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Abstract

A data broker sells market segmentations created by consumer data to a producer with
private production cost who sells a product to a unit mass of consumers with heterogeneous
values. In this setting, I completely characterize the revenue-maximizing mechanisms for the
data broker. In particular, every optimal mechanism induces quasi-perfect price discrimi-
nation. That is, the data broker sells the producer a market segmentation described by a
cost-dependent cutoff, such that all the consumers with values above the cutoff end up buy-
ing and paying their values while the rest of consumers do not buy. The characterization of
optimal mechanisms leads to additional economically relevant implications. I show that the
induced market outcomes remain unchanged even if the data broker becomes more active in
the product market by gaining the ability to contract on prices; or by becoming an exclusive
retailer, who purchases both the product and the exclusive right to sell the product from the
producer, and then sells to the consumers directly. Moreover, vertical integration between
the data broker and the producer increases total surplus while leaving the consumer surplus

unchanged, since consumer surplus is zero under any optimal mechanism for the data broker.
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1 Introduction

1.1 Motivation

The rapid development of informational technology has enabled one to collect, process and
analyze vast volumes of consumer data. By the use of consumer data, the scope of price
discrimination has moved far beyond its traditional boundaries such as geography, age, or
gender. Extensive usage of consumer data allows one to identify many characteristics of
consumers that are relevant to the prediction of their values, and therefore to create numer-
ous sorts of market segmentation—a way to split the market demand into several segments
by partitioning the consumers’ characteristics—to facilitate price discrimination. Moreover,
because of their specialization in information technology, several “data brokers” trade vast
amounts of consumer data with retailers, which effectively means these data brokers can
create market segmentations and sell them as a product that facilitates price discrimination.
For instance, online platforms such as Facebook collect and sell® a significant amount of con-
sumers’ personal information, including personal characteristics, traveling plans, lifestyles,
and text messages via its own platform. Alternatively, data companies such as Acxiom and
Datalogix gather and sell personal information such as government records, financial activi-
ties, online activities and medical records to retailers (Federal Trade Commission, 2014).

This paper studies the design of optimal selling mechanisms of a data broker. In this
paper, I consider a model where there is one producer with privately known constant marginal
cost, who produces and sells a single product to a unit mass of consumers. The consumers
have unit demand and the distribution of their values is described by commonly known
market demand. Into this environment, I introduce a data broker, who does not know the
producer’s marginal cost of production but can sell any market segmentation to the producer
via any selling mechanism. As the data broker is uncertain about the production cost, and
only affects the product market indirectly by selling consumer data to the producer, it is not
obvious how the data broker should sell market segmentations to the producer, what market
segmentations will be created, and how the sale of consumer data affects economic welfare
and allocative outcomes.

The main result of this paper is a complete characterization of the revenue-maximizing
mechanisms for the data broker. The optimal mechanisms feature quasi-perfect price discrim-

tnation, which is an outcome where all the purchasing consumers pay exactly their values,

In practice, “selling” consumer data can take a wide variety of forms, which include not only tra-
ditional physical transactions but also integrated data-sharing agreements/activities. For instance, in a
recent full-scale investigation by The New York Times, Facebook has formed ongoing partnerships with
other firms, including Netflix, Spotify, Apple and Microsoft, and granted these companies accesses to dif-
ferent aspects of consumer data “in ways that advanced its own interests.” See full news coverage at

https://www.nytimes.com/2018/12/18 /technology /facebook-privacy.html


https://www.nytimes.com/2018/12/18/technology/facebook-privacy.html

although not every consumer with values above the marginal cost buys the product. Theo-
rem 1 shows that every optimal mechanism must create quasi-perfect segmentations described
by a cost-dependent cutoff. Namely, all the consumers with values above the cutoff are sep-
arated from each other whereas the consumers with values below the cutoff are pooled with
the separated high-value consumers. When pricing optimally under this segmentation, the
producer only sells to high-value consumers and induces quasi-perfect price discrimination.
Furthermore, the cutoff function under any optimal mechanism is exactly the minimum be-
tween the (ironed) virtual marginal cost function and the optimal uniform price as a function
of marginal cost. With proper regularity conditions, Theorem 2 shows that there is an op-
timal mechanism where conditional on being below the cutoff, the distribution of consumer
values is the same as the market demand in every market segment. This optimal mechanism
can be implemented by a menu of price-recommendation data, in which each item consists of
a list of recommended prices, one for each consumer, as well as an associated amount that has
to be paid to the data broker for this list. Each item in this menu is described by a cutoff, so
that for consumers with values above the cutoff, the recommended prices for them equal to
their values. Meanwhile, for the consumers with values below the cutoff, the recommended
prices for them are distributed in the same way as the consumers’ values conditional on being
above the cutoff.

The characterization of the optimal mechanisms further leads to several economically
relevant implications. As the defining feature of quasi-perfect price discrimination, under
any optimal mechanism, all the consumers pay their values conditional on buying. This
implies that the consumer surplus under any optimal mechanism is zero (Theorem 3). In
other words, in terms of consumer surplus, it is as if all the information about the consumers’
values is revealed to the producer. The fact that the data broker only affects the product
market indirectly via data provision does not benefit the consumers. Furthermore, Theorem 1
also allows a comparison between data brokership and uniform pricing, where no consumer
data can be shared. More specifically, I show that data brokership always increases total
surplus (Theorem 4), and can even be Pareto-improving compared with uniform pricing if
the data broker has to purchase the data from the consumers (before they learn their values,
see Theorem 5).

In addition to the welfare implications, another set of relevant questions pertain to how
different market regimes would affect market outcomes. More specifically, how would the
market outcomes differ if the data broker, instead of merely providing consumer data to the
producers, plays a more active role in the product market? The characterization given by
Theorem 1 allows comparisons across several other natural market regimes in addition to data
brokership, including vertical integration, where the data broker and the producer merge and

all the private information about production cost is revealed; direct acquisition, where the



data broker is able purchase the entire production technology from the producer; exclusive
retail, where the data broker negotiates with the producer and purchases the product, as
well as the exclusive right to sell the product, from the producer; and price-controlling data
brokership, where the data broker can prescribe what price to charge in addition to providing
consumer data. Using the main characterization, I show that vertical integration between
the data broker and producer increases total surplus while leaving the consumer surplus
unchanged (Theorem 6). Furthermore, in terms of market outcomes (i.e., data broker’s
revenue, producer’s profit, consumer surplus and the allocation of the product), I show that
data brokership is equivalent to both exclusive retail and price-controlling data brokership
(Theorem 7). Together with the closed-form characterization of the data broker’s optimal
selling mechanism, it can be calculated whether direct acquisition is more profitable than the
other market regimes.

The rest of this paper is organized as follows. Continuing in this section, several related
literatures are discussed. In Section 2, I provide an illustrative example to demonstrate the
design of the data broker’s optimal selling mechanism and its implications. The preliminaries
and the model are presented in Section 3. In Section 4, I characterize the optimal mechanisms
of the data broker. Consequences of consumer-data brokership are discussed in Section 5.
Finally, relaxations of the assumptions and several extensions can be found in Section 6 and

some further discussions are in Section 7.

1.2 Related Literature

This paper is related to various streams of literature. In the literature of price discrimination,
several theoretical works center around the welfare effects of price discrimination (see, for
instance, Varian (1985), Aguirre et al. (2010) and Cowan (2016)) and provide conditions
under which third-degree price discrimination increases or decreases total surplus and output.
In addition, Bergemann et al. (2015) show that any surplus division between the consumers
and a monopolist can be achieved by some market segmentation.? In these papers, market
segmentation is treated as an exogenous object, whereas in my paper, market segmentation
is determined endogenously by a data broker’s revenue-maximization behavior. Furthermore,
Wei and Green (2019) study another channel of price discrimination that does not involve
market segmentation (i.e., through providing differential information).

Furthermore, this paper is related to the recent literature of the sale of information by
a monopolistic information intermediary. Admati and Pfleiderer (1985) and Admati and
Pfleiderer (1990) consider a monopoly who sells information about an asset in a speculative

market. Bergemann and Bonatti (2015) explore a pricing problem of a data provider who

2See also: Haghpanah and Siegel (2019), who further consider segmentations in environments that feature

second-degree price discrimination.



provides data to facilitate targeted marketing. Bergemann et al. (2018) solve a mechanism
design problem in which the designer sells experiments to a decision maker who has private
information about his belief. Yang (2019) considers a model where an intermediary can pro-
vide information about the product to the consumers and charge the seller for such services.
Segura-Rodriguez (2019) studies the revenue maximization of a data broker who sells data
to firms that differ in the consumer characteristics they wish to forecast.?

Methodologically, this paper is related to the literature of mechanism design and infor-
mation design (see, for instance, Mussa and Rosen (1978), Myerson (1981), Kamenica and
Gentzkow (2011) and Bergemann and Morris (2016)). More particularly, my paper can be
regarded as a mechanism design problem where the information structure is also part of the
design object (see, for instance, Bergemann and Pesendorfer (2007), Yamashita (2017) and
Dworczak (2019)).

Among the aforementioned papers, Bergemann et al. (2015), Bergemann et al. (2018) and
Yang (2019) are the closest to my paper. Specifically, Bergemann et al. (2015) explore the
welfare implications of different market segmentations, while I introduce a data broker who
designs the market segmentation in order to maximize revenue. Bergemann et al. (2018)
study an environment where the agent has private information about his prior belief and
characterize the optimal mechanism in a binary-action, binary-state case; or in a binary-
type case, while my paper studies a revenue maximization problem where the agent’s private
information is part of her intrinsic preference and has a rich action space. Also, this paper
allows a large class of priors, including those with infinite support. Finally, Yang (2019)
solves for optimal mechanisms of an intermediary that can provide information about the
product to the consumers, while in this paper I consider the case where an intermediary sells

information about the consumers’ values to the producer.

2 An Illustrative Example

To fix ideas, consider the following simple example. A publisher sells an advanced textbook
for graduate study. Her (constant) marginal cost of production c¢ is her private information
and takes two possible values, 1/4 or 3/4, with equal probability. There is a unit mass of
consumers with three possible occupations: faculty, undergraduate students, and graduate
students. Each of them constitutes 1/3 of the entire population. It is common knowledge
that the textbook has has value v = 1 for an undergraduate student, value v = 2 for a
graduate student and value v = 3 for a faculty member. In addition, suppose that among

all the undergraduate students, 1/2 live in houses and 1/2 live in apartments, whereas all

3Relatedly, Acemoglu et al. (2019), Bergemann et al. (2019) and Ichihashi (2019) examine environments

where a data broker buys data from the consumers and then sells the consumer data to downstream firms.



the graduate students live in apartments and all the faculty members live in houses. This
economy can be represented by Figure 1, where Figure 1a plots the partitions of the consumers
induced by their occupations and residence types and Figure 1b plots the (inverse) market
demand D,.

Figure 1: Representation of the market
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Suppose that there is a data broker who owns all the data about the consumers (e.g.,
income, medical records, occupations and residential information) and thus is able to provide
any partition on the line in Figure la to the publisher. How should the data broker sell
these data to the publisher? An intuitive guess is that the data broker should sell the most
informative data. That is, he should provide the publisher with occupation data so that
each consumer’s value can be fully revealed. Upon receiving such data, the publisher is able
to perfectly price discriminate the consumers. The value-revealing data creates a market
segmentation that decomposes the market into three market segments, and each market
segment enables the publisher to perfectly identify the value of the consumers in that market
segment. As a result, if the price of the value-revealing data is 7 and if the publisher with
cost ¢ € {1/4,3/4} buys the data, her net profit would be

1

5(1—0)—1—%(2—0)4—%(3—0)—7.

Alternatively, if the publisher with cost ¢ does not buy any data, she would then charge
an optimal uniform price (either 1,2 or 3, since these are the only possible consumer values)

and earn profit

max{(l —c),§(2 _ @,%(3—@)}.

Therefore, for any 7, the publisher with cost ¢ would buy the value-revealing data if and only
! 1 1 1 2 1
5(1—0)4—5(2—0)—1—5(3—0) -7 zmax{(l —c),§(2—c),§(3—c)},



which simplifies to 7 < (2 — ¢)/3. Thus, since ¢ € {1/4,3/4}, when 7 < 5/12, the publisher
would always buy the value-revealing data regardless of her marginal cost. When 5/12 < 7 <
7/12, the publisher would buy the data only if ¢ = 1/4. Therefore, charging a price 7 = 5/12
gives the data broker revenue 5/12 whereas charging a price 7 = 7/12 gives the data broker
revenue 7/12 x 1/2 = 7/24 < 5/12. Hence the optimal price for the value-revealing data is
5/12 and it gives the data broker revenue 5/12.

However, the data broker can in fact improve his revenue by creating a menu consisting

of not just the value-revealing data. To see this, consider the following menu of data

1
M* = { (residential data, T = §) ) (Value-revealing data, 7 = 1_72) } '

Notice that the residential data creates a market segmentation with two segments described
by two demand functions, Dy and D,. Segment Dy contains all of the consumers with
v = 3 and 1/2 of the consumers with v = 1 (i.e., those who live in houses), while segment
D 4 contains all of the consumers with v = 2 and 1/2 of the consumers with v = 1 (i.e., those
who live in apartments). Figure 2 plots this market segmentation. From Figure 2, it can
be seen that Dy + D4 = Dy. Moreover, for the publisher with ¢ = 1/4, the difference in
profit between charging price 3 (2) and charging price 1 in segment Dy (D,) is exactly the
difference between the area of the darker region and the area of the lighter region depicted
in Figure 2. Therefore, since the area of the lighter region is smaller than the area of the
darker region, charging a price of 3 (2) is better than charging a price of 1 in segment Dy
(D4). Thus, as there are only two possible values in each segment, charging a price of 3 (2)
is optimal for the publisher under segment Dy (D,4). This is also the case when her cost
is ¢ = 3/4, since the area of the lighter region would decrease and the area of the darker
region would remain unchanged when the marginal cost changes from 1/4 to 3/4. As a result,
regardless of her marginal cost, the publisher will sell to all the consumers with values v = 3
and v = 2 by charging exactly their values upon receiving the residential data.

With this observation, it then follows that when ¢ = 1/4, the publisher would prefer
buying the value-revealing data (at the price of 7 = 7/12) whereas when ¢ = 3/4, the
publisher would prefer buying the residential data (at the price of 7 = 1/3). Therefore, when

menu M* is provided, the data broker’s revenue is

1 7 11 5
(0.5)5 + (0.5)5 =51 > 12’
which is higher than what can be obtained by selling value-revealing data alone. The intuition
behind such an improvement is simple. When selling the value-revealing data alone, the
publisher with lower marginal cost retains more rents because the broker would have to
incentivize the high-cost publisher to purchase. However, by creating a menu containing

both the value-revealing data and the residential data, the data broker can further screen the



Figure 2: Market segmentation induced by residential data
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publisher. To see this, notice that even though the residential data is less informative than the
value-revealing data, the only extra benefit of the value-revealing data is for the publisher to
be able to price discriminate the consumers with v = 1. Thus, when the publisher’s marginal
cost is high (i.e., ¢ = 3/4), the additional information given by the value-revealing data is
less useful to the publisher because the gains from selling to consumers with v = 1 are small.
In contrast, when the publisher has a low marginal cost (i.e., ¢ = 1/4), the value-revealing
data is more valuable to the publisher since the gains from selling to consumers with v = 1
are larger. Therefore, by providing a menu that contains two different datasets with different
prices, the data broker can screen the publisher and extract more revenue from the publisher
with lower marginal cost than by selling the value-revealing data alone.

In fact, as it will be shown in Section 4, M* is an optimal mechanism of the data broker.
The optimal mechanism M* has several notable features. First, when ¢ = 3/4, the high-value
consumers (v = 2 and v = 3) are separated from each other whereas the low-value consumers
(v =1) are pooled together with the high-value consumers. This induces a market outcome
where consumers with values v = 2 and v = 3 are buying the textbook by paying their
values, whereas the consumers with v = 1 do not buy, even if their value is greater than the
publisher’s marginal cost 3/4. In other words, in order to maximize revenue, the data broker
would sometimes discourage (ex-post) efficient trades. Second, all the purchasing consumers
are paying exactly their values, which implies that consumer surplus is zero. Finally, even
though every purchasing consumer pays their value, the high-cost publisher never learns
exactly each individual consumer’s value. These features are not specific to this simple
example. In fact, all of them hold in a general class of environments, which will be explored

later in this paper.



3 Model

3.1 Notation

The following notation is used throughout the paper. For any Polish space X, A(X) denotes
the set of probability measures on X where X is endowed with the Borel o-algebra and A(X)
is endowed with the with weak-* topology. When X = [z,7] C R is an interval, let D(X)
denote the collection of nonincreasing and left-continuous functions D : X — [0, 1] such that
D(z) =1, D(z) = 0. Since D(X) and A(X) are bijective, for any D € D(X), let mP € A(X)

be the probability measure associated with D and define the integral

/A h(z)D(d) = /A h(z)mP (dz),

for any measurable h : X — R. Then, endow D(X) with the weak-* topology and the Borel
o-algebra using this integral (details in Appendix A). Also, write supp(D) := supp(m?).

3.2 Primitives

There is a single product, a unit mass of consumers with unit demand, a producer for this
product (she), and a data broker (he). Across the consumers, their values v for the product
are distributed according to a commonly known probability measure m® € A(V) and thus
can be described by a market demand Dy € D := D(V), where Dy(p) := m®([p,v]) is the
share of consumers whose values are above p and V' = [v,7] C R, is a compact interval.
Each consumer knows their own value. For the rest of the paper, Dy is said to be regular if
the marginal revenue function induced by Dy is decreasing.*

The producer has a constant marginal cost of production ¢ € C' = [¢,¢] C R, for some
0 < ¢ < ¢ < oo. The marginal cost c¢ is private information to the producer and follows a
distribution G, where G has a density ¢ > 0 and induces a virtual (marginal) cost function
b, defined as ¢g(c) := c+ G(c)/g(c) for all ¢ € C. Henceforth, G is said to be regular if ¢
is increasing.

The data broker owns all the consumer data and can create any market segmentation,
which is a probability measure s € A(D) that satisfies the following condition

/D D(p)s(dD) = Do(p), ¥p € V. 1)

That is, a segmentation is a way to split the market demand Dy into different market seg-

ments.®> Let S denote the set of segmentations.

4More specifically, Dy is regular if the function p + pDg(p) is single-peaked.
5 As illustrated in the motivating example, different consumer data induce different partitions of consumers’

characteristics and thus different ways to split Dy into a collection of demand functions that sum up to
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3.3 Timing of the Events

First, the data broker proposes a mechanism, which contains a set of available messages that
the producer can send, as well as mappings that specify the market segmentation and the
amount of transfers as functions of the messages. Then, the producer decides whether to
participate in the mechanism. If the producer does not, she only operates under Dy without
any further segmentations and pays nothing. If the producer participates in the mechanism,
she sends a message from the message space, pays the associated transfer, and then operates
under the associated market segmentation.

Given any segmentation s € S, the producer engages in price discrimination by choosing
a price pp > 0 in each segment D € supp(s).® To maximize profit, for any segment D €
supp(s), the producer with marginal cost ¢ solves

max(p — ) D(p).

For any ¢ € C'and any D € D, let Pp(c) denote the set of optimal prices for the producer with
marginal cost ¢ under market segment D. As a convention, regard P as a correspondence
on D x C and if p is a selection for P, write p € P.” Furthermore, for any ¢ € C' and any
D € D, let

mp(e) := max(p — ¢)D(p)

denote the maximized profit of the producer. Also, let

Pp(c) := max Pp(c)

Dy. Thus, given a market segmentation s, each market segment D € supp(s) can be interpreted as a
group of consumers who have some common characteristics (e.g., house residents). Notice that by allowing
the data broker to provide any market segmentation, it is implicitly assumed that the data broker always
has enough to data to identify each consumer’s value and is able to segment the consumers according to
their values arbitrarily. In Section 6, I further discuss an extension that permits the data broker to have
incomplete information about the consumers’ values. In Section 7, I argue that as long as the consumer
characteristics are “rich enough”, this definition of market segmentation is equivalent to partitioning the

consumer characteristics.
6Tt is without loss of generality to restrict attention to posted price mechanisms even though the producer

has private information about ¢ when designing selling mechanisms. This is because the environment features
independent private values and quasi-linear payoffs, and both the producer’s and the consumers’ payoffs are
monotone in their types. By Proposition 8 of Mylovanov and Tréger (2014), it is as if ¢ is commonly known
when the producer designs selling mechanisms. Therefore, since the consumers have unit demand, according
to Myerson (1981) and Maskin and Zeckhauser (1983), it is without loss to restrict attention to posted price

mechanisms.
“For notational conveniences, I restrict the feasible prices for each producer to a large enough compact

interval V' C Ry such that V' C V. With this restriction, Pp(c) would be a subset of a compact interval for
all D € D and for all ¢ € C. Since V itself is bounded, this restriction is simply a notational convention and

does not affect the model at all.



11

be the largest optimal price for the producer with marginal cost ¢ under market segment D.®
For conciseness, let py := pp, .

Throughout Section 4 and Section 5, I impose the following technical assumption on the
market demand Dy and the distribution G.

Assumption 1. The function ¢ — max{g(c)(¢c(c) — Py(c)),0} is nondecreasing.

Assumption 1 permits a wide class of (Dy, @) and includes many common examples.’
Also, it does not require regularities of either Dy or G (nor is it implied by regularities of Dy
and G). In Section 6, I will further discuss this assumption, including how the results rely

on it, its relaxations, as well as several economically interpretable sufficient conditions.

3.4 Mechanism

When proposing mechanisms, by the revelation principle (Myerson, 1979), it is without loss
to restrict the data broker’s choice of mechanisms to incentive compatible and individually
rational direct mechanisms that ask the producer to report her marginal cost and then provide
the segmentation and determine the transfer accordingly.!”

Formally, a mechanism is a pair (o,7), where 0 : C' — S, 7 : C' — R are measurable
functions. Given a mechanism (o, 7), for each ¢ € C, o(c) € S stands for the market
segmentation provided to the producer, 7(c) € R stands for the amount the producer pays
to the data broker. Moreover, any measurable o : C' — § is called a segmentation scheme
(or sometimes, a scheme).

