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Abstract
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their risk prices, which are consistent with the ICAPM under moderate risk aversion.
Our intertemporal factor model performs well relative to previous models in terms of

its tangency Sharpe ratio and its pricing of key test assets.

JEL Classification: G10; G11; G12.
Keywords: ICAPM; Intertemporal Risk; Long-term Investors; Factor Models.

*Isenberg School of Management, University of Massachusetts, Amherst, MA 01003. E-mail: fch-
abiyo@isenberg.umass.edu.

tKenan-Flagler Business School, University of North Carolina, Chapel Hill, NC 27599. E-mail:
Andrei_Goncalves@kenan-flagler.unc.edu.

fMendoza College of Business, University of Notre Dame, Notre Dame, IN 46556. E-mail: jloudis@nd.edu.

§We thank Andrew Chen for providing us with data on anomaly decile portfolios as well as on stock-level
trading costs. We are also grateful for the very helpful comments from Ravi Bansal, John Campbell, Jennifer
Conrad, Eric Ghysels, Stefano Giglio, Kewei Hou, Bryan Kelly, Tim Loughran, Giorgio Ottonello (discus-
sant), Sydney Ludvigson, Shrihari Santosh, Ivan Shaliastovich, René Stulz, Lu Zhang, and Irina Zviadadze
(discussant) as well as from seminar participants at New York University, The Ohio State University, Uni-
versity of North Carolina at Chapel Hill, University of Notre Dame, the Triangle Macro-Finance Workshop,
the 2021 MFA Meeting, and the 2021 LubraFin Conference. All remaining errors are our own. First draft:
September 2020.


https://papers.ssrn.com/sol3/papers.cfm?abstract_id=3684533
mailto:
mailto:
mailto:
mailto:

Introduction

Factor models are ubiquitous in the asset pricing literature. However, the implementation of
these models is based on factors that rely on signals that are not directly related to risk. This
disconnect is present regardless of whether the factors are motivated empirically (Fama and
French (1993) and Carhart (1997)), from a valuation identity (Fama and French (2015)),
from firms’ optimality conditions (Hou, Xue, and Zhang (2015) and Hou et al. (2020)),
or from behavioral arguments (Stambaugh and Yuan (2017) and Daniel, Hirshleifer, and
Sun (2020)). Consequently, we do not know whether the tradable factors in these models
compensate investors for relevant risks and, if so, through what economic mechanisms.

The issue is that, under the law of one price, a factor model that mimics the tangency
portfolio and prices all assets exists regardless of the economic environment (Roll (1977)).
As Cochrane (2008) puts it, “The only content to empirical work in asset pricing is what
constraints the author puts on his fishing expedition to avoid rediscovering Roll’s theorem.”

In this paper, we address this issue by developing a tradable factor model that is tightly
linked to the Intertemporal CAPM (ICAPM). We then show that this intertemporal risk
factor model implies risk prices that are consistent with its underlying structural ICAPM
and also that it performs well relative to prominent factor models in several empirical tests.

To start, we build on Binsbergen and Koijen (2010) and Campbell et al. (2018) to show
that a long-term Bayesian investor who infers market expected returns and volatility from
past observations of prices and dividends dislikes negative dividend yield shocks (positive
realized variance shocks) as these imply declines in long-term expected returns (increases in
long-term volatility), and thus worse prospects for long-term investing. We then construct
tradable intertemporal risk factors (rg and rv) by sorting stocks based on their exposures to
changes in the market dividend yield and realized variance, and show that these factors mim-
ick news to long-term expected returns and volatility estimated ex-post from our Bayesian
framework. Finally, as implied by the ICAPM, we combine rg and ry with the market factor

(rm) to form our intertemporal risk factor model, which we explore empirically.
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Main Results from our Intertemporal Risk Factor Model

Panel (a) shows average returns on strategies that expose investors to each ICAPM risk
factor in isolation (i.e., normalized to be orthogonal to the other ICAPM factors and to
match the market volatility). Panel (b) displays tangency Sharpe ratios (out-of-sample and
net of trading costs) constructed using the ICAPM factors or using factors from the factor
models described at the beginning of Section 3. Panel (c) displays averages of relative pricing
errors, Ya? /Yo% 4pas, across the different groups of testing assets recommended in Lewellen,
Nagel, and Shanken (2010). Further details are provided in Section 3.

