominated) implies y > zy_o > 2 and the above
argument establishes bidding zx_» is optimal since Ony_1(y, x|z _2)/Jy < 0
for all y > zy_o, i.€., 2y_2 € argmax, my_1(y, z|zn_2). This establishes part

2 of the two-part claim for round N — 1.

Assume the two-part claim is true for rounds ¢ + 1 through N — 1. We

show it is true for round ¢. Let z;,_; be arbitrary. Suppose x > z;_;. Consider
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an active bidder in the ¢-th round whose value is x and who bids as though
his value is y > z;_1. A bid below z;_; is not optimal. We need to distinguish
between two cases: (i) y € [z_1, ] and (ii) y > z, since his payoff function
differs in each case. In what follows, we denote the payoff to a bid of y as
wl(y, x|zi_1) if y € [2¢_1, 7] and as 7 (y, x|z;_,) if y > .

Case (i): Consider a bid y € [z_1, z]. If 2, € [2_1, y] the bidder continues
to round ¢ + 1 where, by the induction hypothesis, he optimally bids x and
he has an expected payoff of I1;,1(x|z;_1, 2). If 2, > y he obtains a payoff of
an_ 12+ B (y) — E; 11N—jp] in round ¢. Hence his payoft is

iy alz) = [) Ta(elze, 2)g D (alze)dz

+ fy u (OéthHfU + 5t( ) — E; 11N—]py) ggN (Zt|2t71)d2t-
Differentiating with respect to y yields

onk(y, x|z
Om (y: 2lzi-) = [ (z]ze-1,y) —u (04th+15€ + B (y) - i 11N_]PJ)]9(N D(ylziy)

dy
— N—
' (an-—z + B(y) = S v ) BT WA = G D ylz)).
Rewriting
orl(y, x|z, _OleN— e8] )21 py
ORI (o) — 2T

—Olan —ir124+62 (y)-Si21 F=p; -
+e Olan —t410+8; (y)—E;21 7= pj] f’(y)(l—GgN (y|Zt_1)).

Using the expression for 87'(y) from the necessary condition for equilibrium

from Proposition 2 for round ¢ and substituting yields

176*9[0‘N—t+1z+5f(y)

N

= [ (z|ze-1,y) — ; lg
e blan— 19487 (1) =521 w5pi (N—1)< | |
o tlon Bl () - w2 B (W) -5 wp) 9t Y|ze—1)-

orf (y, x|z 1)
dy

—ban_y1(x—y) 1
—efan—t41( y)§ [
Simplifying yields OrF (y, |z;_1) /0y as

1 - . _
(Ht+1($’Zt—1,y> 5 [1 — e Olan—y+an i1 (@—y)+BL 11 (v)— =81 (W) -3 Nﬁﬂh]}) g)gN 1)(ylzt_1).
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We show that Orl(y, z|z;_1)/0y > 0 for y < x. If the bid at round ¢ is y,
then 11,11 (z|z;—1,y) is the equilibrium payoff at round ¢ + 1 of a bidder with
value x. If he were to deviate from equilibrium and bid y at round ¢+ 1, then
he obtains position N —t (since y is the smallest value of a rival bidder) and
he receives 37 ,(y) at round ¢ + 1 and pays o BY(y) + Z] L jpj By the
induction hypothesis, this payoff is less than hlS equilibrium payoff, i.e.,

1 - .
My a(efona,g) > & [1 = etlow-set et xt-Sit wi

0

Since ay_¢ > any_4+1 and x > y we have

AN_1T > Ny + N1 (T — V)

and hence

[1 _ o flan—e B ()~ 5 (1) -5 sz]]

~ 9 [1 _ o flev—wtan i (z-y)+BLa () - =81 () - 52 izvpjg]] .

D =D~

Thus I, 1(x|z_1,y) is greater than the RHS of this inequality and hence
ork(y, x|z,_1) /0y > 0 for y < z.