A mechanism (o, 7) is incentive compatible if for all ¢, € C,

/D rp(e)o(dD]e) — 7(c) > / () (dD]d) — (). (1C)

D

Also, since the producer can always sell to the consumers by charging a uniform price, a

mechanism (o, 7) is individually rational if for all ¢ € C,

/D 7p(Q)o(dD]e) — 7(¢) > 7y (). (IR)

Henceforth, a mechanism (o, 7) is said to be incentive feasible if it is incentive compatible and

individually rational, and a segmentation scheme o is said to be implementable if there exists

8p is well-defined by Lemma 6 in Appendix B. Moreover, according to the notational convention stated
in footnote 7, whenever ¢ > max(supp(D)), Pp(c) = max V.

9For instance, if Dy is linear demand and G is uniform; or if both Dy and G are exponential on some
intervals; or if Dy and G are such that Dy(v) = (1 —v)?, G(c) = ¢, for all v € [0,1], ¢ € [0,1], for any
a, B > 0; or if Dy and G take one of the aforementioned forms.

0Henceforth, unless otherwise noted, a mechanism stands for a direct mechanism.
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a measurable 7 : C'— R such that (o, 7) is incentive feasible. The goal of the data broker is
to maximize expected revenue Eg[7(c)] by choosing an incentive feasible mechanism.

The data broker’s revenue maximization problem exhibits several noticeable features.
First, the object being allocated is infinite dimensional. After all, the data broker sells
market segmentations to the producer as opposed to a one-dimensional quality or quantity
variable in classical mechanism design problems (e.g., Mussa and Rosen (1978), Myerson
(1981) and Maskin and Riley (1984)). In particular, it is not clear whether there exists a
partial order on the space of market segmentations that would lead to the single-crossing
property commonly assumed in low-dimensional screening problems. Second, the producer’s
outside option is type-dependent. This is because the producer has access to the consumers,
and is only buying the additional information about the consumers’ values.

As another remark, the model introduced above is equivalent to a model where there is
one producer with private cost ¢ and one consumer with private value v, where ¢ and v are
independently drawn from G and mP, respectively. With this interpretation, a segmentation
s € § is then equivalent to a Blackwell experiment that provides the producer with informa-
tion regarding the consumer’s private value. Throughout the paper, the analyses and results
are stated in terms of the version with a continuum of consumers, yet every statement and
interpretation has an equivalent counterpart in the version with one consumer who has a

private value.

4 Optimal Segmentation Design

In what follows, I characterize the data broker’s optimal mechanisms. To this end, I first
introduce a crucial class of mechanisms. Then I characterize the optimal mechanisms by this

class.

4.1 Quasi-Perfect Segmentations and Quasi-Perfect Price Discrimination

As illustrated in the motivating example, to elicit private information from the producer,
the data broker may sometimes wish to discourage sales even when there are gains from
trade. In addition, the data broker would wish to extract more surplus by providing market
segmentations under which all the purchasing consumers pay their values. These two features
jointly lead to a specific form of market segmentation, which will be referred as quasi-perfect

segmentations.

Definition 1. For any ¢ € C and any k > ¢, a segmentation s € S is a k-quasi-perfect
segmentation for c if for s-almost all D € D, either D(c) = 0, or the set {v € supp(D) : v > Kk}

is a singleton and is a subset of Pp(c).
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A k-quasi-perfect segmentation for ¢ is a segmentation that separates all the consumers
with v > k while pooling the rest of the consumers together with them so that when the
producer’s marginal cost is ¢, every market segment with positive trading volume!'! must
contain one and only one consumer-value v > k and this v is an optimal price for the
producer. Notice that a k-quasi-perfect segmentation for ¢ induces k-quasi-perfect price
discrimination when the producer’s marginal cost is ¢ and when she charges the largest
optimal price in (almost) all segments. Namely, a consumer with value v buys the product
if and only if v > k and all purchasing consumers pay exactly their values. For instance, in
the example given by Section 2, the residential data creates a 2-quasi-perfect segmentation
for both ¢ € {1/4,3/4}. With Definition 1, I now define the following:

Definition 2. Given any function ¢ : C' — R with ¢ < ¥(c) for all ¢ € C":

1. A segmentation scheme o is a 1-quasi-perfect scheme if for G-almost all ¢ € C, o(c) is

a 1 (c)-quasi-perfect segmentation for c.

2. A mechanism (o, 7) is a ¥-quasi-perfect mechanism if o is a 1-quasi-perfect scheme and

if the producer with marginal cost ¢, when reporting truthfully, has net profit mp, (¢).

4.2 Characterization of the Optimal Mechanisms

With the definitions above, the main characterization of this paper can be stated. To this
end, for any ¢ € C, define p,(c) := min{pg(c), Py(c)}, where ¢¢ is the ironed virtual cost

function.'?

Theorem 1 (Optimal Mechanism). The set of optimal mechanisms is nonempty and is
exactly the set of incentive feasible P -quasi-perfect mechanisms. Furthermore, every optimal

mechanism induces P (c)-quasi-perfect price discrimination for G-almost all ¢ € C.

From the definition of quasi-perfect segmentations, there are some degrees of freedom
regarding the ways to pool the low-value consumers with the high-values. Therefore, The-
orem 1 implies that there might be multiple optimal mechanisms—as long as the low-value
consumers are pooled with the high-values in a way such that the mechanism is incentive
feasible and is p,-quasi-perfect. Nevertheless, the outcome induced by any optimal mecha-
nism is unique. That is, under any optimal mechanism, for (almost) all marginal cost ¢ € C|,
a consumer with value v buys the product if and only if v > P;(c) and all the purchasing
consumers pay their values. In other words, the multiplicity only accounts for the off-path

incentives. Furthermore, there is always an explicit construction of an optimal mechanism

"Notice that when the producer’s marginal cost is ¢, no trade occurs in market segment D if and only if
D(c) =1.
2Troning in the sense of Myerson (1981).
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Figure 3: Market segment DEete)
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(see details in Appendix D). In fact, when the market demand Dy is regular, this construction
takes a particularly simple form: The low-value consumers are pooled with the high values in
a way that preserves the likelihood ratios among values below the cutoff. More specifically,

for any ¢ € C' and for any v > $(c), define market segment D79 € D as

Do(p), ifp € v, ()]
DEE ) (p) == Dy(B(c)), ifp e (@(c),v] (2)
0, if p € (v,7]

for all p € V. Moreover, for any ¢ € C' and for any p € [@4(c), 7], let

o ({DfG(C) tv > p} }C) = DO—(M. (3)

 Do(®(0))

In other words, for any ¢ € C, o*(c) only assigns positive measure to market segments
{DEG(C)}UEW,(CM and its distribution is exactly the distribution of consumers’ values condi-
tional on being above the cutoff P, (c) given by the market demand. Figure 3 illustrates
o* by plotting the (inverse) demand'3 of a generic market segment DF¢ induced by o*(c)
(the dashed line represents the market demand Dy). This inverse demand has a jump at
Do(®5(c)). To the left of Dy(@(c)), all the consumer values are concentrated at v, whereas
the distribution of the consumer values to the right of Dy(@(c)) remains the same as that
under Dy.

With this definition, it turns out that when Dq is regular, as it will be shown below,
there exists a unique transfer scheme 7* : C' — R such that (¢*,7*) is an incentive feasible
P-quasi-perfect mechanism. Thus, by Theorem 1, (%, 7*) is optimal. Henceforth, whenever

Dy is regular, I refer the mechanism (¢*, 7*) as the canonical P-quasi-perfect mechanism.

13See Appendix A for the formal definition of inverse demands.
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Theorem 2. Suppose that Dy is reqular. Then the canonical Ps-quasi-perfect mechanism

(o*,7*) is optimal.

In what follows, I will describe the main steps of the proof of Theorem 1 (which also lead to
the proof of Theorem 2). Details of the proof can be found in Appendix D. Specifically, I first
derive a revenue-equivalence formula and characterize the incentive compatible mechanisms.
Next, I identify an upper bound R for the data broker’s revenue. Then, I construct a feasible
mechanism that attains R, which would in turn imply every incentive feasible @ ,-quasi-
perfect mechanism is optimal. Finally, I argue that any mechanism that gives revenue R
must be a P,-quasi-perfect mechanism.

To highlight the main insights and avoid unnecessary complications, in this subsection, I
impose some further assumptions in addition to Assumption 1. More precisely, throughout

the remaining part of Section 4.2, I assume that Dy and G are regular and that
¢a(c) < Pylc), Ve e C. (4)

Notice that (4) is a sufficient condition for Assumption 1. With these additional conditions,
Palc) = ¢a(e) for all ¢ € C and hence @ can be replaced by the virtual cost function ¢g.
Among these assumptions, regularity of G is purely for conciseness, it can be relaxed by
ironing ¢¢. Regularity of Dy simplifies the construction of the mechanism that attains R.
Without the regularity of Dy, the construction would be more involved and can be found
in the Appendix D. Lastly, (4) allows a straightforward construction of the revenue upper
bound R. Without (4), the upper bound R may not be attainable and a tighter upper bound
would be needed, which will be discussed in Section 5. Also, it is noteworthy that all the

lemmas stated in this section do not rely on any of these assumptions, nor on Assumption 1.

The Revenue Equivalence Formula and an Upper Bound for Revenue

Even though the data broker’s problem is more convoluted comparing to a standard monop-
olistic screening problem due to the high-dimensionality nature of market segmentations, a
revenue-equivalence formula can still be derived by properly invoking the envelope theorem.
To see this, notice that for any incentive compatible mechanism (o, 7), the indirect utility of

a producer with marginal cost c is
U(c) ::/ mp(c)o(dDlc) — 7(c)
D

~ max /D rp(Q)o(dD|d) — ()

ceC
By the envelope theorem, the derivative of U is simply the partial derivative of the objective

function evaluated at the optimum, that is,

U’(c)z/p7rb(c)a(dD|c).
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Moreover, since wp(c) is the optimal profit of the producer with marginal cost ¢ under segment

D, again by the envelope theorem, for all ¢ € C|

mp(c) = =D(Pp(c)). (5)

U(c) = / (/ DBy (2))o(dD| )) dz Ve e C.

Therefore, under any incentive compatible mechanism (o, 7), if a producer with marginal cost

Together,

¢ misreports a marginal cost ¢’ and sets prices optimally, the deviation gain can be written

Ule) - ( /D mp(c)o(dDl|c) — T(c')>

:Aﬁm@—mwmmm&—uwwwww

/

:/C [/ —mp(2)o(dD]|c) /DpD (2))o (dD|z)] 4z
/ {/DPD o(dD|c) /DpD 2))o (dDM} Az

Together, these lead to Lemma 1 below.

as

Lemma 1. A mechanism (o, T) is incentive compatible if and only if

1. For all c € C,

0= [ mo(o(aDlo /(/Dm o(dDls)dz ) - U(o)

2. For allc,d € C,

[/ ([pooneam-sumeczo

Furthermore, P can be replaced by any p € P for the “only if” part.

The proof of Lemma 1 can be found in Appendix D. It formalizes the heuristic arguments
above by using the envelope theorem of Milgrom and Segal (2002). In essence, condition 1
in Lemma 1 is a generalized revenue-equivalence formula stating that the transfer 7 must
be determined by o up to a constant, whereas condition 2 in Lemma 1 is stronger than the
usual monotonicity condition due to the high-dimensionality nature of the allocation space

and the lack of the single-crossing property.
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From Lemma 1, for any incentive compatible mechanism (o, 7), the data broker’s expected

revenue can be written as
Bl (o)l - | ( [ ®ote) - sate) D<ﬁD<c>>o—<dD|c>) G(de) — U@, (©)

which can be interpreted as the expected wvirtual profit net of a constant. That is, maximiz-
ing the data broker’s expected revenue by choosing an incentive feasible mechanism (o, 7)
is equivalent to maximizing the expected virtual profit—the profit of the producer if her
marginal cost ¢ is replaced by the virtual marginal cost ¢¢(c) but she still prices optimally
according to marginal cost ¢—by choosing an implementable scheme o.

With (6), there is an immediate upper bound for the data broker’s revenue. To see this,
first notice that since the producer’s outside option is 7p,(c) when her cost is ¢, for an
incentive compatible mechanism (o, 7) to be individually rational, it must be that U(¢) >

7 = mp,(¢). Moreover, notice that for any ¢ € C,

/D(T?D(C) — ¢a(c))D(Pp(c))o(dDle) < | max[(p — ¢g(c))D(p)lo(dD|c)

D PER+

< v — ¢))Dy(dv),
< /{W@}( b6(c)) Do(dv)

where the second inequality holds because the last term is the total gains from trade in the

economy when the producer’s marginal cost is ¢¢(c). Together with (6), it then follows that

R ::/O </{v>¢c(c)}(v — ¢G(0))D0(dv)> G(dc) — 7
> [ ([@ol0)~ oa()D@otehatala)) Giae) - v
=Eq[7(c)].

In other words, the upper bound R is constructed by ignoring the individual rationality
constrains, the global incentive compatibility constraints (i.e., condition 2 in Lemma 1) and
by compelling the producer to charge prices that are optimal when her marginal cost is

replaced by the virtual marginal cost.

Attaining R

By the definition of quasi-perfect segmentations, for any nondecreasing function ¢ : C' — R
and for any t-quasi-perfect scheme o, given any report ¢ € C, o(¢) must induce 1(c)-quasi-
perfect price discrimination when the producer charges the largest optimal price in (almost)
every segment. That is, all the consumers with v > 1(c) would buy the product by paying

exactly their values whereas all the consumers with values v < 9(c) would not buy. As a
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result, all the surplus of consumers with v > ¥(c) would be extracted and the trade volume

must be the share of consumers with v > ¢(c)."* Specifically, for all ¢ € C,

| Bol@D@o@)a(@ic) = [ i)

{vzv()}

and

/D D(Bp(c))o(dDe) = Do((c)).

As a result, if there is an incentive feasible ¢g-quasi-perfect mechanism (o, 7), then by
Lemma 1, the data broker can attain revenue

B0 = [ ([ @o(0) ~ 6a()DBo(o(DI0) ) Glae) - 7

=R.

However, not every quasi-perfect scheme is implementable. To ensure incentive compati-
bility, the integral inequality given by condition 2 in Lemma 1 must be satisfied. While this
condition involves a continuum of constraints and is difficult to check, the following lemma

provides a simpler sufficient condition.

Lemma 2. For any nondecreasing function ¢ : C — Ry with 1(c) > ¢ for all ¢ € C, and
for any ¥-quasi-perfect scheme o, there exists a transfer scheme 7 : C' — R such that (o, T)

15 incentive compatible if for any c € C,

¥(2) < Pp(2), (8)
for (Lebesgue)-almost all z € [c,c] and for all D € supp(c(c)).

In essence, Lemma 2 reduces the integral inequalities given by condition 2 of Lemma 1
to pointwise conditions. Details about the proof can be found in Appendix D. The crucial
step is to notice that for a 1-quasi-perfect scheme, there are always no downward-deviation
incentives (i.e., a producer with cost ¢ would never have an incentive to misreport ¢ < ¢),
as a higher-cost producer would find the gains from reducing the cutoff less beneficial than
the increment in transfer. With this observation, as the pointwise condition (8) is sufficient
to rule out upward-deviation incentives, Lemma 2 then follows.

After simplifying the incentive constraints, the following lemma then provides a crucial

sufficient condition for there to exist an incentive compatible 1-quasi-perfect mechanism.

14The formal arguments can be found in the proof of Lemma 11 in Appendix C.
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Lemma 3. For any nondecreasing function ¢ : C' — R such that that ¢ < (c) < Py(c) for
all ¢ € C, there exists a 1-quasi-perfect scheme o* that satisfies (8).

A direct consequence of Lemma 2 and Lemma 3 is that there exists an incentive compatible
¢e-quasi-perfect mechanism (¢*, 7*), provided that G is regular and (4) holds. Furthermore,

for any ¢ € C, (4) also implies that

/CCD0(¢G(Z)) dz > /CCDO(I—,O(Z)) ds.

Together, by Lemma 1 and (5), after possibly adding a constant to 7% so that the indirect
utility of the producer with cost ¢ equals to 7, (¢*, 7*) is an incentive feasible ¢-quasi-perfect
mechanism, which in turn implies that (¢*, 7*) is optimal. Together with (7), it then follows
that any incentive feasible ¢g-quasi-perfect mechanism is optimal.

The proof of Lemma 3 is by construction and the details can be found in Appendix D. This
construction is especially simple when Dy is regular (equivalently, when the profit function
p — (p — ¢)Dy(p) is single-peaked on supp(Dy) for all ¢ € C). Specifically, for any ¢ € C
and for any v € [¢(c), 7], let DY) € D be defined as (2) with @ being replaced by ¥(c).
Also, let 0* : C' — A(D) be defined as (3) with @ being replaced by 1. By construction,
o*(c) € S for all ¢ € C. Furthermore, o* is a 1-quasi-perfect scheme satisfying (8). To see
this, consider any ¢ € C. By regularity of Dy and by the hypothesis that ¥ (c) < py(c),
when the producer’s marginal cost is ¢, she would prefer charging price ¢ (c) (or the lowest
price in supp(Dy) that is above ¢(c), if 1(c) ¢ supp(Dy)) than charging any price p < ¥(c)
under Dy. Therefore, for any v > 1(c) and for any p < (c), since Dy © (p) = Dy(p) and
DY (C)(v) = Dy(¢(c)), charging price v in segment DY must be optimal for the producer as
v > 1(c). On the other hand, when the producer has marginal cost z < ¢, for any v > 1)(c),
since P ,u( is nonincreasing, it must be that either P v (2) = v or P (2) < ¢¥(c). In the
former case, since ¢ is nondecreasing, it then follows that P v (2) 2 ¥(c) = 9(z). In the
latter case, as Dy (p) = Do(p) for all p < 1(c), P (2) must have been optimal for the
producer under Dy as well. Therefore, it must be that Do(z) < Tng,(c)(z). Combining with
the hypothesis that 1(z) < Py(z), this then implies that 1 (z) < T)Dg,(c)(z). As a result, o™ is
indeed a v-quasi-perfect scheme satisfying (8). Notice that this also proves Theorem 2, even
without the additional assumption that G is regular and (4), since ¢ < P (c) < po(c) for all
ceC.

In general, for any arbitrary D, € D, the construction is more convoluted. In brief, the
segmentation scheme o* is constructed by approximating Dy with a sequence of step functions
{D,} € D that converges to Dy, followed by finding a desired segmentation scheme o,, of
each D,,. Together with several continuity lemmas in Appendix B, the limit of {c,,} converges

to the desired segmentation scheme o*.
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Uniqueness

To see why any optimal mechanism of the data broker is a ¢g-quasi-perfect mechanism,

suppose that (o, 7) is optimal. Then,

= ( /{ e 6c()Du(d) ) Glde) -7
- [ (@0t - oetenp@sieotale)) 6(ae) - )

which in turn implies that for (almost) all ¢ € C,

/ (v — éa(c)) Doldv) = / (Bp(c) - d6(c) DB (c)o(dDle), (10)
{v>¢c(c)}

D

since the left-hand side is the efficient surplus in an economy where the producer’s cost is
¢c(c) and hence must be an upper-bound of the right-hand side, and (9) implies that the
right-hand side must attain this upper bound.

It then follows o must be a ¢g-quasi-perfect mechanism. Indeed, if o is not a ¢g-quasi-
perfect scheme, it must be that there is a positive G-measure of ¢ € C' and a positive o(c)-
measure of D € supp(o(c)) such that either D(v) > 0 for some v > pp(c), or D(pg(c)) #
D(pp(c)). That is, either there are some consumers with v > ¢g(c) who do not buy the
product or buy the product at a price below v, or there are some consumers with v < ¢g(c)
who end up buying the product. This contradicts (10). As aresult, (o, 7) must be a ¢g-quasi-
perfect mechanism. Moreover, (o, 7) must also induce quasi-perfect price discrimination since

p can be replaced with any p € P according to Lemma 1.

4.3 Further Remarks and Implementation

Theorem 1 underlines a noteworthy feature of the optimal mechanisms. According to The-
orem 1, for any optimal mechanism (o, 7), the segmentation scheme o does not generate
value-revealing segmentations in general. Specifically, for any report ¢ such that @ (c) > v,
there are market segments D € supp(o(c)) containing consumers with distinct values. The
reason is that in order to incentivize the producer to set prices in desirable ways and to elicit
information from the producer, some market segments must contain consumers with values
below the desirable threshold @ (c). By pooling the high-value consumers with the low-value
ones in the same market segment while separating them from other high-value consumers,
the data broker is able to incentivize the producer to set prices at the highest value in each
market segment and induce @ (c)-quasi-perfect price discrimination for all ¢, which in turn
enables the data broker to elicit private information by discouraging trade and extract sur-
plus from the purchasing consumers at the same time. This also means it is not optimal for

the data broker to release all the information about consumers’ values.
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As an example for an optimal mechanism, consider the case where Dy is linear and G is
a uniform distribution with V' = C' = [0, 1]. It then follows @ (c) = 2¢ for all ¢ € [0,1/3] and
Palc) = (1+¢)/2 for all ¢ € (1/3,1]. In this case, the canonical P-quasi-perfect mechanism
is described by a uniform distribution on the market segments {DEG(C)}UG[@;(C),H, where each
market segment D76 is defined by (2).

As another example, notice that in the motivating example (Section 2), the optimal menu
M*, which consists of the value-revealing data (with a price of 7/12) and the residential data
(with a price of 1/3), implements the canonical quasi-perfect mechanism with a desirable
cutoff function. Indeed, the residential data induces a 2-quasi-perfect segmentation for ¢ =
3/4 as it only separates the high-value consumers (graduate students and professors) and
pools the low-value consumers (undergraduate students) with them while preserving their
mass. On the other hand, the value-revealing data induces a 1-quasi-perfect segmentation
for ¢ = 1/4. According to the characterization above, since market demand Dy is regular
and since the virtual costs are 1/4 and 5/4 (for costs 1/4 and 3/4, respectively),'® the menu
M* is indeed optimal.

Furthermore, the quasi-perfect mechanisms (and thus the optimal mechanisms) can be im-
plemented by a menu of price-recommendation data, and the implementation is particularly
straightforward for the canonical p,-quasi-perfect mechanism (o*,7%) when Dy is regular.
More specifically, to implement (c*, 7*), the data broker can first generate an auxiliary char-
acteristic u € [0, 1] independently according to a uniform distribution for each consumer.
Then, he can create a menu in which each item is indexed by ¢ € C. Upon choosing item
¢ € C, the producer has to pay 7*(c) to the data broker. The data broker then segments

the consumers according to the partition {C}}pez.(c)7), as illustrated by Figure 4, where for

each p € [@¢(c), ]

Cyi= o) s = {00 < te), = 2ELD D0

Do(pg(c))

is the set of consumers who either have value v = p, or have value v < P (c) and auxiliary
characteristic u = (Do(@g(c)) — Do(p))/Do(Ps(c)). Finally, for every p € [ps(c),v], the
consumers belonging to C), are attached with a recommended price p and the producer
receives a list of recommended prices, one for each consumer.