In our first empirical exercise, we study our tradable factors and estimate their risk prices.
Our risk factors are strongly correlated, which is in line with the ICAPM logic as current
market prices move together with investment opportunities. Moreover, we find that strategies
that expose investors to marker risk (r,,), reinvestment risk (rg), or volatility risk (ry) in
isolation deliver strong and significant risk premia (see Figure 1(a)). While also consistent
with the ICAPM, this result is in stark contrast to Herskovic, Moreira, and Muir (2019) as
they find that tradable factors that hedge business cycle risk have no risk premia.

To further explore our intertemporal factor model risk prices, we estimate a projection
of the Stochastic Discount Factor (SDF) onto r,,, rg, and ry, which is equivalent to a Gen-
eralized Method of Moments (GMM) estimation that treats the factors as testing assets.

This estimation implies a risk aversion coefficient of 4.8 in our Long Sample (1928-2019) and



5.6 in our Modern Sample (1973-2019), very close to the 5.1 (7.2) estimate from the early
period (modern period) structural ICAPM estimation in Campbell et al. (2018). Moreover,
consistent with the ICAPM, r,, and rg have positive risk prices while ry has a negative risk
price. This result holds even after controlling for each of the factor models cited in our first
paragraph. The risk price magnitudes are also in line with the structural ICAPM as they
remain similar when we reestimate the model imposing the structural restrictions that pin
down all risk prices as functions of the risk aversion parameter, which we reestimate to be
6.3 in our Long Sample and 6.9 in our Modern Sample.

In our second empirical exercise, we compare the pricing ability of our intertemporal
factor model with that of the prominent factor models cited in our first paragraph. We start
by following the argument in Barillas and Shanken (2017) that contrasting the tangency
portfolio Sharpe ratios of different factor models is sufficient for comparing them. We find
that the ICAPM’s in-sample tangency Sharpe ratio is higher than those of the CAPM and the
FF3 model (Fama and French (1993)), but lower than those of all other models we explore.
However, as Figure 1(b) shows, after partially adjusting for overfitting (through an out-of-
sample analysis as in Kan, Wang, and Zheng (2019)) and for trading costs (as in Detzel,
Novy-Marx, and Velikov (2020)), the ICAPM’s tangency Sharpe ratio is also higher than
those of the FFC4, FF5, and g4 models (respectively by Carhart (1997), Fama and French
(2015) and Hou, Xue, and Zhang (2015)), remaining lower than only those of the SY4, DHS3,
and g5 models (respectively by Stambaugh and Yuan (2017), Daniel, Hirshleifer, and Sun
(2020), and Hou et al. (2020)). As such, the ICAPM has a strong tangency Sharpe ratio
despite its factors being constrained to reflect risks related to long-term investing, with the
use of out-of-sample Sharpe ratios being the key driver of this result.

While focusing on tangency Sharpe ratios is sufficient for comparing factor models in a
world without publication biases, directly studying test assets can be important when the
publication prospects of proposed factor models correlate with the Sharpe ratios on the
proposed factors, which is likely to be the case in the asset pricing literature. As such,

we also study the performance of the different factor models in pricing the test assets



recommended by Lewellen, Nagel, and Shanken (2010): single stocks, industry portfolios,
correlation-clustered portfolios (Ahn, Conrad, and Dittmar (2009)), and bond portfolios.
Tests based on these assets are less subject to publication biases (than tests based on Sharpe
ratios or anomaly portfolios) as previous factor models were not tested against such assets
when originally proposed. As Figure 1(c) shows, we find that the ICAPM pricing errors are
lower than those for all alternative factor models we consider.!

In summary, we show that a long-term Bayesian investor perceives shocks to the market
dividend yield and realized variance as additional risk factors beyond the market portfolio,
and use this insight to construct an intertemporal factor model in which the tradable factors
capture market risk (r,,), reinvestment risk (rg), and volatility risk (ry). We then explore
the model empirically, finding that (i) its risk price signs are consistent with theory and their
magnitudes imply a reasonable risk aversion and (ii) it performs well relative to prominent
factor models in terms of its tangency Sharpe ratio and its pricing of relevant testing assets.