Case (ii): Consider a bid y > . If 2; € [2;_1, 2], then the bidder continues
to round ¢ + 1 and, by part 1 of induction hypothesis, he bids x and obtains
Iy11(z|2-1, 2¢). If 2, € [z, 9], then he continues to round ¢ + 1 and, by part
2 of the induction hypothesis, he bids z; and obtains a payoff of

59( ) Zt 1 1

aN_+T + 6?+1(Zt) - =1

N_1¢ N — b

If z; > y then in round t he obtains position N —t + 1 and his payoff is
an_mz+ B(y) — e ~—;P;- Thus his expected payoff at round ¢ is

wfl(y,2lze) = [° Tea(@lze, 2000 D (zlze1)dz
+ [ u u(an—e@ + By (2) — ﬁﬁg(zﬁ Zz 11N_pr)gt( -

Y(zlz1)dz,

+f;u<OéN—t+1$+ﬁf( ) — 23 11N— >9t( - (Zt|Zt—1)dZt-

J
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Differentiating with respect to y yields

oy alzy) | (ot Bl - 50 - SETn) | ey

y —U (OéN_t+1I + Bt (y) - 23;11%

!/ 1 / -
+u <CYN—t+1$+ﬁ?( ) — Z; 11N p) C(y)(1 - GEN 1)(y|zt_1)).

Using the expression for 8%(y) from the necessary condition for equilibrium

from Proposition 2 for round ¢ and substituting gives o7 (y, z|z;_1)/0y as

u(an—a + Bl (y) — 550 (y) — B2 ) " ylz)
) _
—u(an_pz + B (y) — Dy 1N N—;Pi

W(an_12 + B (y) — D 11N_J i)
W(an_e1y + Bl (y) — Dz 11N_jp])

« u(an— ty+5f+1( ) — ( ) — ;
—u(an- t+1y+5t( ) NP

N> 7=5P) ] 9" (ylem).

Since bidders have CARA preferences, then Onf (y, z|z;_1)/0y is

I s I IV
0 | _ptlon— Bl - w8 @) -Siti g | I WIE
—Olan — 4 1y+8Y (1) —Si 2] 7 pi]
et L | )
9 _efo[aN—ty+5t+1(y) %tﬂg(y)*zj;1%jpj] t t=1
B l e—Q[Othty-i-athJrl(UC—ZI)‘FB?H(y)—ﬁﬂg(y)—zt:lﬁpj} (N—l)(| )
= 9 _ o Olan—sa+BY1 (v) 587 (W)= ] w5ps) Yi Ylz-1

This has the same sign as

efaaN—tH(l“*y) _ efgaN—t(wfy) ’

which is negative since ay_; > ay_411 and y > x.
We have shown if > z_; then x € argmax, m(y, z|z;—1). If z < 24,

then y > 2,1 (since any bid below z;_; is strictly dominated) implies y >
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z;—1 > x and the above argument establishes bidding z;_; is optimal since
om(y, x|ze—1)/0y < 0 for all y > 24, le., 21 € argmax, m(y, z|zi—1).
This establishes the two-part claim for round ¢, and completes the proof by

induction. O

Proof of Proposition 5: We first show that for each ¢ we have that 39 (z) >
BY(x) for # > 0 and x < Z. Consider round t = N — 1. Since e~* is convex,

Jensen’s inequality implies

e N_2| -

_E[e(al—ag)Z](\,]le\Z}V]\Q1>x>Z§VJ\Q2] < E |:€79(a17a2)Z1(V]\[—)1‘Z](\7N) > > Z(N) ]
1

Taking the log of both sides and then dividing both sides by —26 yields

1
Foa@) = 3B (1= a2) Z{01Z0% > @ > 200,
1
> Y In {E [6_0(0‘1_C“Q)ZI(VNf)l|ZI(\,N_)1 > x> Z](V]\QQ]}
= B?V—l(x)'

Assume that 8Y,,(z) > f%,,(z) for v < Z. We show that 3)(z) > 3/(x) for
x < . For z < T we have
(an—t — an—i11) 2+ 811 (2) > (an—t — an—i1) 2 + 5141 (2).
Multiplying through by —f# and applying the exponential function to both
sides gives
6—9[(04N7t—04N7t+1)Z+/3?+1(Z)] < 6—9[(ath—OéthJrl)Z"‘foH(Z)]'