It can be verified that the producer would choose item ¢ when her marginal cost is c.
Moreover, among the consumers who are attached with recommended price p, their values
are distributed according to DEG(C), which then implies it is optimal for the producer to

charge them price p. As such, the mechanism (¢*,7*) is implemented.

15 Although the characterization is stated for cost distributions that admit densities, as in standard mech-
anism design problems, there is a straightforward analogous notion of virtual cost function when the cost
distribution has atoms.
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Figure 4: Price-Recommendation Data
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5 Consequences of Consumer-Data Brokership

5.1 Surplus Extraction

One of the most pertinent questions about consumer-data brokership is how it affects con-
sumer surplus. Are the data broker’s possession of consumer data and the ability to sell them
to a producer detrimental for the consumers? If so, to what extent? Meanwhile, can the con-
sumers benefit from the fact that the data broker does not have access to the consumers and
only affects the product market indirectly by selling data to the producer? While currently
being a focus of policy debates, the following result, as an implication of Theorem 1, answers

a certain aspect of this question.
Theorem 3 (Surplus Extraction). Consumer surplus is zero under any optimal mechanism.

Theorem 3 follows directly from the characterization given by Theorem 1. Indeed, ac-
cording to Theorem 1, any optimal mechanism must induce P (c)-quasi-perfect price dis-
crimination for (almost) all ¢ € C, which means that every purchasing consumer must be
paying their values. Notably, Theorem 3 provides an unambiguous and substantial assertion
about the consumer surplus under data brokership. According to Theorem 3, even though
the data broker does not sell the product to the consumers directly and only affects the mar-
ket by creating market segmentations for the producer, it is as if the consumers are perfectly
price discriminated and all the surplus is extracted away (even though the optimal mecha-
nisms do not induce perfect price discrimination in general). This means that as long as the
data broker possesses consumer data and can sell them to a producer, from the consumers’

perspective, it is the same as buying the product from a monopolist who can implement
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perfect price discrimination. More practically, this result means it is impossible to expect
the consumers to benefit from the gap between the ownership of production technology and

ownership of consumer data.

5.2 Comparisons with Uniform Pricing

Although Theorem 3 indicates data brokership is undesirable for the consumers, it does not
imply that data brokership is detrimental to the entire economy. After all, by facilitating
price discrimination, data brokership may increase total surplus comparing to uniform pricing
where no information about the consumers’ values is revealed. Theorem 1, together with

Proposition 1, allows such a comparison.

Proposition 1. The data broker’s optimal revenue is no less than the consumer surplus

under uniform pricing.

An immediate consequence of Proposition 1 is that total surplus under data brokership

is greater compared with uniform pricing, as summarized below.

Theorem 4 (Total Surplus Improvement). Data brokership always increases total surplus

compared with uniform pricing.

Theorem 4 means that even though data brokership is extremely harmful to the con-
sumers, in terms of total surplus it creates, however, it is always better than the environment
where no information about the consumers’ values can be disclosed.

Another implication of Proposition 1 pertains to the source of consumer data. So far, it
has been assumed that the data broker owns all the consumer data and is able to perfectly
predict each consumer’s value. In contrast, a different ownership structure of consumer data
can be considered. In this setting, the data broker does not have any data in the first
place and has to purchase them from the consumers.'® Proposition 1 immediately implies
that, if the data broker has to purchase data by compensating the consumers with monetary

transfers before they learn their values,'” then the optimal mechanism would be to purchase

16For simplicity, a “purchase” of data here means that the data broker gains access to all the consumer
data, in the sense that he can provide any segmentation of Dy to the producer once he makes the purchase. In
the Supplemental Material, I further extend the model and allow the data broker to make a take-it-or-leave-it
offer to purchase any kind of consumer data and then sell them to the producer. (i.e., offer any segmentation

of Dy that is a mean-preserving contraction of the segmentation induced by the purchased data.)
ITTt is crucial here the data broker purchases before the consumers learn their value, since otherwise he

would also have to screen the consumers to elicit their private information. Such ex-ante purchase of consumer
data is plausibly suitable for online activities. After all, in online settings, consumers often do not consider
their values about a particular product when they agree that their personal data such as browsing histories,
IP address and cookies, can be collected by the data brokers. Nevertheless, other purchase timing would also

be a relevant question, which can be explored in future research.
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all the data by paying the consumers their ex-ante surplus under uniform pricing and then
use any optimal mechanism characterized by Theorem 1 to sell these data to the producer.
Furthermore, since the data broker’s revenue is greater than the consumer surplus under
uniform pricing according to Proposition 1, and since the producer always has an outside
option of uniform pricing, this outcome is in fact Pareto improving compared with uniform

pricing in the ex-ante sense, as stated below.

Theorem 5 (Data Ownership). If the consumers own their data and if the data broker
can purchase data from the consumers before they learn their values, then data brokership is

Pareto improving compared with uniform pricing in the ex-ante sense.

5.3 Comparisons across Market Regimes

In addition to its welfare implications, the characterization of Theorem 1 provides further in-
sights about the comparisons across different regimes of the market. Indeed, other than selling
consumer data to the producer, there are several other market regimes under which the data
broker can profit from the consumer data he owns. Therefore, it would be policy-relevant to
compare the outcomes induced by these different market regimes. In what follows, I consider
several other market regimes in addition to data brokership, including vertical integration,
direct acquisition, exclusive retail, and price-controlling data brokership. Then, I
compare the implications among these different regimes using the characterization provided

by Theorem 1.

Vertical Integration— The producer’s marginal cost of production becomes common
knowledge (for exogenous reasons such as regulation or technological improvements) and
the data broker vertically integrates with the producer. That is, the vertically integrated en-

tity is able to produce the product and sell to the consumers via perfect price discrimination.

Direct Acquisition— The producer’s marginal cost of production is still private, but the
data broker is allowed to acquire the producer by offering her a lump-sum transfer ¢ > 0. If
the producer rejects the offer, she receives her optimal uniform pricing profit and the data
broker receives zero. If the producer accepts the offer, she receives ¢t and the data broker
acquires the production technology, learns the marginal cost of production, and is able to

perfectly price discriminate the consumers.

Exclusive Retail— The producer’s marginal cost of production remains private. The data
broker negotiates with the producer to purchase the product as well as the exclusive right to
sell the product. That is, the data broker can offer a menu, where each item in this menu
specifies the quantity ¢ € [0,1] that the producer has to produce and supply to the data

broker, as well as the amount of payment the data broker has to pay to the producer ¢. If
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the producer chooses an item (g,t) from this menu, she receives profit ¢ — cq while the data
broker pays ¢ and can sell at most ¢ units exclusively to the consumers through any market
segmentation and at any prices. If the producer rejects this menu, she retains her optimal

uniform profit and the data broker receives zero.

Price-Controlling Data Brokership— The producer’s marginal cost of production is pri-
vate information. The data broker, in addition to being able to create market segmentations
and sell them to the producer, can further specify what price should be charged in each
market segment as a part of the contract. If the producer rejects, she retains her optimal
uniform pricing profit and the data broker receives zero. That is, the data broker offers a
mechanism (o, 7,7) such that for all ¢, € C,

[ - 0pwryanp.e@nle) =10 > [ - DEry(anD. d)atanle) - )

DxRy DxRy

and for all ¢ € C,
[ = 0DeA@sID. o@Dl — 7(0) = 70, (o),
DxR4

where for each ¢ € C, o(c) € S is the market segmentation provided to the producer, 7(c) € R
is the payment from the producer to the data broker, and v(c) : D — A(Ry) is a transition
kernel so that ~(-| D, ¢) specifies the distribution which prices charged in segment D must be
drawn from.

With these definitions, for each market regime, there is an associated profit maximization
problem. Henceforth, two market regimes are said to be outcome-equivalent if every solution
of the profit maximization problems associated with either market regime induces the same
market outcome (i.e., consumer surplus, producer’s profit, data broker’s revenue and the
allocation of the product).

An immediate consequence of Theorem 1 is the comparison between data brokership and
vertical integration. To see this, recall that any optimal mechanism (o, 7) of the data broker
must induce P,-quasi-perfect price discrimination but not perfect price discrimination in
general, as Ps(c) > ¢ for all ¢ > ¢. Thus, whenever there are some consumers with values
between ¢ and P(c) for a positive measure of ¢, any optimal mechanism would not lead to
an efficient allocation because there would be some consumers who end up not buying the
product even though their values are greater than the marginal cost. Together with Theo-
rem 3, this means that vertical integration between the data broker and producer increases
total surplus while leaving the consumer surplus unchanged when Dy has full support on V'
and there is no common knowledge of gains from trade. After all, consumer surplus is always
zero under both regimes, whereas the integrated entity after vertical integration does not
create any friction and would perfectly price-discriminate the consumers whose values are

above the marginal cost.
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Theorem 6 (Vertical Integration). Compared with data brokership, vertical integration in-
creases total surplus and leaves the consumer surplus unchanged if Dy is strictly decreasing

and v < €.

To compare other market regimes, it is noteworthy that since prices are contractable under
price-controlling data brokership, for any mechanism (o, 7,4), the producer’s private marginal
cost affects her profit only through the quantity produced and sold to the consumers induced
by (o,7). This effectively reduces allocation space under price-controlling data brokership to
a one-dimensional quantity space, which is the same as the allocation space under exclusive
retail. In fact, as stated in Lemma 4 below, price-controlling data brokership is always

equivalent to exclusive retail.
Lemma 4. FExclusive retail and price-controlling data brokership are outcome-equivalent.

With Lemma 4, to compare exclusive retail and price-controlling data brokership with
data brokership, it suffices to compare only price-controlling data brokership with data bro-
kership. This comparison is particularly convenient since the price-controlling data broker’s
revenue maximization problem is a relaxation of the data broker’s. After all, with the extra
ability to contract on prices, the constraints in the price-controlling data broker’s problem
must be weaker. Nevertheless, as an implication of Theorem 1 and Proposition 2 below, it
turns out that the data broker’s optimal revenue is in fact the same as the price-controlling

data broker’s optimal revenue.

Proposition 2. Any optimal mechanism of the price-controlling data broker induces ¢g(c)-

quasi-perfect price discrimination for G-almost all ¢ € C. In particular, the optimal revenue

r- [ /{ N () Du() ) G(de) ~ 7.

According to Theorem 1 and Lemma 1, the optimal revenue of the data broker must also

18

be R*. This means that the additional ability to control prices does not benefit the data
broker at all. In fact, as stated by Theorem 7 below, this ability is entirely irrelevant in

terms of market outcomes.

Theorem 7 (Outcome-Equivalence). Ezxclusive retail, price-controlling data brokership and

data brokership are outcome-equivalent.

In other words, Theorem 7 means that even though the data broker only affects the
product market indirectly by selling consumer data, the market outcomes he induces are the
same as those when he has more control over the product market by either becoming a price-
controlling data broker or an exclusive retailer. More specifically, from the data broker’s

perspective, having control over how the product is sold in addition to consumer data adds
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no extra values to his revenue. As for the producer, her profit in face of a data broker is
the same as if she sells the product, as well as the exclusive right to sell the product, to this
data broker. Preserving the access to consumers and the right to sell the product is in fact
not more profitable. In addition, the allocation of the product induced by a data broker is
the same as that induced by an exclusive retailer. Therefore, the channel through which the
product is sold to the consumers does not affect the amount of products being produced, nor
does it affect to whom the product is sold.

This outcome-equivalence result has several further implications. First, it implies that
there are no incentives for the data broker to become more active, as the data broker’s revenue
would remain the same even if he becomes a price-controlling data broker or an exclusive
retailer. Second, from a policymaker’s perspective, it means that no further concerns should
be raised even if a data broker eventually becomes more active. After all, the market outcomes
and the amount of deadweight loss would remain the same.

As another remark, the fact that the price-controlling data broker’s optimal revenue R*
is an upper bound for the data broker’s optimal revenue completes the intuition behind the
proof of Theorem 1 without the additional assumption (4) imposed in Section 4.2. To see this,
since the price-controlling data broker’s optimal mechanisms always induce p-quasi-perfect
price discrimination for (almost) all ¢ € C' according to Proposition 2, proving Theorem 1 is
essentially reduced to finding an incentive feasible ¥ -quasi-perfect mechanism. Furthermore,
by the definition of P, ¢ < Pn(c) < Py(c) for all ¢ € C, and hence P, satisfies the condition
required by Lemma 3. As a result, combining Lemma 2 and Lemma 3, there is indeed an
incentive feasible p-quasi-perfect mechanism.

Finally, to compare direct acquisition with other market regimes, first notice that under
direct acquisition, given a proposed transfer ¢, the producer would accept this offer if and only

if mp,(c) < t. As aresult, the profit maximization problem associated with direct acquisition

max / ( / (v—c)Do(dv)—t> G(do).
20 J{ceCimpy ()<t} \J{v>c}

By Theorem 7, it suffices to compare direct acquisition with exclusive retail. Compared

1S

with exclusive retail, on the one hand, direct acquisition allows the data broker to learn the
marginal cost of production conditional on acquiring the producer, whereas the exclusive
retailer can never completely learn the marginal cost but can only screen the producer to
elicit this private information. On the other hand, direct acquisition creates severe adverse
selection as only when the publisher’s marginal cost is high enough would she be willing to sell
the production technology at a given price. As a result, even with successful acquisition, the
data broker can only operate with a relatively inferior production technology. Consequently,
whether direct acquisition is more profitable than exclusive retail depends on the distribution

of marginal cost G and the market demand Dy. Nevertheless, with the complete characteri-
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zation given by Theorem 1, direct acquisition can be compared with data brokership through
direct calculations.

Example 1. Suppose that supp(Dy) = supp(G) = [0,1] and Dy(p) = (1 — p), G(c) = ¢
for all p,c € [0,1]. Then ¢g(c) = 2¢ for all ¢ € C, Pu(c) = 2¢ for all ¢ € [0,1/3] and
Palc) = (1+4¢)/2 for all ¢ € (1/3,1]. Also, mp,(c) = (1 — ¢)?/4. In this case,

R*:/Oé </Q:(v—20)dv) dc+/; <£C(v—2c)dv> dc:%.

In contrast, for any ¢t > 0,

/ (/ (U—C)dU—lﬁ)chO.
{CGC:%SIS} {v>c}

As a result, data brokership (and hence price-controlling data brokership and exclusive retail)

yields more revenue to the data broker than direct acquisition.

Ezample 2. Suppose that supp(Dy) = supp(G) = [0,1] and Dy(p) = (1 — p), G(c) = ¢n for
all p, c € 0, 1], for some n € N. Then ¢g(c) = (n+ 1)c for all ¢ € C, B(c) = (n+ 1)c for all
c€10,1/(142n)] and Ps(c) = (1+¢)/2 for all ¢ € (1/(1+2n),1]. Also, mp,(c) = (1 —c)?*/4.
In this case, for n large enough (n > 15 to be more precise),

* ! 1 1 _n=1
R < (v—c)dv— =) —c n de
0 {v>c} 4) n

Hence, for n large enough, data brokership (and hence price-controlling data brokership and

exclusive retail) yields less revenue to the data broker than direct acquisition.

6 Extensions

6.1 Sufficient Conditions and Relaxations of Assumption 1

Despite being a technical condition, Assumption 1 has an economically interpretable sufficient
condition (4). To better understand this, recall that by definition, ¢¢(c) = ¢+ G(c)/g(c),
and therefore ¢¢(c) is the actual marginal cost ¢ plus the information rent G(c¢)/g(c). On the
other hand, instead of regarding py(c) as the optimal uniform price for the producer when
her marginal cost is ¢, py(c) can be written as py(c) = c+&o(c), where &y(c) := py(c) — ¢ is the
monopoly mark-up that the producer charges under uniform pricing. From this perspective,
(4) is equivalent to

G(e)

g(c)
That is, the information rent that the producer retains due to asymmetric information about

< &o(c), Ve e C.

her marginal cost is less than her monopoly mark-up.
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Furthermore, (4) can also be interpreted as the gains from trade being large enough.
More specifically, for any demand Dy € D, define a location family {Df}x>o by moving the
support of Dy without changing the shape of the distribution. That is, DE(p) := Do(p — k)
for all p € V and for all £ > 0. Within this family, it is natural to rank the gains from trade
by the location parameter k. In the Supplemental Material, I show that there exists k& > 0
such that (4) holds if and only if k& > k.'8

Although the results introduced above rely on Assumption 1, the sole purpose of As-
sumption 1 is to ensure that as a revenue upper bound, the price-controlling data broker’s
problem has a closed form solution. After all, by Lemma 4, the price-controlling data bro-
ker’s problem is essentially a nonlinear screening problem with one-dimensional allocation
space and type-dependent outside options. A common feature of such problems is that the
characterization of the optimal mechanisms involves Lagrange multipliers in general (see, for
instance, Lewis and Sappington (1989) and Jullien (2000)). Assumption 1, however, yields
a closed form solution for the price-controlling data broker’s problem (Proposition 2), which
in turn allows an explicit construction of an incentive feasible mechanism for the data broker
that attains the revenue upper bound.

Consequently, many of the results can be extended to environments without Assump-
tion 1. First, Theorem 3 actually does not rely on Assumption 1 at all. A strengthened
version of Theorem 3 can be found in the Supplemental Material, which ensures both the
existence of an optimal mechanism for the data broker and the fact that any optimal mecha-
nism must yield zero consumer surplus. A crucial step of the proof is to take any mechanism
(0, 7) under which the consumers retain positive surplus and apply Lemma 3 to every market
segment D € supp(c(c)) for every report ¢, with the cutoff function ¢ being p,,. This would
induce another segmentation scheme. The fact that all the market segments D € supp(co(c))
are decomposed according to a p,(c)-quasi-perfect segmentation and the hypothesis that con-
sumers retain positive surplus under (o, 7) yield a strict improvement on the data broker’s
revenue. Moreover, (8) ensures that such decomposition relaxes the incentive compatibility
and individual rationality constraints.

In addition, the main characterization (Theorem 1) can be generalized as well. More
specifically, in the Supplemental Material, I show that as long as Dg is continuous, there
exists a nondecreasing function ¢* such that every optimal mechanism must be a ¢*-quasi-
perfect mechanism. However, unlike @, the cutoff function ¢* cannot be concisely defined by
the model primitives. Nevertheless, the proof of this result gives a (partial) characterization

of this cutoff function. A crucial property of this cutoff function ¢* is that ¢*(¢) > ¢ for

18(Clearly, if k is large enough so that v > ¢¢(¢), then there is common knowledge of gains from trade
even after incorporating the information rents and hence the value-revealing scheme would be optimal. In
the Supplemental Material, I show that there exists k such that (4) holds even then v < ¢¢(€).
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https://kaihaoyang.com/wp-content/uploads/2019/10/Optimal-Market-Segmentaion-Design-and-its-Consequences-Supplemental-Materials.pdf
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all ¢ > ¢. Therefore, together with the fact that consumer surplus must be zero under any
optimal mechanism, the characterization of optimal mechanisms guarantees the validity of
the comparison between vertical integration and data brokership. That is, as long as Dy is
continuous, Theorem 6 does not require Assumption 1 either. Finally, without Assumption 1,
the outcome equivalence result Theorem 7 may not hold. The price-controlling data broker’s
optimal revenue is sometimes strictly greater than the data broker’s. However, from the
characterization of the optimal cutoff function ¢*, it can be shown that price-controlling
data brokership (and hence exclusive retail) Pareto-dominates data brokership whenever Dy

1S continuous.

6.2 Consumers’ Private Information

Given the amount of consumer data that can be collected, their predictive power is approach-
ing perfect estimations of consumers’ values. Nonetheless, it is still imperative to explore the
economic implications of the possibility when the consumers have some private information.
This section extends the baseline model in Section 3 and allows the consumers to retain some
pieces of information.

To formally model this, let © be a Polish space that denotes a set of consumer character-
istics which can be disclosed by the data broker. Suppose that among the consumers, their
available characteristics 6 are distributed according to Sy € A(©). These characteristics are
informative about the consumers’ values but there may still be variation in values even among
the consumers who share the same characteristics. Specifically, given any 6 € O, suppose
that among the consumers who share characteristic #, their values are distributed according
to m? € A(V) and m? induces a demand Dy € D (i.e., Do(p) := m?([p,v]) for all p € P) for
each # € ©. The data broker is only able to segment the market according to 6 but not v.
In this environment, a market segmentation is then defined by s € A(A(©)) such that

B(A)s(dp) = Bo(A),
A(©)
for any measurable A C ©. As a result, there is now a limit on how predictive the data can
be and the environment is described by ({Dg}gco, 5o)-

To simplify analyses, I further specialize the environment. Suppose that there are finitely
many possible characteristics. That is, |©] < co. Moreover, suppose that {supp(Dy)}sco
forms a partition of V' and supp(Dy) is an interval for all § € ©. This specialization will be
referred as partitional. In other words, the data broker only has partial information about
the consumers’ values and can at most identify which interval a consumer’s value belongs

to. Even when @ is perfectly revealed, the producer would still be unable to identify each
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consumer’s value. In this environment, the market demand Dy is given by

Do(p) == > Dy(p)Bo(0),

0cO

for all p € V. Moreover, a market segmentation s induces market segments {Dg} gesupp(s)
and
> Ds)s(8) = Dop),
Besupp(s)
for all p € V', where Dg(p) := > yco Do(p)B(0) for any 3 € A(©) and any p € V.

When the consumers’ values can never be fully disclosed, it is clear that their surplus will
increase. After all, it is no longer possible for the producer to charge the consumers their
values as the additional variation in values given by Dy always allows some consumers to
buy the product at a price that is below their values. Nevertheless, as shown in Theorem 8§,
under any optimal mechanism, consumer surplus must be lower than the case when all the
information about # is revealed to the producer. That is, the main implication of Theorem 3—
for the consumers, the presence of a data broker is no better than a scenario where their data
is fully revealed to the producer—is still valid even when the consumers retain some private

information through a partitional ({Dy}eco, 5o)-

Theorem 8. For any partitional ({Dy}eco, Po) and any distribution of marginal cost G, an
optimal mechanism exists. Furthermore, the consumer surplus under any optimal mechanism

of the data broker is lower than the case when 0 is fully disclosed.