Our main contribution is to connect the structural ICAPM literature to the reduced-
form factor model literature.” While structural ICAPM tests provide a direct map from
the risk considerations affecting long-term investing to risk prices, they require assumptions
outside of the economic environment (e.g., a pre-specified state vector to estimate news) and
result in non-tradable factors, with both of these limitations leading to potential specification
issues (see Chen and Zhao (2009) and Lewellen, Nagel, and Shanken (2010)). In contrast,
reduced-form factor models are fairly robust to mispecification, but do not have a risk-

based interpretation, and thus are silent on whether their factors compensate investors for

'We also explore anomaly portfolios as test assets and find that the ICAPM pricing errors are only lower
than those from the CAPM, FF3, and FF5 models while larger than those from the other five models we
consider. Flipping the coin, we show that the ICAPM is able to price decile portfolios sorted on exposures to
our rg and ry factors better than all alternative factor models we consider, which highlights the importance of
using test assets that are not based on signals that are connected to the factors when comparing factor models
(see Lo and MacKinlay (1990) and Ferson, Sarkissian, and Simin (1999)). In this vein, we also show that a
strategy that adds anomaly portfolios to the ICAPM factors in real time has a large chance of ultimately
deteriorating the investor’s Sharpe ratio.

2Some examples of papers in the structural ICAPM literature are Campbell (1993, 1996), Brennan,
Wang, and Xia (2004), Campbell and Vuolteenaho (2004), Maio (2013), Campbell et al. (2018), Cederburg
(2019), and Gongalves (2021a,b), with Cederburg (2019) exploring a Bayesian estimation framework.



relevant risks (Kozak, Nagel, and Santosh (2018)). We provide a factor model linked to the
risk considerations affecting long-term investing through our Bayesian learning framework
while building on important implementation insights from the reduced-form factor model
literature. The result is an intertemporal factor model that can be robustly implemented
in real time, performs well empirically, and reflects the SDF of a long-term investor with
moderate risk aversion, which translate into the positive pricing of market risk (r,,) and
reinvestment risk (rg), and the negative pricing of volatility risk (rv).

Some papers explore the pricing of shocks to expected returns or volatility in the context
of Merton (1973)’s ICAPM (e.g., Kozak and Santosh (2020) and Ang et al. (2006)). Our
contribution to this side of the literature is threefold. First, we develop a fully-specified
ICAPM with a Bayesian learning framework, which maps long-term expected returns and
volatility to changes in the market dividend yield and realized variance, thereby providing
a way to construct tradable ICAPM factors in real time. Second, our framework links each
ICAPM risk price to risk aversion in a structural way, allowing us to quantitatively validate
our intertemporal factor model. And third, our ICAPM framework implies that the risk price
on each ICAPM factor can only be evaluated when controlling for the other two factors. As
we detail later, this aspect is important as risk prices are severely distorted if we do not
control for all ICAPM factors simultaneously (e.g., the ry risk price is close to zero).

Several papers have attempted to provide an ex-post ICAPM interpretation for promi-
nent tradable factors by linking them to variation in state variables related to investment
opportunities (e.g., Vassalou (2003), Petkova (2006), Maio and Santa-Clara (2012), Boons
(2016), Cooper and Maio (2019), and Barroso, Boons, and Karehnke (2020)). Our work is
different from (and complementary to) this literature as we construct tradable factors that
are consistent with the ICAPM ez-ante as oppose to providing an ez-post analysis of whether
tradable factors are consistent with the ICAPM. Moreover, we focus on a structural ICAPM
with state variables determined by a Bayesian learning framework, which imposes stronger
restrictions than the consistency tests in this literature as they only rely on the overall logic

of Merton (1973) that tradable factors should be related variation in investment opportuni-



ties. The result is that our analysis allows us to overcome the ICAPM “fishing license” (Fama
(1991)), map each of our tradable factors to a specific source of risk, and infer that the risk
price magnitudes are internally consistent with the ICAPM under reasonable risk aversion,
tasks that are difficult to accomplish without a fully specified ICAPM framework.