Hence

(N)

(N)
E {69[<awzam+l>zt A 700 5 0 > 7) }

(N) (N)
< K |:€_9[(aNt—C¥Nt+1)ZzN +5f+1(zt )] |Zt(N) > x> Zt(ivl):| ‘

By Jensen’s inequality, we have

0B [(an—i—an—i10) 2480, (2)1 20 >a> 2] |

(~) (™)
< FE [69[(QN—taN—*+1)ZtN +B241(2" )] |Zt(N) >z > Zt(N1):|

I
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and thus
o 0B n—iman—e) 2480, (20 2 >a> 2

— o —QN—¢ (N) 7 e
< Ele 9[( N-t—aN—t4+1)Z; +Biy1(Zy )]|Zt(N) >x > Zt(ivl) .

Taking the log of both sides and then multiplying both sides by —(N —
t)/((N —t+1)0) yields £%(z) > p%(z). We have shown for each ¢ that
B2(z) > BY(x) for > 0 and = < 7.

Next we show that for each t we have that 3%(z) > B,(x) for 6 > 0 and

x < Z. Consider t = N — 1. For z > x we have

e—e(al—ag)z < e—@(al —ag)x

Y

and hence
E [e‘e(al_”)zl(\'N—)l]Z](VA?l > > Z](V]\i)z} < e fla—az)z,
Taking the log of both sides and then dividing both sides by —260 yields

1 —0(a1—az)ZV o — o
B i (x) = —%In{E [e 6o 2)ZN—1|Z](VA91 > > Z](VN_)J} > %x = éNil(x).

Assume that 5&1(@ > ét+1

for z < z. For 2z > = we have

(z) for x < #. We show that 3%(z) > B,(x)

o—O(an—t—an—111)=+B0,1 ()] 6—9[(aN_t—aN_tH)ergtH(z)]7

and hence

E {e‘%wt—aNtH)Zt(N)waazé”))] 2N > > Z,Eivl’] < e tlenmenieis,, @)

By the analogous argument as above, we obtain

2 _(N]—Vt—_:w o {E [6*9%4*awfm)Zt(N)wi’H(Z,SN))]|Z§N) >z > 70 ] }
N —t
N_t+1 [(OZth —an—t41) T + §t+1(a:)
= ﬁt(l')7
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where the last equality follows since

N —t
N—-t+1

N —t ( Vot N —t Nztjl 1 N—t—1
= ——(ay_t — an_ T+ — —, - ———————ay_; | T
N —t 1 Vot TN N—t+1\ &~ N—t N—t N

N N—t—1 N—t
= Z - aN_t+ ———— (OéN—t - 04N-t+1) T
m=1

[(ozN t— QN— t+1)9€+5t+1( )}

N_t+1™ N_t+1 N—t+1

= Uy — —————— QN x
N—t+1 N — {10Vt
= /8 x

OJ

Proof of Proposition 6: We first show that for each t we have 87 (z) <
BY(x) for @ > 6 and z < Z. Consider round t = N — 1. Since f(s) = s is

concave, by Jensen’s inequality we have

0
<E[—6(a1 ocz)ZN 1|Z >IL‘>Z](V)2}>0 >E[ —0(a1—az) N 1|Z >£E>Z( )

Taking the log of both sides and then dividing both sides by —26 yields

1
et = g (B[ A 22 20
1
> _@IH<E|:79(QI a2)ZN 1’Z >x>Z](V)2:|>
= ?Vfl(x)'

Assume that ﬁf;l(a:) < BY.,(z) for z < 7. We show that 87 (z) < B2(x)

for + < z. By Jensen’s inequality we have

E |:€*9[(0¢N t—OQN-— t+1)Z( )+’8t+ (Z(N) |Z >x > Zt(ivl)]

0
o7

< E [6 [(an—t—an—t11) 2" )+5t+ (2] ‘Z >x > Zt(ivl)])
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and since Bf;l(x) < BY.,(z) then
N
E [6 Ol(an—t—an—r41) 2482, (2 NZM s 4> Zt(Nf}

< B |:€*9[(04N—z*a1v—t+1) )+5t+ (ZMh] |Z(N) > > Z(N)i| )

Hence

B AN 1 2]

0
7

< <E[ 0 [(an—t—an—e1) 2487 (Z20)] |Zt(N) > x> Zt(ivl)]>9 .