The intuition behind Theorem 8 is simple. Since there are only finitely many characteris-
tics, identifying the consumers’ characteristic 0 effectively enables the producer to categorize
the consumers into finitely many “blocks” so that every possible value belongs to one and
only one block. As a result, when changing prices within each block of values, the trading
volume is only affected by purchasing decisions of the consumers whose values are within
that block. Such separability allows an analogous argument as in the proof of the generalized
version of Theorem 3 (provided in the Supplemental Material) which shows that the data
broker can always construct a mechanism that increases its revenue if the consumer surplus
is higher than that when the characteristic 6 is not full-revealed.

In addition to the surplus extraction result, the characterization of the optimal mecha-
nisms can be generalized as well. That is, with proper regularity conditions, there is an op-
timal mechanism that is analogous to the canonical p,-quasi-perfect mechanism introduced
in Section 4. To state this result, given any partitional ({Dg}gco, 5o), for each § € ©, write
supp(Dy) as [[(0),u(d)]. For any p € V, let §, € © be the unique 6 such that p € (1(0),u(0)].
For any ¢ € C| let py(c) be the largest optimal price for the producer with marginal cost ¢ € C
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under the demand whose support contains Py(c).!? Also, let Pg(c) := min{pg(c), po(c)} for
all ¢ € C. Furthermore, given any function ¢ : C' — R, say that a mechanism (o, 7) is a
canonical 1-quasi-perfect segmentation if the producer with marginal cost ¢, when reporting

truthfully, recevies 7, and if for any ¢ € C, and for any 5 € supp(co(c)), either

Bo(8), if u(0) < ¥(c) and u(0) > ¥(c)
BO') = B (0) = Y igui@yzuiey Bo(@),  ifu(0) >¢(c)and ¢ =6 (11)
0, otherwise
for any 0,60 € ©, or
supp(f3) = {0 : 1(0) < (c)} U {0} (12)

for some 6 € © with [(6) > ¢(c) and
B(0") = Bo(6"). (13)

for all 8" € © such that u(0) < ¥(c).
With these definitions, Theorem 9 below prescribes an optimal mechanism for the data
broker.

Theorem 9. For any partitional ({Dg}eco, Bo) and any distribution of marginal cost G such
that the function ¢ — max{(¢pg(c) — po(c)),0} is nondecreasing and that Dy is reqular, there

is a canonical pg-quasi-perfect mechanism that is optimal.

6.3 Targeted Marketing

So far, the discussions have been abstracting away the possibility that the data broker can
use consumer data to facilitate targeted marketing by assuming there is only one product. In
fact, one of the most common arguments in favor of the usage and provision of consumer data
is that it also benefits the consumers because more relevant products can be advertised to
the consumers and therefore more surplus can be created. The following extension explores
this aspect.

Formally, suppose that, instead of a single product, there are J € N different producers
who sell J different products. In addition, there are I € N (equally populated) groups of
consumers. FEach group of consumers has different preferences about different products. More
specifically, let J := {1,..., J} be the set of producers and let Z := {1,..., I} be the set of
all possible groups. For each ¢ € Z and each j € J, the distribution of consumers’ values in
group ¢ for product j is Déj € D. For one of the results below, it is further assumed that

for each product j € 7, {Déj }iez can be ranked by pointwise ordering. The interpretation is

YThat is, po(c) := Pp,, ( )(c). Notice that py(c) < py(c) for all ¢ € C. Moreover, in the case where the
ol

data broker can disclose all the information about the value v, py(c) = Py(c) for all ¢ € C.
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that for each product, different groups value a product differently and some group prefers a
product more than others.

For each producer j € J, her marginal production cost ¢; € C; = [c;,¢;] is her private
information that follows a distribution ;. Assume that the marginal costs are independent
across producers. Define C' := [] e Cj and use ¢ = (c1,...,cy) to denote a typical element
of C. Also, let G := ] jeq Gj be the joint distribution of the producers’ marginal costs. As
in the baseline model, each producer can sell her product to the consumers but does not
know the individual consumer’s value a priori. Furthermore, the producer does not have

the targeting technology and thus the consumers she faces in absence of the data broker are

D} = %ZD@J’.

1€T

summarized by

That is, without targeting, the consumers who see producer j’s product are uniformly drawn
from each group.

The data broker can create market segmentations and sell them to the producers. In
addition, he can help the producers target their products to different group of consumers.
Formally, for any ¢ € Z and any j € J, let S;; denote the collection of s € A(D) sat-
isfying (1) with Dy being replaced by Df. A mechanism is defined as a tuple (o, 7,¢) =
(0ij, Tj, Gij)icz,jes, Where for each i € Z, j € J, 0;; : C' — S;; is the segmentation scheme;
¢i; : C — [0,1] such that >, ;¢;; < 1 1is the targeting scheme so that g;;(c) stands for the
fraction of consumers of group ¢ that can see product j;** and 7; : C — R is the transfer
scheme for producer j. A mechanism (o, 7,q) is said to be incentive compatible if for any

j € J and for any ¢;, ¢; € Cj,

Ec, | Y [ mo(e)ou(dDles, e y)ai(cs,cy) = mi(cj )
D

Liel

>Eo_, | Y [ 7p(ej)oi(dDIc;, e_j)ai(¢) c—i) = 7i(cjc—) |

licz YD

and is individually rational if for any j € J and any ¢; € C},

E.

Z/DWD(CJ)Uz‘j(dijaC—j)qz'j(cj70—j)—Tj(0j7c—j) > Tpi(¢))-

i€
Theorem 3 can be generalized to the environment in which targeted marketing is possible,

as summarized in Theorem 10.

20Targeting can only re-direct the consumers who are able to see each product but cannot create new

demand. As such, the total volume of consumers who can see product j must be less than ), 1/I = 1.
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Theorem 10. For any demands {Déj}iemej and any marginal cost distributions {G;}jec,
there exists an incentive feasible mechanism that mazimizes the data broker’s revenue. More-

over, under any revenue-maximizing mechanism, consumers retain zero surplus.

Theorem 10 implies that even with the additional targeting technology, the consumers still
retain no surplus. The reason is that, even though the ability to target consumers increases
total surplus, the data broker can always design segmentations and targeting schemes that
extract all of the additional surplus created by targeting. The groups of consumers whose
values are low will not be exposed to a product, whereas the surplus of the groups of con-
sumers whose values are high enough are entirely extracted away due to price discrimination,
even if they are targeted.

In addition to the implications for consumer surplus, since every group of consumer can
buy from all of the J producers as long as they see the product, the data broker’s problem is
in fact similar to that in the baseline model. To maximize revenue, he will simply select the
most profitable group of consumers for producer j and target producer j’s product to that
group. This observation leads to the following generalization of Theorem 7. That is, even in
environments where targeted marketing is possible, under certain appropriate assumptions
about the distributions of marginal costs and the market demands, data brokership and

price-controlling data brokership are still outcome-equivalent.

Theorem 11. For any demands {D§ Yierjcs C D such that {DY }icr is ordered according
to pointwise ordering for each j € J, and for any regular distributions of marginal costs
{Gj}jeg, suppose that for any i € T and any j € J,¢q,(c) < min{z_?Déj(c),z_)Dg(c)} for all
c € C. Then data brokership is outcome-equivalent to price-controlling data brokership.

7 Discussions

7.1 Creating Market Segmentations by Consumer Data

Throughout the paper, a market segmentation is defined as a probability measure s € S
that “splits” the market demand Dg into several segments D € D. Although this formal-
ization of market segmentations is well-aligned with the literature on price discrimination,
a more practical way to describe a market segmentation—especially in environments where
segmentations are generated by consumer data—is to define a market segment as a subset
of consumer characteristics that determine the consumers’ values of a product and are dis-
tributed according to some commonly known distribution. With this description, the sale
of consumer data can then be interpreted as creating a partition of the characteristic set by
only providing partial information about the characteristics.

Clearly, if the data broker can create other variables (e.g., purchasing propensity scores

or price recommendations) that are not parts of the existing consumer characteristics, then
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these two modeling approaches are equivalent (see Section 4.3 for an example ). However,
there might be situations (due to, say, regulation or technological constraints) where the data
broker cannot create additional variables but can only choose what existing characteristics
to disclose and how detailed the disclosures are. In the Supplemental Material, I establish a
formal result stating that these two modeling approaches are still equivalent, provided that
the characteristic space is “rich enough”. As a result, any market segmentation s € S can be
created by partitioning the underlying characteristic space and vice versa. That is, as long
as the dataset contains enough of consumer characteristics, the data broker can create any
s € § by simply providing partial consumer data and does not need to generate additional

variables.

7.2 Policy Implications

The results above have several broader policy implications. First, in terms of welfare, al-
though Theorem 3 implies that data brokership is undesirable for the consumers, Theorem 4
shows that the total surplus is always higher with the presence of a data broker compared
with an environment where no information about the consumers’ values can be disclosed.
As a result, the answer to the question of whether a data broker is beneficial must depend
on the objective of the policymaker and the kinds of redistributional policy tools available.
If the policymaker’s objective is simply maximizing total surplus, or if redistributional tools
such as lump-sum transfers are available, then it is indeed beneficial to allow a data broker
to sell consumer data. On the other hand, however, if the policymaker also concerns them-
selves with consumer surplus, and if no effective redistributional policies are available, then
the presence of a data broker can be extremely unfavorable. Therefore, regarding the policy
debates about whether a data broker should be allowed to collect, use and trade consumer
data, it is imperative to first identify the available redistributional tools and the relative
importance among consumer surplus, producer profit and total surplus.

In the case where the policymaker does wish to improve consumer surplus and no effective
redistributional policies are available, Theorem 8 and Theorem 10 imply that there are limited
possible policies that can be used to improve consumer surplus. Clearly, policies that help the
consumers preserve some private information can improve consumer surplus. Nonetheless,
according to Theorem 8, from the consumers’ perspective, data brokership is still no better
than all the characteristics being revealed. On the other hand, targeted marketing does not
benefit the consumers either. As shown in Theorem 10, even though targeting technology
can be used to further increase the total surplus, all the benefits will be extracted away from
the consumers via price discrimination.

Furthermore, even if a policymaker attempts to improve consumer surplus by monitoring

price discrimination, Theorem 1 implies that it is not enough to monitor only whether there
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is personalized pricing (i.e., first degree price discrimination). In fact, the optimal mecha-
nisms given by Theorem 1 do not exhibit perfect price discrimination. Instead, it is a certain
kind of third degree price discrimination (i.e., quasi-perfect price discrimination, induced by
the quasi-perfect segmentations) that will arise in this environment. For a policymaker, pro-
hibiting personalized pricing would not be effective in improving consumer surplus. Rather,
identifying whether third degree price discrimination is operated in the form of quasi-perfect
segmentation is indispensable for improving consumer surplus. Nevertheless, quasi-perfect
segmentations may sometimes be difficult to identify. As illustrated in the motivating exam-
ple in Section 1, this kind of segmentation can be implemented by disclosing simple consumer
characteristics such as residence types. In general, it might be difficult to distinguish quasi-
perfect segmentations from other basic forms of third degree price discrimination unless the
policymaker has complete knowledge of the correlation between the disclosed consumer char-
acteristics and the consumers’ values. Whether it is possible to identify an quasi-perfect
segmentation with less knowledge remains as a topic for future studies.

In contrast to the seemingly pessimistic implications discussed above, Theorem 5 pre-
scribes a rather positive solution, both in terms of consumer surplus and in terms of total
welfare. According to Theorem 5, if the data broker has to purchase the data from the con-
sumers, and if the purchase takes place before the consumers learn their values, then data
brokership would be Pareto-improving compared with uniform pricing. As a result, if the

2L a5 well as a

policymaker can establish the consumers’ property right for their own data,
channel for the data broker to compensate the consumers, then not only the consumers can
secure their surplus as if their data is not used for price discrimination (via compensation),
but also the entire economy can benefit from data brokership, because less deadweight loss
will be generated.

Finally, regardless of the policymaker’s objective, as long as it depends only on the market
outcomes, the discussions in Section 5.3 facilitates the evaluation of whether a certain market
regime is desirable than another. According to Theorem 6, if the policymaker is able to
eliminate the asymmetric information regarding the production cost, integrating the data
broker with the producer can be beneficial. This result is due to the fact that even when
the data broker only sells consumer data to the producer, the consumer surplus is still
zero. Consequently, revealing the producer’s private marginal cost and encouraging vertical
integration are beneficial as it does not affect the consumer surplus but eliminates all the
informational frictions. In addition, the equivalence result given by Theorem 7 implies that

as long as it is the producer who bears the production cost, however active the data broker is

21For instance, just as what is stipulated by the recent regulation of the European Union, General Data
Protection Regulation (GDPR, Art. 7), consumers’ property right for their own data can be better protected

by prohibiting all the processing of personal data unless the data subject has consented the use.
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in the product market does not affect market outcomes at all. This means that, on the one
hand, the data broker has no incentive to become even more active in the product market
rather than only selling consumer data. In fact, together with other potential costs that are
abstracted away from the model (e.g., inventory costs, shipping costs and other transaction
costs), participating directly in product market can be less profitable than merely selling
consumer data to the producer. On the other hand, even if the data broker does become
more active in the product market, it still raises no further concerns to the policymaker.
Thus, any policy intervention that prohibits the data broker entering the product market
by either gaining control over prices (e.g., by establishing an online platform and allows the
producer to trade on this platform while controlling the prices) or obtaining the exclusive

right to (re)-sell the product would be unnecessary.??

8 Conclusion

In sum, this paper studies a scenario where a data broker sells consumer data and creates
market segmentations. In this paper, I characterize the optimal mechanisms of the data
broker and conclude that consumer surplus is always zero, that data brokership generates
more total surplus than uniform pricing, and that the ability to control prices in the product
market is irrelevant. Several extensions are also considered, including the case in which
consumers possess some private information that cannot be disclosed and the environment
where targeted marketing is available.

Several aspects can become future study topics. First, although one of the extensions of
this paper considers a scenario where targeted marketing is possible, it abstracts away from
the possibility that a data broker can generate “match values” between the producers and
consumers. By assuming that every group of consumers can buy every product as long as
they see it, the matching aspect between consumers and producers is omitted. After all, there
is effectively no competition among the producers when there is no “scarcity” of consumers.
Furthermore, the consumers’ characteristics that govern the match values can also be their
private information. Second, although one of the extensions consider the case where the
consumers can preserve some private information, it is restricted to certain environments.
A natural direction of future research is to explore the data broker’s optimal mechanisms

and their implications in a setting where the feasible market segmentation is restricted by

22Indeed, price-controlling data brokerpship and exclusive retail are arguably extreme benchmarks. In
practice, it is likely that the producer would still be able to negotiate prices with the price-controlling data
broker or to operate in the marker even after selling the product to the exclusive retailer. Nevertheless,
since these more practical scenarios all generate less revenue to the data broker comparing to the extreme
benchmarks, Theorem 7 still implies that the data broker would prefer only selling consumer data and not

entering the product market.
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a Blackwell upper bound. Lastly, the producer is assumed to be a product monopoly in
this paper. It would be economically relevant to explore the consequences of consumer-data

brokership under different industrial structures.
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Appendix

A Notational Conventions

Below I first discuss more formally about the properties of the set D. Recall that D = D([v,7]) is the
collection of nonincreasing and left-continuous functions D on [v, 7] such that D(v) = 1 and D(v) = 0. Since
for every D € D, there exists a unique probability measure m? € A(V) such that D(p) = m” ({v > p}) for
all p € V, I define the topology on D by the following notion of convergence: For any {D,,} C D and any
D e D, {D,} — D if and only if for any bounded continuous function f:V — R,
lim [ f(v)mPr(dv) = / f(w)ymP (dv).
v

n—o0 \%

This would corresponds to the weak-* topology on A(V') and hence this topology on D is also called the
weak-* topology. As a result, D is a Polish space. Furthermore, notice that under this topology, {D,} — D
if and only if {D,,(p)} — D(p) for all p € V at which D is continuous.

Now I introduce some more notational conventions that are implicitly used in the main text and will
be used throughout the proof. For any measurable sets X and Y, the collection of measurable functions
f: X — Y is denoted by X¥. Moreover, for any f € RX, define f* by fT(z) := max{f(x),0} for all
x € X. For any f,g € R¥ and for any a, 8 € R, define af + Bg € RX by [af + Bg](z) := af(z) + Bg(x) for
all z € X. If X C R™ and the partial derivative of f with respect to x; exists for some i € {1,...,n}, use

0

filxy, ..o xp) = ax‘f(lil’ ceeyTy)

to denote this partial derivative. When X C R, for any z € int(X), let

flat) = lim f(a') and f(a7) i= lim /(')

z'Tx
be the right and the left limits of f at z provided they exist, respectively.
For any measurable space X, let Af(X) C A(X) be the collection of probability measures on X that
have finite support. The collection of probability measures A(X) is endowed with the algebraic structure

so that for any uq, ue € A(X),
D+ (1 Nal(A) = A (A) + (1= Apa(A4),

for any measurable A C X. Furthermore, for any € X, d;,) denotes the Dirac measure that assigns
probability 1 to the element 2 (whenever {z} is measurable). For any probability measure u € Af(X) with

finite support and for any measurable set A C X, the simplifying notation
ouy = > p({x})
€A € ANsupp(u)

will be used.
Finally, for any D € D, let Sp denote the collection of s € A(D) such that (1) holds with Dy being
replaced by D (so that Sp, = S). Also, let D~! denote the inverse demand of D, where D~! is defined as

D™ (q) :=sup{p € V : D(p) > q}, ¥q € [0,1]. (14)
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B Technical Lemmas and Proofs

This section contains technical lemmas that establish continuities of several critical objects. These continuity

results are crucial for proving the main results.

Lemma 5. For any D € D, np € Rg s continuous and convex. Furthermore, for any p € P, and for any

ce€ C, —D(pp(c)) is a subgradient of mp at c. In particular, for any ¢ < c < <&,

mp(c) — mp(c /DPD (15)

foranype P

Proof. By definition of wp, for any ¢ € C,

mp(c) = ?é%}f(p —¢)D(p).

As such, mp is convex for all D € D since it is the pointwise supremum of a family of affine functions.

Moreover, for any p € P and for any ¢, € C,

(pp(c) = ¢)D(pp(c))
¢'D(pp(c)) — pp(c)D(pp(c))

cD(pp(c)) + ' D(pp(c)) - (pp(c) — ¢)D(pp(c))
[=D(pp(c))(c = ¢) + mp(c)].

Thus, —D(pp(c)) is a subgradient of mp at c¢. Together with convexity of mp, mp is differentiable almost

0<7TD C/

=mp(c

/
=mp(c

() —
=mp(c) +
(¢) -

(¢) -

everywhere and
mp(c) = =D(pp(c)),

for almost all ¢ € C. Thus, since 7p is convex, for any ¢ < ¢ < ¢ <&,

7p(c) — mp(c / D(pp(z

for any p € P.

For continuity, notice that for any ¢ € C,

Tp(c) = (e (p — c)g,

where = := cl({(p, D(p)) : p € V'}) is a compact set in R?. Therefore, by Berge’s theorem of maximum, 7p

is continuous on C. [ |

Lemma 6. The correspondence P is compact-valued and thus

Pp(c) := max Pp(c)
and
BD(C) := min Pp(c)

are well-defined for all c € C, D € D. Furthermore, for any D € D, the correspondence Pp : C' = Ry is

upper-hemicontinuous. In particular, pp € R+ 1s right-continuous and P, € R+ 1s left-continuous.
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Proof. Consider any ¢ € C' and D € D. Suppose that {p,} C Pp(c) and {p,} — p for some p € Ry. Since
the function p — (p — ¢)D(p) is upper-semicontinuous,

mp(c) = limsup(p, — ¢)D(pn) < (p — ¢)D(p) < 7p(c).

n—oo

Thus, p € Pp(c). As a result, since Pp(c) C V (see footnote 7), for all ¢ € C and D € D, Pp(c) is a closed
subset of a compact set, which implies that pp(c) and p D(c) are well-defined.

Now consider any D € D. To show upper-hemicontinuity of Pp, it suffices to show that for any sequences
{¢n} € C and {p,} C R4 such that {p,} = p € Ry and {¢,} — ¢ € C and that p, € Pp(c,) for all n € N,
p € Pp(c). Indeed, for any n € N, since p,, € Pp(cy), mp(en) = (pn — ¢n)D(py) for all n € N. Moreover,
since mp € Rg according to Lemma 5,

nh_}ngo mp(cn) = mp(c).

Therefore, since D is upper-semicontinuous,

7"'D(C) = lim TFD(Cn) = limsup(pn - Cn)D(pn) < (p - C)D(p) < 7'f'D(C)'

n—00 n—oo

Thus, p € Pp(c) as desired. Finally, since for any p € P, pp € RE is nondecreasing, upper-hemicontinuity
of pp then implies right-continuity of pp and left-continuity of P - This completes the proof. [ |

Lemma 7. For any D € D, the function ¢ — D(pp(c)) is right-continuous.

Proof. Consider any D € D and any ¢ € C'. By Lemma 6,

limpp(c) = Pp(c).

cle

Together with continuity of mp, which is due to Lemma 5,

(Pp(c) —e)D(Pp(c)) =mp(c)

= 161/52 WD(C,)
=lim(Bp(¢') ) D(Bp(c)
=(Pp(c) — o) lim D(pp(c)).
and hence
lim D(Pp (<)) = DBp(©)),
as desired. .

Lemma 8. For any c € C, the function D — mwp(c) is continuous on D.

Proof. Since V' C R is bounded, this lemma is a special case of Theorem 12 of Hart and Reny (2018) when
kE=1. [

Lemma 9. For any c € (¢, ¢), the function D — D(pp(c)) is lower-semicontinuous on D.
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Proof. For any c € (¢,¢) and for any D € D, define 77, (c*) as

iy T2(¢) = 7D (e)

+
) cle cd—c

7h(c
Since 7p is convex, 7 (cT) is well-defined. Furthermore, by Lemma 5, —D(pp(c)) is a subgradient of mp

at ¢ and therefore, for any ¢’ > c,
mp(c') —mp(c) _
cd—c = _D(pD(C))’
which implies that
mp(¢™) > D(Bp(c)). (16)

Meanwhile, by (15), for any ¢ > ¢,

7TD(C/> — TI'D(C)

T 1_ c /c —D(Pp(z))dz < —D(pp()).