Finally, our work provides a natural response to several papers that reveal important issues
in asset pricing tests that raise skepticism about the ability of current models to explain the
cross-section of returns. First, we address criticisms related to the measurement of non-
tradable risk factors and estimation of their risk prices by relying on tradable factors and
requiring the model to price them, which makes our analysis immune to typical issues in the
estimation of risk prices and relatively robust to mispecification in the factors’ construction.®
Second, we deal with problems arising from the testing assets used to evaluate models by
relying on the testing assets recommended in Lewellen, Nagel, and Shanken (2010), which
are reasonably immune to the core issues raised in the literature.* And third, we deal with
the lack of economic interpretability of factor models (e.g., Ferson, Sarkissian, and Simin
(1999) and Kozak, Nagel, and Santosh (2018)) by constructing our risk factors so that they
closely reflect the underlying ICAPM risks affecting long-term investing.”

The rest of this paper is organized as follows. Section 1 details the structural ICAPM
and its factor model implementation, Section 2 explores our intertemporal factor model and
its risk prices, Section 3 compares different factor models, Section 4 studies the pricing of
anomalies, and Section 5 concludes by summarizing our results and implications. The Internet

Appendix contains technical derivations, empirical details, and supplementary results.

3Parker and Julliard (2005), Jagannathan and Wang (2007), Savov (2011), and Kroencke (2017) outline
important challenges in measuring consumption growth (needed to test consumption CAPMs) and Chen and
Zhao (2009) focus on sensitivity issues in measuring news to long-term expected returns (necessary in ICAPM
structural tests). Relatedly, Lewellen, Nagel, and Shanken (2010), Kan, Robotti, and Shanken (2013), and
Laurinaityte et al. (2020) detail several limitations in the estimation of risk prices of non-tradable factors.

4See Lo and MacKinlay (1990), Berk (2000), Grauer and Janmaat (2004), Ahn, Conrad, and Dittmar
(2009), Lewellen, Nagel, and Shanken (2010), Cederburg and O’Doherty (2015), Ang, Liu, and Schwarz
(2020), and Tian (2021) for the limitations of asset pricing tests based on typical anomaly portfolios.

®Models with arbitrary macroeconomic variables face a similar economic interpretability issue in that
average returns can be “explained” by macroeconomic variables even when they do not identify risks relevant
to investors (Shanken (1992), Reisman (1992), and Nawalkha (1997)).



1 The ICAPM and its Factor Model Implementation

This section introduces the [CAPM framework and details how we implement our intertem-
poral risk factor model while avoiding the ICAPM “fishing license” (Fama (1991)). The
ICAPM structure follows prior work (Campbell et al. (2018) and Gongalves (2021a)), but
our intertemporal risk factor model implementation is new. Subsection 1.1 outlines the struc-
tural ICAPM, Subsection 1.2 builds the map from the structural ICAPM to an intertemporal
risk factor model, and Subsection 1.3 details how we build our intertemporal risk factor model
empirically. Internet Appendix A provides all derivations.

To simplify notation, we use tilde to represent shocks (e.g., T; = z; — E;_1[2]), and sup-

press time subscripts inside conditional moments when convenient (e.g., E;[x] = E;[x444]).

1.1 The ICAPM SDF

A long-term (i.e., infinitely lived) investor has Epstein-Zin recursive preferences (Epstein
and Zin (1989)) with time discount factor 9, intertemporal elasticity of substitution ¢ = 1,
and relative risk aversion 7.° The investor chooses consumption and portfolio allocation to
maximize lifetime utility subject to the usual budget constraint. The log Stochastic Discount
Factor (sdf; = log(SDF;)) derived from the investor’s optimality conditions with respect to

consumption and portfolio allocation is given by’
sdfy =K — v 1wy — (y—1)-vwy, (1)

where r,, captures log returns on the investor’s wealth portfolio and vw, = log(V,/W}) reflects

the investor’s log value-wealth ratio.®

64 plays no role in our empirical analysis. We fix 1 = 1 in the exposition because in this case the
ICAPM implications do not require a log-linear approximation. All ICAPM implications exposed follow (as
approximations) if ¢ # 1 as demonstrated in Internet Appendix A.2.