Taking the log of both sides and multiplying both sides by —(N—t)/((N —t + 1) 6)

yields
, N-—t : '
BIG) =~ B [ e e AL 20 5 5 > 7))
< _(NNt—_le)Hln{E [e—e[(w e B E) 7N g s Zt(Nl)”

— #().

Next we show that for each t we have limg_.o. 8 (x) = B,(x) for all z. For
t = N —1 the limit is obtained directly. Specifically, after applying I’'Hopital’s

rule, we see that

z —0(a1—a2)z (N) d
(o1 — ) hm Jo 2 g(]]\\,[)_l(z|x) :
I=oo [T teranzg ) (z|z)dz
where gN 1( lz) = 2f(2)(1 — F(2))/(1 — F(x))?. Van Essen and Wooders
(2016, p. 239) established that

[Tz 0700, (2] dz
lim ”i ™ =
b0 fx e P7gn_ (2]7)dz

[\DIH

ehm 5?\/71(5’3)

which implies that

j‘ se~ 01— ozz)zg( )( |ﬂf)d25
9—>oo f o—0(a1—az)z g§VN_1( |)dz
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Hence,

lim §4 (@) = 5 (1 — ) = 8, ().

Observe that 3% _,(x) is continuous in = on the compact set [0,z] for each
0, it converges pointwise to [, 1(x), which is continuous on [0, Z], and it
is decreasing in 6. Hence B?V_l converges uniformly to Ny On 0,Z] by
Theorem 7.12 of Rudin (1976).

Assume that 37 ,(x) converges uniformly to B,. (x) on [0,z]. We show
that 5?(z) converges uniformly to B,(x). The CARA bid function in round

t is

N —t ? —0[(« —a 2482, (2
Let A > 0 be arbitrary. Since 3¢(z) is decreasing in 6 and since 37, ; — B
uniformly as # — oo, then there is a 6 such that for all # > 6 we have
Not1
Bra(z) < Z N7 (W — ) T+ A
m=1
for x € [0, z]. Define
— N —t T —t—1 m
Bf(x) = _mln (/ o Olz(an—t—an—tr+3 01 M(am—am+1))+A}gt(N)(z|x)) dz.

Then ﬁf(ai) < Bf(a:) for § > 6 and = € [0,7]. By Proposition 5 we have
B,(x) < 3%(z) and thus

B(x) < Bl(x) < B)(x)
for § > 0 and x € [0, 7).
We establish that 3?(x) converges pointwise to B,(x) for each x € [0, 7.

Define
N—t—1

m
C=an_y—ay_i1+ E
m=1

N —t

(U — Qmy1) -
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Applying L’Hopital’s rule and using the same argument as for round N — 1,

we have
_ O+ A —0(zC+A) (N d
fim #(0) = Nt gy GO AT el
f—o0 N —t+10-00 f e—0(zC+A) g (Z|x)

. —02C
_ N-t (m 7 267020 (\x)dz+A>

N—t+1 =00 f e Hzcg( (z|z)dz
N —t

= N1 Gr A

where the last inequality holds by Van Essen and Wooders (2016). Substi-
tuting for C' and simplifying yields

lim Bt( )= ﬁt(x)—i——A

0—o0
Since the inequality

N —t

B,(x) < Jim B(x) < Jim 5(2) = B,(2) + 57—

0—o0

holds for arbitrary A > 0, it follows that limg_,o 87 () = B,(x). By the same
argument as for B?V_l, we have that 6? converges uniformly to ﬁt on [0, z].
O