Thus, by Lemma 7,
mp(ch) < lim —D(pp(c)) = =D(Pp(c)). (17)
Combining (16) and (17),
mp(c’) = D(Bp(c)).
Now consider any D € D and any {D,} C D such that {D,} — D, Lemma 8 implies that {7mp, } = 7p
pointwise. Thus, for any ¢ € (¢,¢), by Theorem 24.5 of Rockafellar (1970),

—lin_l}nfDn(ﬁDn(c)) =limsup7p (¢*) < wp(c™) = —-D(Pplc)).

n—oo
Therefore, for any ¢ € (¢, ©),
liminf D, (7, (¢)) = D(p(c)).

as desired. [ ]
Lemma 10. For any c € C, the function D — pp(c) is upper-semicontinuous on D.

Proof. Consider any ¢ € C' and any sequence {D,,} C D such that {D,,} — D for some D € D. Let

p = limsuppp, (c).

n—o0

Take a subsequence {D,, } C {D,} such that

lim T)an (c) =p.

k—o0

First notice that since D € D is upper-semicontinuous, for any sequence {0y} C R4 such that {Jx} — 0,

1i£S£P(ﬁan (¢) = ¢)Dn,(Pp,, (¢) = k) < (P —¢)D(p). (18)

Moreover, by the definition of the Lévy Prokhorov metric, for any k € N,

D ®0,, @) = D (70, © ~ (#0004 1) ) = (#DwD) + 1) (19)
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where p: D x D — Ry is the Lévy Prokhorov metric. Together, since {p(Dy,, D)} — 0 as k — oo, which is
because {D,, } — D as k — oo, we have

B klggo(ﬁan (¢) = ¢)Dn,(Pp,, (c))

<limsup(pp, (¢) ¢ [D <pan (c) — (p(an,D) + ;)) - (p(an,D) + ;)]

k—o0

<(p—¢c)D(p)
<mp(c),

where the first equality follows from Lemma 8, the first inequality follows from (19), and the second inequality
follows from {p(Dy,, D)} — 0 as k — oo, (18), as well as the fact that Pp,, (¢) < maxV (see footnote 7).
As a result, it then follows that p € Pp(c) and therefore p < pp(c). Thus,

limsupPp, (¢) = p < pp(c),

n—oo

as desired. [ |

C Crucial Properties of Quasi-Perfect Schemes

This section summarizes some crucial properties of a 1-quasi-perfect scheme.

Lemma 11. Consider any nondecreasing function 1 € RE with ¢ < Y(c) for all c € C. Suppose that for
any c € C, o(c) € S is a V(c)-quasi-perfect segmentation for c. Then,

1. [ D(p)o(dDlc) = Do(p) for allp € V and for all c € C.
2. 0 :C — A(D) is measurable.
3. |5 D(Pp(c))o(dD|c) = Do(tp(c)) for all c € C.

4 JpPp(©)D@p(e)o(dDle) = [15y(e vDo(dv) for all c € C.

Proof. For any nondecreasing function ¢ € RY with ¢ < 4(c) for all ¢ € C, since for any ¢ € C, o(c) € S is

a 1 (c)-quasi-perfect segmentation for ¢, by definition,

/ D(p)o(dD|c) = Dy(p), (20)

for all p € V', which proves assertion 1. Furthermore, since ¢ is nondecreasing and is thus continuous except
at countably many points, o : C — A(D) is measurable, which establishes assertion 2. For assertion 3,
notice that for any ¢ € C, since o(c) € S is a 1)(c)-quasi-perfect segmentation for ¢, for any D € supp(o(c))
such that D(pp(c)) > 0,

D(pp(c)) = D(max(supp(D))) = D(¥(c))
and thus

/ D@p(e))o(dD]e) / D(1(¢))o(dDle) = Do(w(c)),
D
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where the last equality follows from (20). This proves assertion 3. Finally, to prove assertion 4, consider
any c¢ € C. First notice that if Dy(c) = 0, then assertion 4 clearly holds as both sides would be zero. Now
suppose that Dg(c) > 0. The fact that o(c) € S is a ¥(c)-quasi-perfect segmentation for ¢ ensures that
Dy(¢p(c)) > 0. Then, for any v € [¢p(c), ], let

H(v) == o({D € D : max(supp(D)) < v}|c).

Since o(c) is a probability measure, H is nondecreasing and right-continuous and hence induces a Borel
measure fg on [¢(c),v]. On the other hand, for any measurable sets A, B C [¢/(c), 7], define

K(A|B) := mP(B)o(dDle).

/{DGD:max(supp(D))GA}
Notice that for any measurable set B C [¢(c),v], K(:|B) is a measure and is absolutely continuous with

respect to pg and hence there exists a (essentially) unique Radon-Nikodym derivative v — m(B) such that

for any measurable A C [¢(c), 7],
K(A|B) :/ m"(B)H (dv). (21)
veA
In particular, by definition of K and by (20), for any measurable set B C [¢(c), ],

/  m¥(B)H(dv) = K([¢/(c),7]|B) = /m o(dD|c) = m°(B). (22)
[(c) 7]

Moreover, since for any measurable set A C [¢(c),v], K(A]|-) is a measure on [¢)(c),?] and thus mY is also
a measure on [¢(c,v)] for pg-almost all v € [¢/(c),v]. Furthermore, since o(c) € S is a ¥(c)-quasi-perfect

segmentation for ¢, for any measurable sets A, B C [¢(c), ],
K(A|B) = m°(ANB) = K(B|A)

and hence, for any measurable sets A, B C [¢(c), ],

As a result,

/ om® ([i(c), 7)) H(dv)
[1(c)

= vm?(dv’)H (dv)
vE[Y(c),0] Jv'€[Y(c), D]

:/ (/ m”,(dv)H(dv/)>
vE[P(c) V'€ (c),T]

—/ vDy(dv),
[¢(c),7]
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where the second equality follows from the fact that o(c) is a 1(c)-quasi-perfect segmentation for ¢, the third
equality follows from the definition of K, the fourth equality follows from (21), the sixth equality follows
from (23), and the last equality follows from (22). This completes the proof. |

Lemma 12. For any nondecreasing function v € Rg with ¢ < (c) for all ¢ € C, suppose that o € S is a
W-quasi-perfect scheme. Then for any c,c € C with ¢ < c,

/ (/ D(pp(2))(o(dDle )—U(dDIZ))> dz > 0.

Proof. Consider any ¢, ¢ € C such that ¢ < ¢. Notice that since o € S¢ is a 1)-quasi-perfect scheme, by
Lemma 11,

/“Dzn) o(dD]z) = Do(ih(2).

In addition, since o(c) is a 1(c)-quasi-perfect segmentation for ¢, for any z > ¢ and for any D € supp(o(c)), if
D(c) > 0 and max(supp(D)) > z, then pp(z) = Pp(c). On the other hand, if D(¢) > 0 and max(supp(D)) <
z, then D(pp(z)) = 0. Also, notice that D(c) = 0 implies D(z) = 0. Together, if z < 1(c),

/Mm( o(dD]e) /Dm o(dD]e) = Do((c))
D

and if z > 9 (c),

/mm@wwr!/ D@p(e))o(dD]e)
D DeD:max(supp(D))>z}

/ D(z)o(dD|c)

As a result,

/ </D”D o(dD| >—0<lez>>> dz
/ </D”D o(dDle) /DpD z))o (dD|z)> dz

:/‘mmﬂDa()x 0(2)} — Do(1(2))) dz

>0

9

where the inequality follows from the fact that z < ¢(2) and v(c) < 1(2) for all z € [c, /], which in turn
relies on the hypothesis that ¢ < ¥(c) for all ¢ € C and that v is nondecreasing. This completes the
proof. ]

Lemma 13. Consider any function ¢ € ]Rg with ¢ < ¥(c) for all ¢ € C. Given any {D,} C D and
{on} C Sgn. Suppose that {o,} — o pointwise and {D,} — Dy for some o € A(D)® and Dy € D.
Then o € Sgo. Moreover, suppose further that o, is a -quasi-perfect scheme for all n € N. Then o is a

P-quasi-perfect scheme.
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Proof. First notice that since o,, € Sgn is a ¥-quasi-perfect scheme, Lemma 11 ensures that o, is measurable.
Then, since {0,,} — o pointwise, o is also measurable. Moreover, since {D,,} — Dy and {0, } — o, for any

bounded continuous function f : V — R and for any ¢ € C

() - )
~ lim (/ e )an(dD o)
= Jim [ G </ D(dv)o(dD|e ))

= lim [ f(v)Dy(dv)

n—oo V
- / £(0) Do(dw),
Vv

where the first and the third equality follow from interchanging the order of integrals, the second equality
follows from the fact that the integrand in the parentheses is a bounded continuous function of D and from
weak-*convergence of {o,,(c)}, the fourth equality is due to the fact that 0,,(c) € Sp,,, and the last equality

follows from the weak-* convergence of {D,,}. Thus, by the Riesz representation theorem,
/D o(dD|c) = Dy(p), Vpe V, ce C.

This proves that o € SC.

Now suppose that o, is a Y-quasi-perfect scheme for all n € N and suppose that, by way of contradiction,
o € 8% is not a y-quasi-perfect scheme. Then there exists a positive G-measure of ¢ and a positive
o(c)-measure of D € D such that D({v > ¢}) > 0 and either #{v € supp(D) : v > ¥(c)} # 1 or
max(supp(D)) ¢ Pp(c) (i.e., D(pp(c)) > 0). As such, there is a positive G-measure of ¢ and a positive

o(c)-measure of D such that

/ (v — $(c))D(dv) > / (0= 1(e)D(dv)
{v>9(c)} {v>pPp(c)}
(P (e) — $() D@D (c)) + / (- pp(e)D(d)
{v>pPp(c)}
>(Bp() — (c)) DB (0)),

with at least one inequality being strict. Thus, there exists a positive G-measure of ¢ € C such that

[ ®ol0) ~ () D@o)o(ADI) < [ (0= w6()* Dofco).
D 1%
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However, by Lemma 8 and Lemma 9, for Lebesgue almost all ¢ € C,
Ljpr>—¢m»ﬂxpD@»a«uN@
= [ mp@peanle) = ()=o) | DEp(e)(aplo

> lim [ wp(c)o,(dD] )—hmmf(w —c / D(pp(c))on(dD|c)

n—o0 D

~ Jimsup { /D ro(c)on(dDle) — (1(c) — ¢) /D D(Bp(c))on(dD|e) (24)

n—oo

zlimsup/v(v —(c))" Dy (dv)

n—oo

= lim [ (v—v(c))" Dy(dv)

n—oo V
= [ (0= 00" Dofav)
;

a contradiction. Here, the first inequality follows from the fact that {0, (¢)} — o(c), Lemma 8 and Lemma 9;
the second equality follows from the properties of the liminf and limsup operators;?3 the third equality
follows from the fact that o,(c) € Sp, and is a ¥(c)-quasi-perfect segmentation for ¢; and the last two
equalities follow from the fact that the function (v — (c))* is bounded and continuous in v and that

{Dn} — Dy. Therefore, o must be a 1)-quasi-perfect scheme. [ |
D Proofs for Optimal Mechanisms

D.1 Proof of Proposition 2

In this section, I first prove Proposition 2 and obtain an upper bound for the data broker’s revenue. That
is, I first solve the relaxed problem where the prices are also contractable. To this end, I first introduce the

revenue-equivalence formula for the price-controlling data broker.

Lemma 14. For the price-controlling data broker, a mechanism (o, 7,7) is incentive compatible if and only
if
1. There exists some T € R such that for any c € C,

//R+ —¢)D(p)y(dp|D, c)o(dD|c) // R+D p)v(dp|D, 2)o(dD|z) dz — 7.

23 More precisely, this follows from the following properties: For any real sequences {a, }, {bn},

—liminf b,, = lim sup(—by,).

n— oo n—oo

Moreover, if {a, } is convergent, then

limsup(a, + b,) = lim a, + limsupb,.
n—oo n—oo n— o0
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2. The function
ers [ [ DWiraslD.epoanle
D JR,

18 MONINCreasing.

Proof. For necessity, consider any incentive compatible mechanism (o, 7,4). Let
wed)= [ ([ - aDGr@iD.e)) atanie) - ), verd < ©
D \JRy

denote the producer’s net profit when her marginal cost is ¢ and reports ¢’. By incentive compatibility, for
any c € C
Ule) :==u(c,c) > u(c, ),

Since ui(c,d) = — [p th D(p)y(dp|D, ¢)o(dD|c’) is bounded for all ¢ € C, by the envelope theorem
(Milgrom and Segal, 2002), for any ¢ € C

Ule) = U@) — /:ul(z, 2)dz = U@ + / (/D ( 5 D(p)’y(dp\D,c)) a(dpyz)) dz.

Also, by definition,
vo= [ ([ - ODW)AID.) ) o(dDle) = 7(c)

Rearranging, and letting 7 := U(¢), for any c € C,

o= [ ([ - OD(apID.) ) oaDle) - [ ' (L( [ pwnwip, ) a(aDls) ) dz - 7,

which proves assertion 1. Furthermore, since u(c, ') is affine in ¢ for all ¢/, U is convex as it is a pointwise

maximum of a family of affine functions. Therefore, it’s (almost everywhere) derivative
- [ | D@D, ataplo
D JR,

is nondecreasing. This proves assertion 2.

Conversely, given a mechanism (o, 7,7) that satisfies assertions 1 and 2, for any ¢, ¢’ € C,

= ([ w-opwniain.o ) otavie -)
- (L (L, - opwrtain.)) atapity =)
(

[ pwmaip.)atapizaz - [ ([ Diniann.) )iy o

- ([( 5 DasID.2) ) otapls) - [ ( 5 D@D, ) ) o(aDle) ) a:

>0,

where the inequality follows from assertion 2. As such, the mechanism (o, 7, ) is indeed incentive compatible.
[ |
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With Lemma 14, the producer’s expected profit under an incentive compatible mechanism (o, 7,7) of

the price-controlling data broker can be written as

U(e) =U(c) + /CC/D < e D(p)’y(dp|D,z)> o(dD|z) dz.

As such, an incentive compatible mechanism is individually rational if and only if

v+ [ [ [ DErwip, 2) otap)az = 7+ [ Dupo) ez

Also, for any incentive compatible mechanism (o, 7,7), the price-controlling data broker’s expected revenue

can be written as
srl= [ ([ ([ (- 6e(e) DD, ) ) o(dDle) ) Gide) - U

Therefore, the price-controlling data broker’s revenue maximization problem can be written as

s [[([(f 0= 66(e) DAl ) atdnle)) 6(de) - 7

s.t. ¢ /D < - D(p)’Y(dp|D,C)) o(dD|c) is nonincreasing,
//D < . D(p)’Y(dp!D,z)> o(dD|z)dz > /CCDO(pO(z))dz, Ve e C,

where the supremum is taken over all segmentation schemes o € S¢ and all measurable function ~ that
maps from C to the collection of transition kernels from D to A(Ry).

In what follows, let I' be the collection of transition kernels that maps from D to A(R,). Let s € S
denote the value-revealing segmentation and let & € S¢ be the segmentation scheme such that &(c) = 5 for
all ¢ € C. Furthermore, for any ¢ € [0,1], let p, := Dy '(g), where D! is defined by (14). Notice that by
definition of D, L

q € [Do(py)s Do(pq)]-

If Do(pg) = Do(p]), then let 57 € A(R4)Y be defined as
’Vq(-"l}) = 5{0}, Yv e V.

On the other hand, if Do(pg) > Do(p; ), then define 57 € AR,)Y as

- Ofus if v # pg
V) =9 _a=Doel) b Dole=a 5 iy, o TVEV
Do(pg)—Do(pa) 103 ™ Dolpg)—Do(pg ) 10} Pq

Finally, let 4% € T" be defined as
A(AID) = [ (A0 D().

for any measurable A C V and for any D € D. In other words, combining the segmentation § and the

randomized price 79, this means that when the producer uses the randomized price v¢ under segmentation
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3, then all the consumers with values above the (1 — g)th-percentile buy the product by paying exactly their

values while the other consumers do not buy, so that the traded quantity is exactly g. That is,

L ( 5 D (@iD)) staD) =4 (25)

With this notation, I now introduce the second auxiliary lemma.

Lemma 15. For any q € [0,1], let R(q) be the value of the mazimization problem

L /D < /R . pD(p)’Y(dp)> s(dD)

st [ 5 D(o)y(dp) ) s(aD) < . (26)

/ Dy (y) dy,

where Dy is defined by (14). Moreover, (5,79) is a solution of (26).

Then

Proof. Consider the dual problem of (26). That is, for any v > 0, let

i) = s [/ + ppwn (D) ) sap) +v (a- [ ([ + PP (D) ) saD) )|

- s /D ( /R - V)D(p)’y(dp|D)> s(dD) + vg.

Clearly, d(v) > R(q) for any v > 0. Thus, by weak duality, to solve (26), it suffices to find v* and (s*,~v*)

such that (s*,~*) is feasible in the primal problem (26), (s*,v*) solves the dual problem

| (/ - V)D@E(apID) ) s(aD) (27)

and that the complementary slackness condition

o= </R+pD() "(@ID)) s*(ap)| =0 (28)

holds. Since this would imply that

R(@) < d' = nf d) < 4'(v") = R(o)

and hence (s*,v*) must be a solution to (26).
To this end, let
v* = Dy q).

and consider the pair (5,?). Notice that by definition, (8,~7) perfectly price-discriminates all the consumers

with v > v* and does not sell to any consumers with v < v*. Therefore,

/D </R+ (»— V*)D(p)v(dplD)> 5(dD) = /V(v — Y Dy(do)
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Furthermore, notice that for any s € S and any v € I’

/</ (p—v)D (p)v(dp!D)) s(dD)

/pz?elﬂ%}f p—v")D(p)s(dD)
/ (v — v*)* Do(dv).
’

Therefore, (5,~9) solves the dual problem (27). On the other hand, by (25),

/p ( v, D(P)vq(dp!D)> 5(dD) = ¢

Together with § € S and 77 € T, it follows that (5, ) is feasible in the primal problem (26) and, furthermore,
the complementary slackness condition (28) also holds. Thus, (5,79) is a solution to the primal problem
(26).

Finally, notice that by the definition of Dy L and (5,79),

/D (/M pD(p)v"(dplD)> 5(dD) = /Oq D7 (y) dy.

This completes the proof. ]

With the two auxiliary lemmas above, the price-controlling data broker’s problem can be effectively
reduced to a one-dimensional screening problem with type-dependent individual rationality constraints. As

stated by Lemma 16 below.

Lemma 16. There exists an incentive feasible mechanism that mazximizes the price-controlling data broker’s

revenue. Furthermore, the price-controlling data broker’s optimal revenue is

(c)
R = may | ( JRRCRORTRE) dq) G(de) - 7 (29)

s.t. +/ q(z)dz > mo(c), Ve € C,

where Q is the collection of nonincreasing functions in [0,1]¢

Proof. Consider any incentive feasible mechanism (o, 7,7y) for the price-controlling data broker, I will first
show that there exists g € [0,1]¢ such that the mechanism (&,79,v9) generates weakly higher revenue for

price-controlling data broker and is incentive feasible, where
yi(c) :==~1) Vee C

and 79 is the transfer determined by (7,v9) when the constant is chosen so that U(¢) = 7 according to
Lemma 14. Then, I will show that maximizing revenue across the family of incentive feasible mechanisms
(5,79,v9) is equivalent to solving (29). Finally, the existence of the optimal mechanism can then be ensured

by the existence of the solution of (29).
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To this end, for any ¢ € C, let

a0 = [ ( R+D<p>7<dp|p,c)> o(dDlo).

By Lemma 14, incentive compatibility of (o, 7,4) implies that g € [0,1]¢ is nonincreasing and, by (25), for
any c € C,

(] porrawip.a)aavio= [ ([ Do) san) = ae)

Thus, by Lemma 15, ((c),v9(c)) solves the problem (26) with the quantity constraint being g(c) and hence,
since (o(c),y(c)) is also feasible in this problem,

/D ( /R . pD(p)v(dplD,c)> o(dD]e) < /D < /R ) pD(p)'yq(dp]D,c)> 5(dD|c) = R(q(c)). (30)

As a result,
< . (p — da(c))D(p )’Y(dp\D,c)> a(dx|c)> G(de)

(
(D(Mw YWID.) ) a(deld) ) G0 - [ dc(aGao

< / (R(q(e) - de(c)a()Clde)

/(/ (/ pD(p)¥(dp|D, c)> 5(dalc ) (de) - /¢G de)
-[(L(] +<zo—asG(c»D(p)wq<dzo|D,c>) aldsle)) Gl

where the first and the third equalities follows from the definition of g(c) and from (25), and the inequality

@\

and the second equality follows from (30). Moreover, by (25), since g is nonincreasing, the function

CH/ ( [ Do)y (dpyD,c)> 5(dDlc)

is nonincreasing. Together with Lemma 14 and individual rationality of (o, 7,7), for any ¢ € C,

/

/CC </D ( R, D(p)7q(dp’D’z)) &(dD’Z)> dz Z/CC q(z)dz
:/c </ ( e D(p )7(dp!D,z)> a(dDyz)) dz

these imply that (7,7%,~9) is incentive feasible.
Now notice that by (25) and Lemma 15, for any g € [0,1] and for any ¢ € C,

L(/f +(p—<z>c,~<c>>D<zo>vq<dp|D,c>) #(dDe) / D;
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On the other hand, by (25) and by Lemma 15, (7, 79,~9) is incentive feasible if and only if q is nonincreasing

and

/ccq(z) dz > /CCDo(po(Z))dz, VeeC.

Therefore, maximizing revenue among all incentive feasible mechanism is equivalent to solving (29).
Finally, notice that for the maximization problem (29), endow the set of nonincreasing functions with
the L' norm. Helly’s selection theorem and the Lebesgue dominated convergence theorem then imply that
this set is compact. Furthermore, since for any sequence {g,} that converges to ¢ in the L' norm, there
exists a subsequence {gy,, } that converges to ¢ pointwise, by the Lebesgue dominated convergence again,
the objective function of (29) is continuous and the feasible set is a closed subset of a compact set, and

hence is itself compact. Together, the problem (29) has a solution. This completes the proof. |

With Lemma 16, the price-controlling data broker’s revenue maximization problem can be solved ex-

plicitly.