"To simplify the exposition, we assume E;[vw] &~ vw;/§. Otherwise, the intercept has a small time varying
component, k;—1 = £+ (y—1) - (vwe—1/d — E;_1[vw]). Such time varying component has no implications for
risk premia (only for interest rate variation), and thus does not play a role in our analysis.

8Note that intertemporal risk (vw) is only relevant if long-term prospects are important. Specifically, if
the investor had a one period horizon, then the value function would be zero at the end of the period so that
vw would not enter the SDF. Similarly, if investment opportunities did not vary over time, then vw would



For our factor model implementation, we further decompose vw into the two components
of intertemporal risk: news to long-term expected returns and volatility (i.e., reinvestment

risk and volatility risk). Specifically, Internet Appendix A.2 shows that’

o o 1 oo
vw; = constant + [E, Z 5. Twitth| — ('7_2) B, Z 6" Varen_1 [vesn)
' h=1 h=1
— —1
YWy = N]E,t - % : NV,t (2)

where
Ng: = (E;, —E; 1) [220:1 o . rw,Hh} is expected return news
Nyy= (B —Ei1) [Done, 6" Varyp_i1[vis]] is volatility news
Increases in expected returns increase the value function relative to current wealth as
wealth is expected to grow at a higher rate, delivering a more valuable future consumption
stream. In contrast, higher future volatility decreases the value function relative to current
wealth since achieving the given wealth growth requires facing more risk going forward.
Substituting Equation 2 into the log SDF in Equation 1 yields:

(y —1)?

sdfy, =k — v-ryps — (y—1)- Ngy + 5

- Ny 4 (3)

which shows that, with v > 1, declines in expected returns and increases in expected volatility
(holding current wealth fixed) represent bad news to the long-term investor.'?

In summary, the ICAPM SDF reflects market risk (r,), reinvestment risk (Ng), and
volatility risk (Ny). Moreover, the last two terms are responsible for the intertemporal risk
component in the ICAPM SDF, with the ICAPM reducing to the CAPM in the absence

of these intertemporal risk terms, which occurs if long-term investing prospects are not

always be zero. Finally, if v = 1, then the investor acts myopically and effectively ignores vw.

9The first line in Equation 2 relies on a second order Taylor approximation for E, [SDF;41- Ryi4+1] =1
that holds exactly if ¥y = 7+ + vw, is conditionally normal. Otherwise, there are other news terms related
to v higher order moments. We leave an exploration of such higher order risk factors to future work.

10The v > 1 condition for the positive Ng risk price is a consequence of two offsetting effects. An asset
that comoves positively with expected returns is desirable since it provides more capital to investors at a
time when the marginal product of capital is high. However, the asset also exposes investors to reinvestment
risk. When v > 1, the latter effect dominates so that the N risk price is positive.



important (see Footnote 8).

1.2 The Intertemporal Risk Factor Model

We apply a first order Taylor expansion to Equation 3 to obtain

2

and let R, reflect a vector of all asset returns so that projecting the risk factors onto R; (with

SDF, ~a, — E[SDF] - <7'rw,t + (y—1)-Ng — w_—l)Z-Nv> (4)

the constraint that mimicking factors are long-short portfolios) yields

Twt = CO,m + Cm *Tmt + Emt
Ne;y = Coe + CeE-TE:r + €Ey (5)
Nyy = Cov + Cv-rvy + €vy

where (for k =m, E, V) ry, = W;Rt represent tradable mimicking factors, 3,7 ; = 0 capture
zero-cost portfolio weights, and (j, > 0 reflect positive normalizing constants.