Proof of Proposition 7: We first show following § guarantees a bidder

with value x a payoff at round ¢ of at least

N—t+1 t—1 1
T; Pi-1) (ZN—t—i—l)w_ZN—

m=1

Pms
m

when p;_; is the sequence of dropout prices at prior rounds.
Consider round N — 1. A bidder with value x whose dropout price is
b either (i) drops at b and obtains a payoff of asx + b — Eﬁ;f ﬁ m

or (ii) his rival drops first at py_1 < b and he obtains a payoff of oz —

PN-1 — fo f ~—=Pm- In the second case, his payoff is at least ayz — b —

45



Zij Nflmpm. The bidder maximizes his minimum payoff when b satisfies

N—-2 N—-2

ozgx—i—b—ZNimpm:OqI—b—ZNimpma

m=1 m=1

i.e., b= 2(oq — az)z. Hence at round N — 1 the bidder guarantees himself a

payoff of at least

N-2
_ . _artap 1
UN—1($, PN—2) = 5 x mE:1 N — mpm

following 8, (z) = (a1 — az)z.
Suppose that at round ¢ + 1, given dropout prices p;, a bidder with value

x can guarantee himself at least

_ O 1
U1 (@5 pe) = ; N —¢" mz:l N — P

by following

B (x) = sz ! o N = o x
= A~ N—s5+1 "N —s4+1 Voot

fors=t+4+1,..., N — 1. We show that at round ¢ he can guarantee himself

at least
N—t+1 o t—1 1
Uy (T3 Pe-1) = Z N——t+1x - Z N — P
m=1 m=1

by following

- (3 Mo
T) = Qypy — QN _g T
—s m:1N_3+1 N —s+1 N=stl

fors=t,...,N — 1.
A bidder with value x whose dropout price is b at round ¢ either (i) drops

at b and obtains a payoff of ay_ 4120 + b — Zf;l ]Vlepm or (ii) one of his
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rivals drops first at p; < b and, by induction, he obtains at least

N—t t—1

Vpy1 (T3 Pe—1,p1) = Nt T NPT Z N —mPm
m=1 m=1
N—t t—1
o 1 1
> "y — b— m-
T =Nt N —t mZ:lN—mp

The bidder maximizes his minimum payoff when b satisfies

N—t
O 1 b
N_—i  N_—¢”

m=1

aN_+1T +b=

i.e.,

N-—t
| Nt
b= <;N—t+1am_N—t+1O‘Nt+1>x_ﬁt(ﬂf)'

Substituting b into ay_ ¢z +b— 301 ~— P and simplifying shows that

his payoff is at least v;(x; pi_1).

Next, we show that o,(x; p;_1) is the largest payoff a bidder with value x
can guarantee at round ¢ given dropout prices p;_;. Suppose to the contrary
he can guarantee himself v; > v;(z; p;—1). If all active bidder have the same
value x then, since the game is symmetric, each such bidder can guarantee

himself at least v; and hence the total guaranteed payoffs of the active bidders

is at least
Nettl N t—1 1
(N —t+1)v; > (N—t“)(mzl Noi71 _ZN mpm>
N—t+1 |

which is a contraction since the RHS is the total surplus that can be obtained
by the active bidders at round ¢. The first term is the surplus realized from
allocating positions 1 through N —¢+1 to the active bidders, and the second

term is the compensation they owe.
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We have established that § is a maxmin perfect strategy. Next we show
that 3 is the unique maxmin perfect strategy. As a first step, we establish
at each round ¢ that a bidder with value = can be held to a payoff v;(z; p;_1)
given drop out prices p;_.

Consider a bidder with value x at round N — 1 with dropout prices py_s.
Suppose his rival bids 8, (z). If the bidder bids b < 8, (), then his
payoft is

N-2 N-2
P P ,
T + b — N _m < QT +éN71(x) — mgl N On_1(T; PN_2).

m=1
If he bids b > 8, () then his payoff is
N-2
B Pm
N —m

m=1

ax =B, (7) = Un_1(2; PN-2).