Proof of Proposition 2. Recall that Q C [0,1]¢ denotes the set of nonincreasing functions [0,1]¢. Using

(15) and Lemma 16, rewrite the price-controlling data broker’s problem (29) as

()
sup/c </0q (Dy*(q) — ¢G(c))dq> G(de) —7 (31)

qeQ
s.t. 7‘r—|—/ q(2) dz>7‘r+/ Do(po(2)) dz.

Let R* be the value of (31) and write objective function of (31) as

q(c)
Ra) = [ ( | ot —¢G<c>>dq) G(de) 7, Vg € Q.
Consider the dual problem of (31). That is, for any Borel measure p on C, let

)= s [r(@)+ [ ([ (ate) = Dalmnte)az) utao)
qeQ C c
and let
d* :=infd(p),
o
where the infimum is taken over all Borel measures on C. Then clearly

d" > R*.

Moreover, if there exists a Borel measure p* on C' and a feasible choice g* € Q of the primal problem (31)
such that d(p*) = R(g*), then
R*<d" <d(y’) = R(q") < R,

and hence ¢* € Q is a solution of the primal problem (31). As a result, to solve (31), it suffices to find a

Borel measure p* and a feasible ¢* € Q such that q¢* is a solution of

sup [R@) + [ ([ (a2~ Dato(e)az) e (32)

qeQ
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and that B
([ @ - Dumn az) wia o )
To this end, define M* € [0,1]¢ as the following

M* () = lim g(2) (66(2) — Po(2))", Ve € C. (34)

By definition, M* is right-continuous. Also, by Assumption 1, M* is nondecreasing and hence M* a CDF.
Let p* be the Borel measure induced by M*. Notice that supp(up*) = [¢*, €|, where

¢ :=inf{c € C: ¢a(c) > py(c)}.

Notice that for any ¢ € Q, by interchanging the order of integrals,

/C </Cc(q(z) = Do(Po(2))) dz) p(de) = /CM*(c)(q(c) — Do(Bo(c))) de

and therefore for any q € 9,
Ra)+ | ( JRCCENCAS) dz) e (do)
q(c)
- / ( / (D7 (a) — dc(c)) dq) G(de) — 7+ / M*(¢)(q(e) — Do(Bo(c))) de
C 0 C

q(c) _
). (/o (By"(a) = 9g(0) dQ) Glde) =7 = [ M (0 Do(mi(e) e

where ¢ := min{dg,Py}. As only the first term depends on the choice variable g, the solution of (32) is

q(c) _
sup /C ( /0 <D51<q>—¢g<c>>dq> G(de). (35)

the same as the solution of

qeQ
To solve (35), consider first the case when G is regular so that ¢¢ is nondecreasing. In this case, notice
that for any g € Q and for all c € C,

q(c) 1 _ %G () . _
[ 05w -Geenaas [T (05 @) = ol da
where for any function v,
q”(c) :=sup{y € [0,1] : D5 (q) > (c)}-
Moreover, the function ¢ is nondecreasing since both ¢ and P, are nondecreasing, also, the function Dy !

is nonincreasing. As a result, g?¢ € Q is a solution of (35) and thus is a solution of (32). Furthermore, by

definition, for any ¢ € C, B
Do(6c () = g% (c)

In particular, since ¢ < Py, ng is feasible in the primal problem (31). That is, for any ¢ € C,
 _ z
T —l—/ q% (z)dz >7 —l—/ Do(¢q(2)) dz
(& (&

27+ [ Doyl
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Finally, notice that since ¢s(c) = Py(c) for all ¢ € (c*,¢ and since M*(c) = 0 for all ¢ € [c,c*), the

complementary slackness condition (33) also holds for ¢, and p*. That is,
M @a®ee) = Damole))de = [ A (@(DoGae) - Dalofe) de

_ / M*(e)(Do(Bo(c)) — Do(By(c))) de
=0.

Together, when G is regular, ng = Dy o ¢; solves the primal problem (31).

Now consider the case for a general G, to solve (35) Let ¢ be the ironed virtual valuation. That is, pg

is defined by the following procedure: Let A : [0,1] — R4 be defined as

- 1y e q
hq) = ¢a(G~'(q) =G 1(Q)+m-

and define H : [0,1] —» Ry, K :[0,1] - R} as

and
K :=co(H).

Finally, for every ¢q € [0,1] let k(q) := K'(q). ¢¢ is then defined as

Also, let @ := min{pg, py}. With this definition, notice that for any q € Q,

q(c) _
/ ( / <Dal<q>—¢a<c>>dq> G(de)
C 0
q(c) _
— / ( / Dy (q) —soG(c))dq) G(de) + / @6(e) - Bole)a(e)G(de).
C 0 C

Moreover, using integration by parts, since K (0) = H(0) and K(1) = H(1),

/ (B (0) — B(c)a(0)G(de) = / (pa(c) — de(e)a(e)G(de)
C C

(37)

where the first equality follows from the observation that ¢g(c) = Pa(c) = ¢a(c) = pa(c) = Py(c) for all

¢ > ¢*, which is due to Assumption 1, and the inequality follows from the fact that K = co(H) and that ¢

is nonincreasing for any q € Q.
On the other hand, notice that for any g € Q and for all ¢ € C,

(c) el
/ " (D5 0) — Be(e) da < / 05 @) - Bale) da,
0 0
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and hence

() B (c)
/ ( / <Dal<q>—wc<c>>dq> Glde) < / ( / ’ (DO_I(Q)—@G(C))dQ>7Vq€Q-
C 0 C 0

In addition, since pg(c) = da(c) = Py(c) for all ¢ € (¢*,¢] and since K(G(c)) < H(G(c)) on an interval
[c1, co] if and only if @, is a constant on that interval, which implies that g¥¢ is a constant on that interval,
it must be that

/ (@e(e) — Fe(e)gPe ()G(de) = — / (K(G(e)) — H(G(c)))a?4 (de) = 0. (38)
C C

Together with (36) and (37), for any g € Q,

q(c) _ q®G (c) _
/C ( /0 <Dal<q>—¢g<c>>dq> G(de) < /C ( /0 <Dal<q>—¢a<c>>dq> G(do).

Also, since p; is nondecreasing by definition, g¥¢ is indeed a solution of (35) and hence a solution of (32).

Moreover, by definition, for any ¢ € C,

q7¢(c) = Do(Pg(c))- (39)
Thus, since P < Py,
T+ /CqSDG(z) dz =7 + /CD()((,OG(C)) dz
>7 4 /CDo(po(z)) dz, Ve € C
and hence g¥¢ € Q is feasible choice in the primal problem (31). Furthermore, since M*(c) = 0 for all

¢ € [¢,c¢*) and since P(c) = pylc) for all ¢ € (¢*,¢], the complementary slackness condition (33) is also
satisfied. That is,

/ M (c ~ Do(py(e))) de = / M*(6)(Do(@(c)) — Do(Bo(c))) de

/ M*()(Do(Bo(c)) — Do(Py(c))) de

Together, q?¢ = Dy o @ is indeed a solution of (31).
Finally, by (39), it then follows that

q%G (c)
= ( [ o - sa) dq> G(de) - 7
C 0
Do(Pg(c))
-/ ( / <Dal<q>—¢a<c>>dq> G(de) - 7
C 0
-/ (/ ) (U—¢G(C))D0(dv)> G(de) — 7.
C \J{v>pg(0)}
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The see that any solution of the price-controlling data broker’s problem must induce @ (c)-quasi-perfect
price discrimination for G almost all ¢ € C, consider any optimal mechanism (o, 7, 7) of the price-controlling
data broker. By optimality, it must be that Eg[7(c)] = R* and that the indirect utility of the producer with

marginal cost ¢ is . Also, by Lemma 14, it must be that

R* =E¢g[7(c)]

-[([(] = 06(0)PIID, ) atanie)) 6(de) - =
which implies that

L (L (L &=scenpwnann.a) ek ) cao = [ ( /{UZ%(C)}@_¢G<C>>Do<dv>> ().

(40)
Thus,

/c </p (/R (p = #6(c) D(p)y(dp|D, c)) a(dD!c)) G(de)

+ [@at-saton ([ ( 5 DI, ) ) aldDle) ) G(de)
-L(L([ - 6c(e)DER(ID.0) ) 7(dADIe) ) Glde) (41)

-/ ( | - ¢G<c>>Do<dv>) G(do)
c {v2%g(c)}
-/ ( | - soG(c))Do(dv)) Gde) + [ (a(e) - ée(e) Do(@o(0)G(d)
c \J w2560} c
where the second equality follows from (40). Moreover, since for any ¢ € C,
/| ( / (p—wG(C))D(p)v(dplD,C)) o(dDl)
< [ max((p — Z6(e) D))o (dDle) (42)
D PERL
< /V (v — Pe())* Doldv),

it must be that

[ wetr—ecten ([ ( R+D<p>v<dp|D,c>> (aD1) ) G0 > | (Fale) - da(e) Dofo(e)G(de).
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Together with (37) and (38), we have
| @a(e) ~ date) ( / ( [ pwnwip, c>) a(dDr@) G(de)
> [ ele) - 6a(0) ( / ( a D(p)v(dprD,@) a(dD\c>) &(de)
> / (@(e) — 66(0) Do(@a ()G (de) (43)
C
- /C (Be(€) — b)) Do(@e(€)G(do).

Furthermore, since ¢ (c) = Py(c) < ¢a(c) for all ¢ € (¢*,¢] and ¢;(c) = ¢g(c), by the definition of M*
given by (34), and by using integration by parts, (43) is equivalent to

/C(/ (/D< 5 D(p)’Y(deD,z)> o(dD|z) _Do(po(z)> dz) M*(de) <0

Furthermore, since (o, 7,7) is individually rational, for any ¢ € C,

[ (L ([ pwrin.s) e@p)az > [ o) as
/c </ </p ( R, D(ph(dp‘D“)) o(dDlz) - Do(po(z))> dz) M*(de) = 0

[ @t - ecten ([ ( [ pwnwip, ) atanie)) 6(de) = [ o(e) - bole) Dale(e)Gide).

Thus,

and hence

which, together with (41), implies that

/c </D (/]R+ (p —@G(C))D(p)‘v(dp\D,c)> o‘(dD|C)> G(de)

_/ (/ - (v —QDG(C))DO(dv)> G(de).
¢ \Hv>pa(o)}
Moreover, by (42), it then follows that for G-almost all ¢ € C,
[ ([ o-weterpwntan.) stavie = [ (0-Fe(e)* putan "

which implies that for G-almost all ¢ € C, (o(c¢),v(c)) must induce perfect price discrimination for the
economy where the producer’s marginal cost is @ (c), or equivalently, (o(c),(c)) must induce P (c)-quasi-

perfect price discrimination for G-almost all ¢ € C. This completes the proof. |
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D.2 Proof of Lemma 1

Proof of Lemma 1. For necessity, consider any incentive compatible mechanism (o, 7). First notice that, by

Lemma 5, mp : C'— Ry is convex and continuous on C' for any D € D and
mp(c) = =D(pp(c))
for any p € P and for almost all ¢ € C. Moreover, since for any D € D and for any p € P
7 (0)| = |[D(pp(e))| <1,
for almost all ¢ € C, the order of integral and differential can be interchanged. That is, for any ¢, € C,
/ 7p(c)o(dDl|d) = /D h(c)o(dD|d) = / D(pp(c))o(dD|c). (45)

As such, if II is defined as
(e, ) = / p(c)o(dD|¢), Ve, d € C,
D

then II(-, ') is convex for all ¢ € C. Moreover, (45) implies that
/1D1n) o(dD|e), (46)

for any ¢ € C, any p € P, and for almost all ¢ € C. Now let u(c, ') :=II(c,¢') — t() for all ¢, € C be
a producer’s interim expected profit if her report is ¢ and marginal cost is c¢. By the Lebesgue dominated
convergence theorem, u(-, ') is convex and absolutely continuous on C for all ¢ € C as 7p is absolutely

continuous for all D € D. Furthermore, since the mechanism (o, 7) is incentive compatible,
Ulc) :=u(c,c) > ule, ), Ve, € C.
By the envelope theorem again, -
U(e) = U@) / Cun(z, ) de.
Moreover, since for any p € P and for almost all ¢ € C’f

ui(e,¢) =y (c, ) / D(pp(c))o(dD|c), (47)

it must be that for any p € P and for any ¢ € C,

(c,c) —7(c) =U / /DpD o(dDlz)dz

Rearranging, and use the definition of II, it follows that

r(©) = [ mp(@a(apio //Dm o(dDl2) - U (@),
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which proves assertion 1. Furthermore, by incentive compatibility, for any ¢, € C,

0 <U(c) —ule, )
=U(c) = (e, ) = 7(¢))
=U(c) - (II /

(e,c) =TI(d, ) = U()
=(U(e) = U()) + (I(¢, ') = (e, )

/

/ (ui(z,2) + (2, ) dz

:/C' ([ pwotnotanis) - [ pwoople) ) a:
[ </DpD o(aDl2) ~ (aDl)) ) =

for any p € P, where the forth equality follows from the fundamental theorem of calculus, and the last

equality follows from (46) and (47). This proves assertion 2.

Conversely, suppose that a mechanism (o, 7) satisfies assertions 1 and 2. Then, for any ¢, € C,

((c, ) = 7(e)) = (I(c, ) — (<))
=II(c, 7(c) — ((e, ) = TI(c, ) — (TU(, ) — ()

/ D@Bp(2))o(dD|2) + T (2, c'>) dz

(0
(/ D(po(:)o(aDls) - [ DEp(Notanie) ) a:
(

/ D@®p(2))(o(dD|2) — o(dD]¢ )))

i
i
-

where the second equality follows from assertion 1 and the fundamental theorem of calculus, the last equality
follows from (46), and the last inequality follows from assertion 2. As such, the mechanism (o, 7) is incentive

compatible. ]

D.3 Proof of Lemma 2

Proof of Lemma 2. Given any nondecreasing function ¢y € R¢ | and any v-quasi-perfect segmentation o € S,

suppose that for any ¢ € C,
¥(z) <Ppl(2),
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for Lebesgue almost all z € [c, ¢] and for all D € supp(c(c)). Then, for any ¢, € C with ¢ < ¢,

| ([ p@oeneants) - o<dD\c’>>) dz
c D

:/CC /DD(pD( o(dDz) /DpD dDIc)>

where the second equality follows from assertion 3 of Lemma 11, the inequality follows from (8), and the

third equality follows from o(z) € S for all z € [c,¢/]. Together with Lemma 12, this implies that

/ (/ D(pp(2))(c(dD]2) — o(dD]c ))> dz>0

for all ¢,¢ € C. Therefore, by Lemma 1, there exists a transfer 7 such that (o, 7) is incentive compatible,

as desired. [ |

D.4 Proof of Lemma 3

Proof of Lemma 8. 1 first prove the lemma for Dy being a step function. Consider step function D € D and
any 1 € RY such that ¢ < ¢(c) < Pp(c) for all ¢ € C and fix any ¢ € C, let

"= {vesupp(D) : v > ¥(c)}

and let

=inf{z € C : pp(z) > ¢¥(c)}.
Since pp is nondecreasing, it then follows pp(z) > ¢(c) for all z € [¢,¢] and pp(z) < ¥(c) for all z € [¢, ¢).
Moreover, since 1(c) < pp(c), ¢ < c¢. Furthermore, by definition of ¢, it must be either ¢ = c or é > ¢
and p,(¢) < ¢(c) < Pp(¢), since otherwise, if ¢ > ¢ and p,,(¢) > ¢(c), then for € > 0 small enough, as
[supp(D)| < o0, Pp(é—e¢) = p,(¢) > ¢¥(c), contradicting to the definition of ¢. Consider first the case where

¢ > c. In this case, for each v € VT, define /" recursively as the following

0, if v > 4(c) and v # v
D,/ if o —
ml(v') == m (vg, . lA v=v , Yo' € supp(D), Vv e VT,
B (vl )mP (), if p,(¢) < v <(c)
a*(v)mP V'), if o' <p,(¢)

where for all v € V* and all v’ € supp(D) s.t. p,(6) <v' < y(o),

(v = &mP(v) — (V' = &) 350 V(D)
Yz p(e) [(v = OmP(v) = (v = &) Y5 (9)]

B (vv') =



and for allv € VT,

S

2ozp, @) M (0)

Zf;zBD(é) mP(0)

d oty =Y Bwp) =1

veV+ veV+
for all v" € supp(D) with p,(¢) <v" <1p(c). As such,

Z m(v') = mP(v'), Yo' € supp(D).

veV+

a*(v) =

By construction,

Notice that since é < p(¢) < (c) <Pp(¢), it must be that

S w-anP@) = 3 w-mP) = Bp@) - )DEH(E) = (B, — D (@)).

v2y(c) v>Pp(é)

Now consider any v" € supp(D) such that p(¢) <v" < ¢(c). Notice first that

Yl =amP ) - —¢&) )  m(d)

- éﬁj( —mP(v) ~ (v ~ &) Z mP ()
>(p, (@)~ )D(p, (@) — (v — & > mP(@)
>(v —é) g m”(8) — (v - &) g;l’w)
(! — AmP(W)

>0,

64

(49)

(50)

where the first equality follows from (49), the first inequality follows from (50), the second inequality follows

from the fact that BD(C) € Pp(¢), and the last inequality follows from BD(é) > ¢. As such, for any

v" € supp(D) with p (¢) < o' <1(c) and for any v € VT, if

then f*(v[v") > 0 and

which in turn implies that

(v —&mP () — (V" —¢) Z m () > (v —&)ymP(v) — (V' — &) m’(v) > 0,
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where v” € supp(D) is the largest element of {0 € supp(D) : p,(¢) < & < v'}. Moreover, if v' = max{d €
supp(D) : p,(¢) < 0 < ¢(c)}, then clearly, for all v € VT,
(v—mP () = > W) = (v -2 )mP(v) > 0.
>0’
Therefore, by induction, for any v’ € supp(D) such that p ,(¢) < v <1)(c), it must be that 5*(v[v’) > 0 for
all v € V' and that

(v =&)Y m¥ () < (v—&)m(v). (51)
>0/
Together with (48), this also ensures that
o € A(VT) (52)
and
B (v) € A(VT), (53)

for all v" € supp(D) such that p  (¢) < v' < ¥(c).
On the other hand, for any v' € supp(D) with v’ < BD(é) and any v € VT, notice that by the definition

of a*,

domt(0)=a*(v) > mP@)+ > mi)=a"(v) Y mP(®) (54)

v>v! v'<o<p (&) 92p (8 >0
Thus, for any " € supp(D) with v' < p_(¢) and any v € VT,
(v = &) > m¥(0) =a*(v)(v' — &)D(v)
>0’
=pp@) -0 Y m'(® (55)

9>p(¢)
<(v—¢&m*(v),
where both equalities follow from (54), the first inequality follows from the fact that p (¢) € Pp(¢é), and
the last inequality follows from (51) by taking v' = p (¢).
Moreover, by (54), for any 2z € [c,¢), and any v € VT, since pp(z) < P, (€), it must be that for all
v < Pp(2),

(v = 2) > m*(d) =a*(v)(v' — 2)D(v)

>0
<a*(v)(pp(2) = 2)D(p(2)) (56)
=(pp(z)—2) Y m(®).
o>p (2)
Finally, if ¢ = ¢, then define {m"},cy+ as
mP ('), ifv' =w
m? (V') = 0, if o' > h(c) and v/ #v Vo' €V, v € VT, v>Dp(c)

a*(v)mP (v'), if v/ < ()
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and
D,/ if o =
) = ™ S Gy eV () < v < Pple)
0, if v # v
where D(y)
m* (v
o (v) =
ZU’ZﬁD(g) o
Again,
> af(w) =1 (57)
v>Pplc)
and hence
> mt () =mP '), W e V. (58)
veV+

Then, for any v > Ppp(c) and any v' € supp(D) with v’ < ¢(c),

(v' =) Y m"(v) = a*(v)(v) = &) D(v') < " (v)(Pp(c) — ) D(Pp(c)) < (v —c)n(v). (59)
o>’
Together, in both of the cases above, from the constructed {7’} cy+, for each v € VT, let
mY(v)
> ey MY (D)
and let D,(p) := m¥([p,v]). By (52), (53) and (57), in each case, D, € D for all v € V. Now define
o(c) € A (D) by

m’(v') = , Yo' € supp(D)

o(Dyle) := Y m"(v'), Vo € V.
VeV
By (49) and (58), in each case, o(c) € Sp. Furthermore, since m? is proportional to m" for all v € VT,
(51), (55) and (59) ensure that in each case, o(c) is a 1(c)-quasi-perfect segmentation for ¢. Meanwhile,
since ¢ < ¢, o(c) is also a 1(c)-quasi-perfect segmentation for ¢. Finally, since m" is proportional to Y,

(56) implies that for any z € [c, ¢),

Pp(2) > Dp(2), YD € supp(a(c)).

In addition, by the conclusion that o(c) is a ¥(c)-quasi-perfect segmentation for ¢ < ¢, for any z € [¢, ¢,

since ¢ < 1(c) and since pp is nondecreasing for any D’ € D,

Pp(2) = Ppi(€) > (c), VD' € supp(o(c)).

In particular, o(c) is also a 1¥(c)-quasi-perfect segmentation for c. Together with the fact that ¢ is nonde-
creasing and that ¢ < pp, it then follows that for any z € [c, ¢] and for any D € supp(o(c)), , ¥(2) < pp(z).
Since ¢ € C' is arbitrary, this ensures that there exists a i-quasi-perfect scheme o € Sg that satisfies (8).
Now consider any Dy € D and any nondecreasing 1) € R with ¢ < 9(c) < Py(c) for all ¢ € C. I first
construct a sequence of step functions {D,} C D such that {D,} — Dy and that ¢ < ¢(c) < pp, (c) for
all ¢ € C and for all n € N. To this end, for each n € N, first partition V byv=vy <v1 < ... < v, =7
and let Vi := [vk_1,vg]. Then define D,, by D, (p) := Dy(vg), for all p € Vj, for all k € {1,...,n} (ie., by
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moving all the masses on interval V} to the top vy). By construction, it must be that pp_(c) > Py(c) for all
c € C and for all n € N and hence ¢ < ¢(c) < pp, (c) for all ¢ € C and for all n € N. Also, by construction,
{Dn} — Dy, as desired.