In both case, his payoff is at most v _1(z; py_2), which establishes he is held
to Un_1(z; PN_2)-

Suppose the claim is true for rounds ¢ + 1,..., N — 1. We show it holds
for round t. Consider a bidder with value x at round ¢ with dropout prices
P:—1- Suppose at each round s = ¢,..., N — 1 that each of his rivals bids
ﬁs(az) at round s given drop out prices p,_;. If at round ¢ the bidder bids
b < B,(x) his payoff is

t—1 t—1

Pm Pm _
aN_+1T+b— E <ay_11+ B, (v) - = Uy(T; Pr-1)-
— N —m ¢ N —m

1

3
[

If he bids b > ﬁt(x), then he continues to round ¢ 4 1 and by the induction
hypothesis his rivals hold him to vy1 (z; p;_1, ét(x)) Straight forward algebra
establishes that

Vp1(2; Pe-1, B, () = 0e(x; Pr-1).

This establishes the claim holds for all rounds.

Finally, we show that [ is the unique maxmin perfect strategy. Suppose

that there is another maxmin strategy 3 # 3. Then for some z, ¢, and p;_;
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we have that (3, (z; p;_1) # B,(z). Consider a bidder with value z at round
t, given dropout prices p;_1, who follows 5. Suppose that at each round
s =1t,..., N —1 that his rivals bid 8 () at round s. If Bz pi1) < B,(x)
then bidder i drops out at round ¢ and obtains the payoff

t—1 t—1

o Pm Pm _
aN—+17+0,(2; pt—l)_z N_m 0éN—t+1€E+§t($)—Z Nom U(%; Pr—1).-

m=1 m=1
If 3,(x;pi_y) > B,(x) and his rivals bid (B,(z; pe1) + B,(x))/2 at round ¢
and bids S (z) at each round s = ¢ +1,..., N — 1 then the bidder’s payoff

at round ¢ is at most

Vi1 (25 Pr-1, %(Bt(xa pi-1) + 5,(2)))

by the immediately prior claim. Since ¥, 1(z; ps_1, ;) is decreasing in p; we

have
1 .
V1 (@; Pr-1, 5(@(35; Pi—1) + 5,(2))) < Vps1(2; Pe-1, B,(2)) = ve(2; Pi-1),
which contradicts that B is a security strategy. [

Proof of Proposition 8: Consider a bidder with value x who follows 3. If

he drops out at round ¢ his payoff is

t—1 D N—-t+1 o t—1 D
Nzt (1) =) = ( Zl N——t+1> D BY i 0(2; Pe-),

m=1 = =

when p;_; is the sequence of drop out prices in prior rounds. In other words,
a bidder who follows the security strategy obtains exactly his security payoff
if he drops.

Order the bidders so that z; > ... > xny. When all the bidders follow 5,
since @t is increasing for each ¢, then bidder N drops in round 1 and wins
position N, bidder N — 1 drops in round 2 and wins position N — 1, and so
on. Bidder ¢ drops in round N — ¢ + 1, wins position ¢, and obtains

N—i
_ A Dj
UN—Z'+1($¢; Pt—l) = <Z —) T; — Z —]..
) = N —

m=1
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Reversing the order of the terms in the second sum by reindexing and setting

j=N—(i+m)+ 1, we can write

i N—i
_ (679 PN—(i+m)+1
On—it1(Ti; Pro1) = (Z T) T — Z z—f—(m—Jr—Hl

m=1 m=1
Since all the bidders follow 3 then bidder 7 +m wins position ¢ +m in round
N — (i +m) + 1 and the dropout price is
i+m—1

PN—(i+m)+1 = ﬁ]\/—(i—i—m)—i—l(xier) - Z
r=1

T (0 — Q1) T

Substituting yields that the payoff of bidder i is

N—i

1
UN— z+1(Iupt 1 (Z am) Li— Z i+m—1

which from Proposition 1 is his Shapley value payoff. [J

i+m—1

r
Z ; (Oér - Oér+1) LTitm | »
r=1

1+m

References

[1] Alkan, A., Demange, G., and Gale, D. (1991). “Fair Allocation of Indi-
visible Goods and Criteria of Justice.” Econometrica, 59, pp. 1023-1039.

[2] Aumann, R. and Maschler, M. (1985). “Game Theoretic Analysis of a
Bankruptcy Problem from the Talmud.” Journal of Economic Theory,
36, pp. 195-213.

[3] Bogomolnaia, A., Moulin, H., Sandomirskiy, F., and Yanovskaya, E.
(2017). “Competitive Division of a Mixed Manna.” Fconometrica, 85,
pp. 1847-1871.

[4] Demange, G., Gale, D., and Sotomayor, M. (1986). “Multi-Item auc-
tions.” The Journal of Political Economy, 94, pp. 863-872.

[5] Dubins, L. and Spanier, E., (1961). “How to Cut a Cake Fairly,” Amer-
ican Math Monthly, 68, pp. 1-17.

50



[6]

[10]

[11]

[16]

Edelman, B., Ostrovsky, M., and Schwarz, M. (2007). “Internet Ad-
vertising and the Generalized Second-Price Auction: Selling Billions of
Dollars Worth of Keywords.” The American Economic Review, 97, pp.
242-259.

Graham, D., Marshall, R., and Richard, J. (1990). “Differential Pay-
ments within a Bidder Coalition and the Shapley Value.” The American
Economic Review, 80, pp. 493-510.

Graham, R., Knuth, D., and Patashnik, O. (1990). Concrete Mathemat-
ics. Addison-Wesley Publishing Company.

Gul, F. (1989). “Bargaining Foundations of Shapley Value.” Economet-
rica, 57, pp. 81-95.

Hart, S. and Mas-Colell, A. (1996). “Bargaining and Value.” Economet-
rica, 64, pp. 357-380.

Leonard, H. (1983). “Elicitation of Honest Preferences for the Assign-
ment of Individuals to Positions.” The Journal of Political Economy, 91,
pp. 461-479.

Littlechild, S., and Owen, G. (1973). “A Simple Expression for the Shap-
ley Value in a Special Case.” Management Science, 20, pp. 370-372.

McAfee, R.P. (1992): “Amicable divorce: Dissolving a Partnership with
Simple Mechanisms,” Journal of Economic Theory 56, 266-293.

Moulin, H. (1992). “An Application of the Shapley Value to Fair Division
with Money.” Econometrica, 60, pp.1131-1349.

Moulin, H. (1995). Cooperative Microeconomics: A Game-Theoretic In-

troduction. Princeton University Press.

Moulin, H. (2004). Fair Division and Collective Welfare. MIT Press.

o1



[17]

18]

[19]

[20]

[21]

[22]

23]

[24]

[25]

Moulin, H., and Shenker, S. (1992). “Serial Cost Sharing.” Economet-
rica, 60, pp. 1009-1037.

Myerson, R. (1977). “Graphs and Cooperation in Games.” Mathematics
of Operations Research, 2, pp. 225-229.

Roth, A., ed. (1988). The Shapley Value: Essays in Honor of Lloyd S.
Shapley. Cambridge University Press.

Rudin, W. (1976). Principles of Mathematical Analysis. Third Edition.
McGraw-Hill, Inc.

Shapley, L. (1953). “A Value of n-Person Games.” in Contributions to
the Theory of Games II (Annuals of Mathematical Studies 28) ed. by
H.E. Kuhn and A.W. Tucker. Princeton: Princeton University Press,
pp. 307 - 317.

Shapley, L.S. (1971). “Core of Convex Games.” International Journal of
Game Theory, 11, pp. 101-106.

Van Essen, M. and Wooders, J. (2016). “Dissolving A Partnership Dy-
namically.” Journal of Economic Theory, 166, pp. 212-241.

Van Essen, M. and Wooders, J. (2018). “Dual Auctions for Assigning
Winners and Compensating Losers.” NYU Abu Dhabi Working Paper
# 0013.

Varian, H. (2007). “Position Auctions.” International Journal of Indus-
trial Organization, 25, pp. 1163-1178.

52