As such, as shown above, for each n € N, there exists a -quasi-perfect scheme o, such that for all
ceC,

¥(2) <Pp(2)

for all D € supp(oy,(c)) and for all z € [¢, ¢]. Furthermore, according to Helly’s selection theorem, by possibly
taking a subsequence,?* {0,,} — o for some o : C — A(D). By Lemma 13, 0 € S¢ and is a v-quasi-perfect
scheme.

It then remains to show that o satisfies (8). To this end, fix any ¢ € C and consider any D € supp(o(c)),
by definition, for any 6 > 0, o(Ns(D)|c) > 0.2> Furthermore, since o(c) has at most countably many atoms,
there exists a sequence {d;} C (0, 1] such that {dx} — 0, o(Ns, (D)|c) > 0 and o(ON;, (D)|c) =0 for all k €
N. As a result, since {o,(c)} — o(c) under the weak-* topology, lim, o 0y (N5, (D)|c) = o(Ns, (D)|c) > 0
for all & € N. Thus, for each k € N, there exists n;, € N such that o,, (N5, (D)|c) > 0. Moreover, since
on(c) has finite support as D,, is a step function and o, (c) € Sp,,, there must be some D,,, € Ns, (D) such
that D, € supp(oy,(c)). Notice that for the subsequence {n;}, {Dyn,} — D and D, € supp(oy,(c)) for
all k € N. As a result, together with Lemma 10, since oy, satisfies (8) for all £ € N, for Lebesgue almost all

z € [, ¢,
U(2) < limsupBp, (2) < Bp(2).
k—00
Since ¢ € C' and D € supp(o(c)) are arbitrary, this completes the proof. [ |

D.5 Proof of Theorem 1

Proof of Theorem 1. 1 first show that the data broker’s optimal revenue must be the same as the price-
controlling data broker’s optimal revenue R*. To see this, since ¢ < Pg(c) < py(c) for all ¢ € C and
Da € RJCF is nondecreasing, by Lemma 3, there exists a Bg-quasi-perfect scheme o* € S¢ that satisfies (8).
Together with Lemma 2, there exists a transfer 7% such that (o*,7*) is incentive compatible. Moreover,

since o € 8¢ is a P-quasi-perfect scheme, by assertion 3 and assertion 4 of Lemma 11, for any ¢ € C,

A@W»WAWMm@wwM@=/ (v — b)) Do(dv). (60)

{v=pc(9)}

24Gee, for instance, Porter (2005) for a generalized version of Helly’s selection theorem. To apply this theorem,
notice that the family of functions {o,} is of bounded p-variation due to the quasi-perfect structure. Furthermore, for
any c¢ € C, the set cl({o,(c)}) is closed in a compact metric space A(D) and hence is itself compact. As such, there
exists a pointwise convergent subsequence of {o,,}.

25 Ns(D) is the §-ball around D under the Lévy-Prokhorov metric on D.
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Also, by possibly adding a constant to the transfer 7*, the indirect utility of the producer with cost ¢, U(¢),

equals to 7 under the mechanism (o, 7*). Thus, for any c € C,

/DwD(c)cr*(dD|c)—T() / </ D@p(z dD|z)> .

:7_r+/ Do(pa(2))dz

>+ /C Dy(Py(2)) dz
=mo(c),

where the first equality follows from Lemma 1, the second equality follows from assertion 3 of Lemma 11, the
inequality follows from @, < p, and the last equality follows from (5). As a result, (¢*,7*) is individually
rational and, together with (60) and Lemma 1,

5l (0] = [ ( [ #o(0) - ot D@l @Dl0)) 6(ae) - 7

:/ (/ ) (U—¢G(c>)D0(dv)> G(de) — 7
o \Jwzpo

:R*’

as desired.
Since the data broker’s optimal revenue is R* and since (60) holds for any p,-quasi-perfect scheme o,
by Lemma 1, any incentive feasible ¥ ,-quasi-perfect mechanism must give revenue R* and hence is optimal.
Conversely, to see why any optimal mechanism must be a ©pg-quasi-perfect mechanism, consider any

optimal mechanism (o, 7). As it is optimal and incentive compatible, by Lemma 1,

w =)= [ ( [l ¢G<c>>D<pD<c>>a<dD|c>) G(de) — . (61)

for any p € P. Also, since (o,7) is incentive compatible, for any p € P, the function Dy € [0, 1]¢, defined

as
/DpD o(dDlc), Ve € C

is nonincreasing.?® Thus, by (37),

[0 (], pootenranio) o= [ goto || pootenranio ) Gao.

Moreover, since (o, 7) is individually rational, by Lemma 1, it must be that

/ (/DpD (dD|z ))dz>/ Do(po(2)) dz, Ve € C. (63)

26To see this, notice that U is convex since it is a pointwise supremum of convex functions, which is because 7p(c)

is convex for all D. Lemma 1 implies that the derivative of U is —Dg and thus Dy must be nonincreasing.
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Furthermore, since ¢* is a pg-quasi-perfect scheme, Lemma 11 implies that, for all c € C,
)= | D@o(e)e"(@DIe) = Dalza(e)
Together with (38) and (39), we have
/O P () Do(@g(c))G(de) = /C 66 (€)Do(Ze(c))G(do). (64)

Now suppose that (o, 7) is not a P,-quasi-perfect mechanism or it does not induce P (c)-quasi-perfect
price discrimination for a positive G-measure of ¢, then there exists p € P, a positive G-measure of ¢ and
a positive o(c)-measure of D € D such that either pp(c) < pp(c), or D(c) > 0 and either #{v € supp(D) :
v > Pg(c)} # 1 or max(supp(D)) ¢ Pp(c), which imply that there is a positive G-measure of ¢ and a

(

positive o(c)-measure of D such that
| ez [ (o= pa(e)D@)
{v>Pc(0)} {v>pp(c)}
~(po(e) - Fa()DEo() + [ (- po(e)Dldv)

{v>pp(c)}
>(pp(c) = Pa(e))D(pp(c)),

with at least one inequality being strict. Therefore,

/C(/D(PD(C)_SOG(C))D(pD(C))U(dD|c)) G(de) </C</V(U—QOG(C))+DQ(dv)> G(de).  (65)

Moreover, by (61), since

/o </D(PD(C) - SOG(C))D(I)D(C))U(dD|c)> G(de)

+ [ @ete) - da(e) ([ Do (eo(aple)) Gao
~ [ ([ wote) - sc)pwp(eotapla) ) Gao

-/ (/ i (v—qsG(c))Do(dv)) G(do)
c {v>Pc(0)}

_ /O ( /V (v cpc(c))+D0(dU)) G(de) + /C (B (e) — 66(c)) Do(Fa(e))G(de),

together with, (65), it must be that

[ Geto) - sa() ([ Dwotenatanie)) oo
z/ (/Dpp dD\)()

> / (B (e) — 66(0) Do(@a ()G (de)
C
- /C (Be(c) — b)) Do(@e(e)Glde),
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where the first inequality follows from (62) and the equality follows from (64). Furthermore, since ¢g(c) =
b (c) for all ¢ € [c,c¢*] and ¢ (c) = P (c) = Py(c) for all ¢ € (¢*, ¢, it then follows that

[ 6eter e ([ Dwnienstaple)) 6iae) < [ técte) - mo(e) Datpr(enGiao)

Using integration by parts, this is equivalent to

/ (/ (/ D(pp(2))o(dD|z )> )M*(dc) </CC (/CCDD(pO(Z))dZ) M*(de),

where M* is defined in (34). However, by (63) and by the fact that M* is a CDF of a Borel measure, which

is due to Assumption 1,

/ (/ (/ D(pp(2))o(dD|z )> )M*(dc) > /CC </CCDD(p0(Z))dZ) M*(de),

a contradiction. Therefore, o must be a p-quasi-perfect scheme and must induce @ (c)-quasi-perfect price
discrimination for G-almost all ¢ € C. Together with Lemma 1, and the fact that U(¢) = 7 under any

optimal mechanism, (o, 7) must be a P,-quasi-perfect mechanism. This completes the proof. |

D.6 Proof of Theorem 2

Notice that from the proof of Lemma 3, for any step function D € D that is regular, by replacing 1 with
Pe, the resulting scheme o € S§ must take form of

o (DfG © c

) _ () (66)

D(@g(0)

for all ¢ € C and for all v € [ps(c),v], where D¢ s defined by (2) with Dg being replaced by D
Now, for any regular Dy € D, take a sequence of regular step functions {D,,} C D such that {D,} — Dy

and take the associated segmentation scheme o, defined by (66) for each n € N. By the proof of Lemma 3,
{o,} — o for some B-quasi-perfect scheme o € S¢ that satisfies (8). Moreover, by the same argument as
in the proof of Lemma 3, for all ¢ € C' and for all D € supp(o(c)), there exists a subsequence {D,, } such
that D, € supp(op,(c)) and {Dy,} — D. This then implies that D(p) = Dy(p) for every p € [v,Pg(c))
at which Dy is continuous. Finally, since o(c) is a $(c)-quasi-perfect segmentation for ¢, it must be that
for any p € [@s(c),v], D(p) € {Do(Pc(c)),0} and for any p € [v,P4(c)), D(p) = Do(p), which means that
D = D% for some v € [@c(c),v] and

o ({ch’(c) Tv > p}

for any p € [@(c),v], where D74 ig defined by (2)
Finally, by the proof of Lemma 3, o is a p;-quasi-perfect scheme satisfying (8) and hence, by Lemma 2,

~ Do(p)
> = Do) (67)

there exists a transfer scheme 7 such that (o, 7) is incentive feasible. Thus, by Theorem 1, (o, 7) is optimal,

and by (67), (o,7) is the canonical $;-quasi perfect mechanism.
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E Proofs of Other Main Results
E.1 Proof of Theorem 3

Proof of Theorem 3. Let (o, 7) be any optimal mechanism. By Theorem 1, (o, 7) must be a p,-quasi-perfect
mechanism and induces p;-quasi-perfect price discrimination. Therefore, for G-almost all ¢ € C' and for

o(c)-almost all D € D, D(p) =0 for any p > pp(c) = max(supp(D)) and consumer surplus under (o, 7) is

/(/ _ (UPD(C))D(dU)> o*(dD|c).
D \/H{v2Pp(e)}

Using integration by parts, it then follows that

/D </{v>pD<c)}(” —pD(C))D(dv)> o*(dD|c) = /D (/p:(c) D(z) dz) (dDle) = 0.

for G-almost all ¢ € C. Together,

/C </D </{vzpD<c)}(v ~Polo) )D(d”)> U*(dD\C)> G(de)
:/c </D </p:(c> e dz) 0*(dD|C)> e

=0.

This completes the proof. [ ]

E.2 Proof of Proposition 1

Proof of Proposition 1. By Theorem 1, the data broker’s optimal revenue is

R* :/ (/ (- qﬁg(c))Do(dv)) G(de) — 7.
o \J1v=z6(0}

On the other hand, since Py(c) is a singleton for (Lebesgue)-almost all ¢ € C and since G is absolutely

continuous, consumer surplus under uniform pricing is

/(/ _ (v—po(c))Do(dv)> G(dc).
¢ \/{v=po(c)}

Furthermore, for any ¢ € C,

| w-daeDu@) = [ (w-oae)Doln) + [ (v — da(c)Do(dv).  (68)
{v>2%a(0)} {v2>Py(c)}

[Pc(e)Pole)
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Notice first that for any ¢ € C,

/  (v=¢¢(c))Do(dv) — / (v —Po(c))Do(dv) — 7
{v>Po(c)}

{v>Pp(c)}
=(Po(c) — ¢c(c))Do(Py(c)) — T

—ro(c) ~ o Dulpo(c) ~ 7

- [ Dotpe = - S Dutpote

and thus
v — c))Do(dv) — v —Py(c))Do(dv) | G(de) — 7
/C</{vzp0<c>}( paleN Pl /{vzpo<c>}( Pole)) ol )> (de)
_ ¢ ] z—G(C) = .
_/c </C Dyo(po(2)) d (0 Do (P ))) G(de) )
= [ GO - Dalofe) de
=0.

On the other hand, for any ¢ € C,
[ w-eete)pola)
[@6(c),Po(c))
= /[ o ))(U — ¢a(e))Do(dv) + (pa(c) — ¢a(c))(Do(@a(c)) — Do(Po(c))),
Yalc)Polc

and thus,

/ (/ - (”“f’G(C))Do(dv)) G(de)
C \V[?pc(e):po(e))

- ( /[@G@,po(c»(” - SDG(C))DO(dU)> G(do)

+ [ (60) = bale) (Dofa(e) - Dalole)G(de)
> [ (96(0) = 66(6)(Dala(e) — Dol@a(e)) G (70)
= | (26t0) = da(e) Dula(@)6(@e) — [ (6(e) = ba(e) DalBole))G(de)

>0

)
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where the first inequality follows from ¥, = min{yg, Py} and the second inequality follows from the fact
that Py is nondecreasing, (37) and (38). Together, combining (68), (69) and (70),

/ (/ i <v—¢e<c>>Do<dv>) Ge) 7~ [ (/ i <v—po<c>>Do<dv>> G(de)
C \MHv>ps(0)} C \V{v>py(c)}
-/ (/ (o= sa@)Dufdr) - [ (U—PO(C))DO(dU)> G(de) - 7

C {UZPO(C)} {UZPO(C)}

v — c))Do(dv) | G(de
+ /C ( /[W,po(c))‘ 66(0)) Dol >> (de)

>0

)

as desired. m

E.3 Proof of Lemma 4

To prove Lemma 4, first notice that by the revelation principle, it is without loss to restrict attention to
the collection of incentive feasible mechanisms (q, t), where g(c) stands for the quantity purchased for each
report ¢ € C' and t(c) stands for the amount of payment from the exclusive retailer to the producer for each

report ¢ € C. (q,t) is incentive compatible if for any ¢, € C,
t(c) — cq(c) > t(c') — cq(c) (IC**)
and is individually rational if for any ¢ € C,
t(c) — cq(c) > mp,(c).
The exclusive retailer’s problem is then to choose (g,t) to maximize
| 1Rtato) - tencae)
subject to (IC**) and (IR**), where R is defined by (26).

Proof of Lemma 4. Consider the exclusive retailer’s problem. First notice that by standard arguments,

(q,t) is incentive compatible if and only if g is nonincreasing and there exists a constant ¢ such that

te) = ca(0) + [ alz)dz

for all ¢ € C. Moreover, any incentive compatible mechanism must give the producer indirect utility

U(e) + /ch(z) dz

when her cost is ¢ € C'. Together, the exclusive retailer’s profit maximization problem can be wirtten as

max /C [R(q(e)) - d6(c)a(e)]G(de)

qeQ

s.t. T+ /C q(z)dz > 7+ /C Do (py(2)) dz. (71)
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Furthermore, by Lemma 15, the objective function of (71) can be written as

q(c)
/0 (D (a) — d6(e))G(do).

Thus, together with Lemma 16, the exclusive retailer’s profit maximization problem is equivalent to the

price-controlling data broker’s revenue maximization problem. This completes the proof. ]

E.4 Proof of Theorem 7

Proof of Theorem 7. By Lemma 4, it suffices to prove outcome-equivalence between data brokership and
price-controlling data brokership. By Proposition 2 and Theorem 1, both the exclusive retailer and the data
broker have optimal revenue R*. Furthermore, for any optimal mechanism (o, 7) of the data broker and any
optimal mechanism (&,7,4) of the price-controlling data broker, both of them must induce P (c)-quasi-
perfect price discrimination for G-almost all ¢ € C'. In particular, for G-almost all ¢ € C, all the consumers
with v > P(c) buys the product by paying their values and all the consumers with v < $(c) do not buy
the product. Thus, the consumer surplus and the allocation of the product induced by (o,7) and (5, 7,%)
are the same.

In addition, for the data broker’s optimal mechanism (o, 7), Theorem 1 implies that o must be a Pg-

quasi-perfect scheme and hence by Lemma 11, for G-almost all ¢ € C,

/D DB ())o(dDe) = Do(Fa(e))
and
/D (B (c) — 66(c) DBp(e))r(dDle) = / (v — da(e)) Do(dv).

{v=>2a()}
Therefore, for Lebesgue almost all ¢ € C, by Lemma 1,

/DWD(C)a(dmc) —7(c) =7 + / (/D D(pD(z))a(dD|z)> dz

—r+ [ Dofas)) d= (72)

On the other hand, for the price-controlling data broker’s optimal mechanism (&, 7,%), since it induces

P (c)-quasi-perfect price discrimination for almost all ¢ € C, it must be that,

A < w, PN (dp'Dw)) 5(dDle) = Do(@a(c)).

for G-almost all ¢ € C. Together with (44), we have

/D </1R+ (p = 96 () D(p)¥(dpl D, c)> &(dDle) = /{WG(C)}(U — ¢a(c)) Do(dv).

Therefore, by Lemma 14, for any ¢ € C,
/ </ (p —¢)D(p)¥(dp|D, c)> &(dDlc) — #(c)
D \JR,;

=7+ / (/D < 5 D(p)’y(dp|D,z)> &(de)) dz

7+ [ Dofaz)) d=
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Thus, the producer’s profit under both (o, 7) and (6, 7,4) are the same. This completes the proof. [ |

F Proofs for Extensions
F.1 Proof of Theorem 8

Proof of Theorem 8. For each 6 € ©, write supp(Dy) as [I(0),u(d)]. Also, for any p € V, let 6, be the
unique # such that p € (1(6),u(#)]. Notice that since {({(0),u(0))}geco is disjoint, for any 5 € A(O), any
6 € ©, and any p € supp(Dg),

Ds(p)= > Dp@BO)=De(p)B0)+ > B

{0/u(0)>u(0,)} {0/:u(0)>u(0,))

In particular, different prices set in supp(Dy) does not affect the probability of trade through 6 € © such
that u(6") > u(0).

As a result, the construction in the proof of Lemma 3 is still valid, with the demands being replaced by
Dg. Specifically, for any 8 € A(©) and any ¢ € C, there exists {3} C A (V) such that:

L g€ co({Bi}ity):
2. For each i € {1,...,n}, the set
{6 € supp(B)[u(0) = Pp, ()}
is nonempty and is a singleton.

3. For each i € {1,...,n},
Pp, (c) ﬂsupp(Déﬁi) # 0,

where 03, := max{u(f) : 0 € supp(53;)}.

4. For each i € {1,...,n} and any z € [c, ],
Pp, (2) = Pp,(2).

This further implies that, by Lemma 11, and by the same argument as in the proof of Lemma 2, for any
B € A(O), there exists 0 € Af(A(0))¢ such that

5. For any c € C,

Y (Bp, () =Pp,(0)) Dy (Bpy(c))o’(Ble)

B’ esupp(cf(c))

= > (Pp,(c) = Pp,(¢)De(Pp,(c))5(6).

{0:u(6)20(Pp, ()}

6. For any ¢ € C, 35 cqupp(o?(c)) D,B’(T’DB, (¢)oP (B|c) = Ds(Pp,(c)).

7. For any c € C, Eﬁ/eSupp(o—ﬁ(C)) 5/0’8(5/|C) = .
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8. For any 3’ € Supp(Gﬂ(C/))a
ﬁDB, (C) 2 ﬁDﬁ (0)7

for any ¢, € C such that ¢ < ¢ and

Y Dup, ()’ (8e) = D(@p,(),

B’ esupp(a?(c))

for any ¢, € C such that ¢ > .

Now consider any mechanism (o, 7). Suppose that there is a selection p € P and a positive G-measure

of ¢ such that there exists some € supp(o(c)) and with
{6 € supp(B) : u(0) > u(lpy, ()} # 0. (73)

Then, for such p € P, ¢ € C and 8 € supp(c(c)), there exists o”(c) € Af(A(O)) such that assertions 5
through 8 above hold. In particular, assertions 5 and 6 imply that

Y. @, () = 6a()Ds®p, ()’ (6']e)

B’esupp(ch(c))

= Y. (®Bp, () =Pp,(©)Ds®p, ()0’ (') + Bp,(c) — ¢c(c))Ds(®p,(c))
B’ esupp(a?(c))
> > (Pp,(¢) = Pp,(¢)De(Pp,(c))B5(0) + (pps(¢) = da(c))Ds(pp,(c))

{9=u(9)2u(9ﬁDB )}

>(Pp,(c) = ¢a(¢)) Dp(Ppy(c));

where the second equality follows from 5 and 6 and the inequality is strict due to (73).

As such, together with assertion 7, ”(c) induces another segmentation &(c) through

5Blc)= > PBlooBle),vee )  supp(c?(c)
Besupp(a(c)) Besupp(o(c))
As (73) holds with positive G-measure of ¢ € C, the induced segmentation scheme & € AT (A(0))¢ strictly
improves the data broker’s revenue. Finally, as argued in the proof of Theorem S1 in the Supplemental
Material, assertions 6 and 8 above and Lemma 1 ensure that there exists a transfer 7 such that (&,7) is
incentive compatible and individually rational and strictly improves the data broker’s revenue.
Together, any optimal mechanism (o, 7) must be such that for G-almost all ¢ € C and for all 5 €
supp(o(c)),
{6 € supp(p) : u(f) > u(GpDﬁ(c))} = (.
which, together with the fact that Besupp((c)) o(Blc) = Pp for all ¢ € C, implies that for G-almost all

c € C, the consumer surplus must be lower than the case when all the information about 6 is revealed. W

F.2 Proof of Theorem 9

To prove Theorem 9, I first introduce two useful lemmas.


https://kaihaoyang.com/wp-content/uploads/2019/10/Optimal-Market-Segmentaion-Design-and-its-Consequences-Supplemental-Materials.pdf
https://kaihaoyang.com/wp-content/uploads/2019/10/Optimal-Market-Segmentaion-Design-and-its-Consequences-Supplemental-Materials.pdf

7

Lemma 17. For any ¢ € C, any v > ¢ and any segmentation s € Af(A(9)),

/ (B, () — ¥)Ds(Bp, (©))5(dB) < / (B, (¢) — ) Do(Bp, )old6),
A(©)

{0, ()=}

Proof. 1 first show that for any segmentation s € Af(A(©)), there must exist another segmentation § such
that for any 8 € supp(s), either 3({0 : u(¢) < c}) =1 or Pp,(c) = Pp, (c) and
s

/A o (Pos ~IDBHs(09) < /A o [Py~ VDB

where 05 := max(supp(5)). Indeed, consider any segmentation s € A/(A(©)). For any 8 € supp(s), by
definition, it must be that supp(3) N {0 € © : u(0) > pp,(c)} # 0. Now define B as

5(6), it 0/ < B, (0
B = 2iou@zpp, @ A0, =0
0, otherwise

for any ¢' € supp(B) and for any 6 € supp(S) with u(f) > Pp,(c). Notice that by construction, 8 €
CO({BG}QZﬁDﬂ () and hence there exists K € Af(A(©)) such that 3 = 25 KP(B). Therefore, by splitting
every f3 according to K?, and by the same arguments as in the proof of Lemma 3, the resulting segmentation
§ € AT(©) must be such that for any 3 € supp(s), ﬁDﬁ(c) is in the interval described by max(supp(3)).
Moreover, since {(1(0),u(0))}gco is disjoint, it follows that TDD% (c) = T)Dé(c). Furthermore, since for any

B € supp(s),
(Pp,(c) —v)Dp(Ps(c)) =(Pp,(c) —v) > De(s(0)B(H)
{0:u(0)>Pp, ()}

< Y (@0,(0) ~)De(Pp, ()5(0)

{0:u(6)>Pp, ()}

= X (Pp,(0) = 1)Dy(Pp, ()K(B).

Besupp(K5)

As a result, since 3(3) = PP KB(3)s(B), it then follows that

[ B, = )Ds(B0, (@)s@8) < [ (B, (€)= »)Da(, (0)3(d5).
A(©) A(©)
Finally, since for any 8 € supp(s), either B({6 : u(¢) < c}) =1 or pp,(c) = T)Déﬁ (¢), it must be that
. 0, = D30, @568 < [ (B, () - 1)Du(p, () Auld),
A(©) (0P, ()20}

as desired. [ |

Lemma 18. Suppose that Dy is reqular. For any ¢ € C and for any v € [c,Py(c)],

Do@o(e) £ Y Do(Bp,(c)Bo(9) (74)

{O:u(0)>v}
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and
Do@o(c) = Y De(Bp,(c)Bo()- (75)
{0:1(0)>Po ()}
Proof. Consider any ¢ € C. I first show that for any 6 € © such that I(0) > Py(c), Pp,(c) = I(0). Indeed,
since Dy is regular, for any 6 € © such that [(0) > py(c) and for any p € (I(0),u(0)],

(p—0) [ Do, (p)Bo(6p) + Y 50(9/)]
{0":1(6")>p}

=(p—c) Y. Dap)B(®)

{07:u(6")>p}
=(p — ¢)Do(p)
<(U(8) — ) Do(1(0))

=(1(0) = ¢) > De/(l(9))ﬁo(9')]

L{60":u(0")21(0)}

=(1(0) — ¢) | Do(1(0))Bo(0) + > ] '
{07:1(6")>1(0)B0(6")}

As such, since p € (1(0), u(8)] and u(6,) :_u(Q), it must be that
(p = ¢)Do(p) < (1(0) — ) Dy(U(0)),

which then implies that pp, (c) =1
Now, I show that py(c) > po(c) :=Pp,  (c). Indeed, by definitions,

Deﬁo ( ( ))ﬁO( po(c) Z 50(0,)]

{0":1(6")>po(c)}

Doz )(pO(C)) + Z 50(9/)] ’

{07:1(60") =Py (c) }
and

(Po(c) = &) Doy (., (Po(c)) < (Po(c) — ) Doy, (Po(c))-

As a result, it must be that po(c) < py(c).
Consequently,

> De@e(e)Bo®) = > Bolb)
{0:1(0)>Py ()} {0:1(0)>Py ()}

< Z Bo (0) + Dapo( )( ( ))BO< )
{0:4(6) B0 (c)}

<Do(py(c)),
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which proves (75). On the other hand, for any v € [¢, py(c)]

Z Dy(Pp,(c))Bo(0)

(0@ >}
= > Dy(Pp,(0)Bo(0) + > Du(Pp,(c))Bo(0)
{0:v<u(0)<po(c)} {6:u(8)>Py(c)}

> S Do, (e)Aol6)

{0:u(0)>Po(c)}

=Dy, (Bo())+ Y De(U(#))5o(¥)

{0":1(6") 2Py ()}

>Do, o @Bole) + D, fol®)

{07:1(0") 2Py (c)}
:DO (ﬁ0(6)>7

which proves (74) [ |

Proof of Theorem 9. To prove Theorem 9, first notice that Lemma 1 still applies and hence the data broker’s
maximization problem can be written as

| ( / <pDB<c>—¢G<c>>Dﬁ<pD5<c>>a<dﬁ|c>) G(de)
C A(©)

/

s.t. /C (Ds(Ps(2))(0(dBlz) — o(dB])) dz > 0, Ve, € C (76)

T+ / < o Dﬁ(pﬁ(z))a(dﬁ|2)> dz > 7 + / Do(Py(2)) dz, Ve e C,

where the maximum is taken over all o : C' — A(A(©)) such that o(c) is a segmentation for all ¢ € C.

Consider first a relaxed problem of (76) where the first constraint is relaxed to D, € [0,1]¢ being
nonincreasing, where

D, (c) = /A o, D2, (o asle)

for all ¢ € C. By the same duality argument as in the proof of Lemma 16, it suffices to find a feasible o*
and a Borel measure p* on C' such that

ot argmax{ /C ( /A PCNCE ¢G<c>>Dg<pDﬁ<c>>a<dmc>> G(de)

gEY
+ ( / ' ( /. IRZCCIEDE Do<po<z>>> dz) u*<dc>}

where 3 is the collection of segmentation schemes such that D, is nonincreasing, and that

/C </ </A(@> De(Pp,(2))o" (dhlz) = Do(po(z))> dZ) p(de) = 0.

To this end, let M* be defined as

M*(c) := lim g(e)(da(c) — po(c)™.
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Since ¢ — g(c)(¢a(c) — Po(c))T in nondecreasing, M* is nondecreasing and right-continuous and hence
induced a Borel measure p* with supp(u*) = [¢*,¢] for some ¢* < €. Then, by the same arguments as in the

proof of Lemma 16 (in particular, the definition of @¢, (37) and (38)),

max[/ </ (ﬁDB (c) — ¢G(C))D5(T7DB (C))U(dﬁ|c)> G(dc)
c \Jae)

o€Y
* /O </c (/A(@) Dp(Ps(2))o(dfz) — Do(po(z))> dz) u*(dc)]
is equivalent to
?2%/0 (/A(e)(pDﬁ(C) - @G(c))DB(pDB(c))a(dﬁ\c)> G(de). (77)

To solve (77), notice that for any ¢ € [c, ¢*),

Y. DuBp,(c)) > Do(Bo(c)).
{0:u(0)>Pc (c)}

~

which is due to Pg(c) = pa(c) < po(c) < Py(c) and (75). On the other hand, for any ¢ € (¢*,¢], there exists
a unique A(c) such that

Me) Do,y Bo(0)) + D> Do(Pp,(c) = Do(By(c)).
{6:1(0) 256 (c)}

which is due to the fact that P(c) = po(c) for all ¢ € (¢*,¢] and (74). Furthermore, Since Dy is regular, for
any ¢ € © such that u(0) > P(c) and for any p < 1(0z,()),

(p—c)Dgy  (p) = (p = &) Dyr(p)B%, 1 ()
{0":u(0")>u(6p)}
=(p — ¢)Do(p)
<((0p4(c)) — ) Do(l(0z4(c)))
<(U(8) = ) Do(l(054(c))) (78)
=(l(0) —¢) > B (@)

{0":u(0)>@c(c)}

where ng ©) is defined in (11). In addition, by the same construction as in the proof of Lemma 3, for any
c € (c*, ¢, there exists a segmentation &(c) € A (A(O)) such that supp(é(c)) = {B%O(c) :1(0) > po(c)}, with
Bgo(c) satisfying (12) and (13) and that

(p—c)Dgzo (p) < (I(0) =)Dy (I(9)) = (Pp,(¢) — ¢)Da(Pp,(c)) (79)
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for all z € [c, ] and for all # € © such that I(8) > py(c).

Now define o* as follows.

i

() = { o1(c), if c € [c,c*]

oa(c), if c € (¢, ¢

where

_ Bo(0)
Do (070> 0 ()} Po(0)
for all ¢ € [¢, ¢*] and for all 8 € © such that u(f) > @a(c), whereas

1 (Bgg(e)|0)

Bo(6) 03 a0 -~
)\(C) Z{G’:u(e/)zoﬁg(c)} Bo(0) if B = /6}30(0), U(Q) > pO(C)
o2(Bc) == (1-— ’\(C))&(Bﬁﬁo(c)k)’ if 8= 5%0(C)> 1(0) > po(c)
0, otherwise

for all ¢ € (¢*,¢]. It then follows that, by (78) and (79),

/ ( / (pDﬁ(c>¢G<c>>D5<pDB<c>>a*<dmc>) G(de)
c \Jaee

_/C ( > (Pp,(c) — @G(C))De(PDG(C))Bo(G)) G(de),

{0:pp, () >¢c(c)}
which, together with Lemma 17, implies that o* is a solution of (77).
Furthermore, for any ¢ > ¢*, by the definition of o5(c) and A(c), by (78) and (79), and by the fact that
Pa(c) = po(c),
., Do (@510) = Dot

/C (/ </A(®) Dg(Ps(2))o™(dB]z) _Do(p()(z))) dz) J(de) = 0.

Finally, by definition of g and by Lemma 18,

Therefore,

Dgs(Pg(c))o™(dBle) > Do(Py(c))
A(O)

for all ¢ € [¢,c*). Together with monotonicity of @, o* € ¥ and is a solution of the relaxed problem of
(76).
It then suffices to show that o* is implementable. Notice that for any ¢ € C' and for any z € [¢, ¢] and

for any /ng(c) € supp(o”(c)), if

Pp (2) Nsupp(Dy) = 0,

0
)

then it must be that

(p—2)Do=(p—2)Dg (p)

Pq(c)
<(MPp, (2)—2)Dg (Pp, (2)
Pea(© Pocte) " sl
~®p, ()~ 2Do(Bp, ().

?a(c) P o)
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for all p < TJDB ,  (2). Therefore,

Pale)

Pp

L (=P 2 Bol2) > Bol)
el ]

for all z € [¢,¢]. Together with (80), by the same argument as the proof of Lemma 2, ¢* is indeed

implementable. This completes the proof. [ ]

F.3 Proof of Theorem 10

Before proving Theorem 10. I first introduced the counterpart of Lemma 1 when targeting is available. The

proof of this result is entirely analogous to the proof of Lemma 1 and therefore omitted.

Lemma 19. A mechanism (o, T, q) is incentive compatible if and only if there exists constants {T;}jes C R
such that for all j € J and for all cj, c € Cj,

1.
Ec_;[7j(c)]
c,j Z/ TD C] Oij dD‘ )qu( )]
1€T
_/ o, Z/ D(pp(2))oi;(dD|z, c—j)qi;(z, cj)] dz — 75,
€ i€l
2.

/.cj ( ., [Z/ D( pD ))Uzj(dD|Z C,])q”(z CJ)]) dz

J 1€

_/c. < ¢=d [Z/ D(pp(2))oij (dD]c] )] q'ij(C;‘,Cj)> dz >0

i€l

With the characterization given by Lemma 19, the data broker’s expected revenue can again be written

L5 ([ i) = o, (D@t @pioas (@) ) Gt - 3,

i€l jeJ jeTJ

where 7; ;== i (¢;). Using this observation,

Proof of Theorem 10. Existence of solutions is ensured by compactness of the feasible set and continuity of
the objective function, which rely on Lemma 8, Tychonoff’s theorem, and the Lebesgue dominate conver-
gence theorem.

Now consider any mechanism (o, 7, q). Suppose that the consumers retain positive surplus. That is

% [ [0 =Pole) Dl @Dl > o

i€ jeJ
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It then suffices to show that there exists an incentive feasible mechanism (6,7, q) that strictly improves the
data broker’s revenue.

Notice that under (o, 7, q), the data broker’s revenue is

S [ [ @ole — b0, Dot o @Dllas(e)6() - 3 Ujte) (81)

i€l jeJ jeT

where Uj is the indirect utility of producer j. On the other hand, notice that for any i € Z, j € J, since

the segmentation scheme o;; € S¢.. is measurable, the mapping 0ij : C; — D, defined as

ij
DO

Gij(cj) = Ee_;loij(cj, )], Vej € Cj

is also measurable and thus is also in SC As a result, as shown in the proof of Theorem S1 in the
Supplemental Material, for any j € J and any i € Z, there exists a measurable function ¢;; : C; — D such
that

/D D&;(dD|cj) = DY, Vej € Cj, (82)

and that
| [ ®0() = 66,0 D0 ()5, DIe; Gy 0o
> / / (B (c) — 6c, () DBp(c;))735(dDle;)Gj(dey) (83)
c; Jp

+/Cj /DAU>pD(Cj)}(U_pD(Cj))D(dv)Uij(dD‘Cj)Gj(de)
2/ /(PD(CJ')—<Z>cj(Cj))D(pD(cj))aij(dDyc)Gj(de)_
c; Jp

By (81), there exists i* € 7 and j* € J such that
L L[ - ppe)D@om;@Dley(e)Gs(de) > 0
Cj {v=Ppl(c;)}

where g;;(c;) = Ec_;[qij(cj,c—j)] foralli € Z, j € J, ¢; € Cj. As such, since g;+j= € [0, 1], we must have

/*//{MJD (v =Pp(cj))D(dv)Tisj= (dD|cj= ) g () G(dcj) >

and hence the last inequality in (83) must be strict inequality for some i € Z, j € J. Therefore, if 6 € D¢
is defined as
Gij(c) = dij(c;), Vie L,j € J,c € C,

then

S5 [ [ Bole) ~ o0, () DBoey)os (@Dl )6 de)

i€l jeJ

>5[ [ Bole) ~ b, DB D a6 (54

i€l jeJ
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On the other hand, as shown in the proof of Theorem S1 in the Supplemental Material, such {g;;} are

such that for any 7« € 7 and j € J, for Lebesgue-almost all ¢; € Cj,
[ Do) aDle) = [ DEn(e)my @Dy, (85)

Moreover, for all ¢;, ¢ € Cj with ¢ > ¢,

/: (/D D(pD(Z))&ij(dD|Z)> dz > /: (/D D(pD(z))&ij(dD|cj)> dz, (86)

/0:3- (/D D(pD(Z))(NTz‘j<dD‘Z)> < /]f (/D D(pD(z))&ij<dD‘C;.)) . (87)

These imply that, as g;;(c;) € [0,1] for all ¢; € Cj, for all j € 7,

4

J

and,

> A D(pD(Z))&z‘j(dDZaC—j)qz'j(%C—j)]) d:
—/j (Ec_j ;/DD(PD(Z))&z‘j(dDC}C—j)qz'j(c}ac—j)]> dz
- / (Z; A D(m(z))&ij(dmz)qij(z)) dz
- / (z; /| D(m(z»aij(dDc;->qij<c;»>> dz (89)
> / (z; A D(pp<z>>aij<dD|z>qij<z>> d
- / (2; A D(pD<z>>aij<dD|c;->qij<c;->> =
_ / (IECJ. ; /D D(pD(z))Uij(dDz,cj)qij(z,cj)]) d
s

>0

Z/DD(PD(Z))Uij(dDC}Cj)qz'j(CQaCj)D dz

1€T

)

for all j € 7, cj,c; € Cj, where the first equality follows from the definitions of &;; and g;;, the first
inequality follows from (85), (86) and (87), the second equality follows from the definition of 7;; and the
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last inequality follows from the incentive compatibility of (o, 7, q). Furthermore, for any j € J, ¢; € Cj,
Cj 7 A
/ Ecj Z/ D(pD(Z))JZJ(dD‘zvC—])Q(Z,C_J) dz
€ icz /P
Cj
¢ \iez /P
Cj
:/ (Z/ D(PD(Z))Uz'j(dD\z)qij(z)> dz (89)
¢ \iez VP

Cj (
Cj

> mj(cj,my) — 7,

Z/DD(PD(Z))Uz‘j(dDZvc—j)Q(Zvc—j)D dz

1€T

where the first equality follows from the definition of 6;; and g,;, the second equality follows from (85), the
third equality follows from the definition of ;; and the last inequality follows from the individual rationality
of (o, 7,q) and Lemma 19.

Together, by (88), (89), (82) and Lemma 19, there exist transfers {7;} such that (7,7, ¢) is an incentive
compatible and individually rational mechanism. Moreover, by (84), this mechanism improves the data

broker’s revenue. As such, (o, 7, ¢) cannot be optimal. This completes the proof. |

F.4 Proof of Theorem 11

Proof of Theorem 11. First notice that by Lemma 19, for any incentive feasible mechanism (o, 7,q), the

data broker’s expected revenue is at most

2.

jeTJ

/ <Z [ ®olen - oc, <cj>>D<pD<cj>>aij<dD|cj->qij<c>) G (dey) frj] ,
Ci \iez /P
where for any 1 € Z, j € J, ¢; € C},
Gij(cj) = Ee,loij(c)],  Tyj(cs) = Ee_[gij(c)].
Furthermore, notice that for any i € Z, j € J and any ¢; € Cj,

/ (Pp(ej) = éa,(c;))D(Pplej))ai(dDle;) < | max(p — g, (¢;)) D(p)ai;(dDle;)
D D PERY

< /V (v — 6, () DY (dv).



Therefore,

Z L (Z | B0(e) = 66, (e DB (e (ADle 1 (¢ >) Gj<dcj>]

€L

< . ( max (p — dg, (C]))D(p)aij(dD|Cj)Qij(C)> Gj(dey)

D PERY

< /C (e —qﬁcj(cj))*Déj(dv))qij<cj>Gj<dcj>]

JjeEJ LW

/ Z (zeZ (/ er (Cj))+Déj(du)) q,-j(c)> G(de).

JGJ

Since D ,c7¢ij < 1 for all j € J, the data broker’s revenue is bounded from above by

=3 [ e ([ 0 v, ) Gytaey)| - S

JjeT JjET
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I first show that there exists an incentive feasible mechanism that attains the upper bound R. To see

this, notice that for any i € Z, j € J, since ¢; < ¢g; (cj) < ﬁDij(cj) for all ¢; € Cj, as shown in the proof of

Theorem 1, there exists a segmentation scheme o7; : C; — D such that for all ¢; € C; and for any p € V,

/ D(p)o’y(dD]e;) = DY (p).
D

Moreover, for Gj-almost all ¢; € Cj,
/D(pD(Cj) — ¢a,(¢;))D(Pp(c))oi;(dDlcj) = /V(v — 66,(¢;) " Dy (dv).
Furthermore, for Lebesgue-almost all ¢; € Cj,
| Do ()i (aDles) = D (6, ()

and for all ¢;,c; € Cj with ¢; < ¢}, then

/(/DpD wdD|c)>dz</ DY (96 (2)) dz

while for Lebesgue-almost all ¢;, c € C; with c < ¢j,

/D D(Bp(e;))ols(ADIe) = DY (66, ().

Now let ¢* be defined as

*(c) = v—o¢¢, (¢;)T DY (dv) = max [ (v— ci))t v
i5(0) = iyt { (0= 960 Do) = max [ (0= g, ) Do) |

/€T
where

i'eT

Witeg) = {i € 7| [ 0= o ) 0 o) = max [ (0= 0, e "D a0 }.

(91)

(92)

(93)

(94)
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Then the data broker’s revenue under ¢* and ¢* attains the upper R. Furthermore, notice that since the

function

Z (v —z)D(dv)
{v>2}

is nonincreasing for any D € D and since ¢g; is nondecreasing, q;‘j is nonincreasing for each i € Z. As a

result, for each j € J, for any cj,c; € Cj

s

€L
_/C. < ., [;/ D(®p(2))os(dD]¢, cj)] q;j(c;.,cj)) dz
/ </ ZGZID Pp(2))o;(dD|z)g};(2 / ZQZID Bp(2))a(dD]cs) gl (¢ )) dz (96)

/Z (D¥ (66, ()45, () — DY (66, (E)a () dz

Ty

>0

)

where the equality follows from the fact that o7; and ¢;; do not depend on c_j, the first inequality follows
from (93), (94), and (95); and the last inequality follows from monotonicity of ¢¢; and g;; for each i € Z.
Finally, notice that since for each j € 7, {Déj }iez is ordered by pointwise dominance, for any ¢; € Cj,

any i,7 € T
[ 0= 6,0 D a0 > [ (= 6, () Dy aw)
<= mDéj >FOSD mDélj (97)
— DJ > D).

As a result, for any j € J, for any ¢; € Cj,

/c- ( e Z/ D(pp(2))ai;(dD|z c—j)q;(2, c;)]) dz

1€L

/C Z (/ D(pp(z))o;;(dD|z)q;; (> )> dz

J €T

/ > " D§ (da,(2))q5(2) dz (98)

% iex

1
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where the first equality follows from the fact that o7; and ¢;; do not depend on c_; for all ¢ € Z, the second
equality follows from (93), the third equality is from the definition of {g;;}, the fourth equality follows from
the definition of ¢* and from (97), and the last equality follows from that fact that ¢, < T)Dg forall j € J.

Together, from (96) and (98), there exists transfers {77} je 7 such that (¢, 7%, ¢*) is incentive compatible.
Moreover, for each j € J, by taking 77(¢;) as f{vZéj} > ier(v =€) Dy (dv)gj;(¢j) — 7j, together with (92),
(98) and Lemma 1, the mechanism (o*,7*,¢*) is indeed incentive feasible and attains the upper bound R.

Finally, it remains to show that the producers’ gross expected profit and the allocation of the product
under any optimal mechanism are the same as those under the price-controlling data broker’s optimal
mechanism. Since the optimal mechanism (o*, 7%, ¢*) constructed above attains the upper bound R, all the
inequalities in (90) are binding, by exactly the same arguments as in the proof of Proposition 2 and Theorem 7
and by noticing that any optimal mechanism (o, 7, ¢) for the data broker of any optimal mechanism (o, 7, ¢, )
for the price-controlling data broker must entail

a5(0) >0 <= [ (0= 6, (e))DY () = max | (0= e, () D ().

under any optimal mechanism of either the data broker or the price-controlling data broker, the allocation
of the product must be such that for each product j, all the consumers in group i(j) buys product j by
paying their values and the rest of the consumers do not buy, where i(j) is the group that prefers j the most
(i.e. i(j) is such that Dé(j i > Déj for all i € Z), while each producer j € J must have expected profit

) (v = ¢j)Dg (dv),
i€l Jo {v=6c;(c;)}

which are exactly the allocation and the gross profit producer j € J earns when facing the price-controlling

data broker, respectively. This completes the proof. |
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