The projection orthogonality conditions imply Ele,, - rj] = Eleg - rj] = E[ey - ;] = 0 for
any excess return, r;; = R;; — R;;. As such, substituting Equation 5 into E[SDF - r;] =0

yields the Euler condition E[M - r;] = 0 for our tradable SDF,
M, =a — b, - Tmt — by, - TEt — by - TVt (6)

implying the intertemporal factor model risk premia equation,

by be
- E[M] E[M] E[M]
with restrictions b, > 0, by < 0, and sign(bg) = sign(y — 1) (so bg > 0 as long as v > 1),

E[r;] -Covlrj,rm| + - Couvlrj,rg] + - Couv[r;, ry], (7)

which we explore in our empirical analysis.!'!
Finally, letting b = [b,, bg by] and f = [r,, rg rv], the Euler condition E[M - f] = 0

implies (with X as the f covariance matrix):

USpecifically, the risk prices are given by b, = (n - E[M] -, bg = (g - E[M] - (y — 1), and
2
by = —Cy - E[M] - 9517 The ICAPM restrictions then follow from 4 > 0 and ¢, > 0 for k = m, E, V.



b =E[M] 5 'E[f] (8)

Since our risk factors are excess returns, the Euler condition E[M - f] = 0 does not identify
a. As such, we normalize a by imposing E[M]| = 1. This normalization does not affect the
model-implied risk premium on any asset, E[r;], as can be seeing by substituting Equation 8

into Equation 7 (see Chapter 13.2 in Cochrane (2005) for more details on this normalization).

1.3 The Market and Intertemporal Risk Factors

The key to a valid factor model implementation of the ICAPM is to build r,,, rg, and ry
that represent tradable mimicking factors for market risk (7, ), reinvestment risk (Ng), and

volatility risk (Ny). This subsection details how we approach this crucial task.

1.3.1 The Market Risk Factor

Since r,,, are real log returns on the representative investor’s wealth portfolio, if the equity

market reflects the wealth portfolio, then we have
Twt =~ Rm,t - Rinf,t = TImyt + €Em,t (9)

where 7,,; = Rp,: — Ry; are equity market returns in excess of the risk-free rate and
€mt = Rpy — Ringe (roughly) reflects unexpected inflation, which we assume does not price
excess returns since inflation affects both legs of any long-short strategy.

The argument above motivates us to use r,, as our market risk factor and implies ¢, = 1.'2
As such, we have v = b,,/E[M] = l;nZ]?l]E[ f], which allows us to infer the relative risk
aversion coefficient from our ¥y and E[f] estimates. Using r,, as the ICAPM market factor
is also empirically convenient given that effectively all factor models proposed in the literature

(including the CAPM) rely on this same r,, as their market factor.

12We measure 7, using the market risk factor available in Kenneth French’s data library (http://mba.
tuck.dartmouth.edu/pages/faculty/ken.french/index.html).
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1.3.2 The NNy and Ny Proxies

Constructing the intertemporal risk factors (rg and ry) is challenging as it requires real
time proxies for news to long-term expected returns (/Vg) and volatility (Ny). To avoid the
ICAPM “fishing license” (Fama (1991)) when constructing Ng and Ny, we do not specify
an arbitrary set of state variables for expected returns and volatility, but instead build a
simple Bayesian learning framework in which the long-term investor observes only market
prices and dividends (similar to Binsbergen and Koijen (2010)). In this framework, the log
dividend yield ultimately provides a signal for the (unobservable) mean log return process
so that Ng is linked to log dividend yield shocks. Similarly, log realized variance provides a
signal for the conditional log variance so that Ny is linked to log realized variance shocks.
As a consequence, our Bayesian framework motivates the use of changes in the log dividend
yvield (Adp) and log realized variance (Ac?) as real time proxies for Ng and Ny, respectively.

Letting r,,; and Ad; reflect the monthly log wealth return and growth in annual dividends,

we assume that ry ¢, e = Ei[ry 1| e], and g = Ei[Ady41|g:] have monthly dynamics with

Twt+1l = e + Toppi (10)
Perr =+ Qu (e — 1) + fiyy (11)
g1 =9 + g (g —9) + G (12)

S, = %-Vr, (13)

where 73 .11, i1, 9re1] ~ N(0, %) are unobservable shocks and Vr; = Var[ry, ;] captures

the wealth portfolio return variance with dynamics detailed later in this subsection.!?

BBWhile the assumption that Tw.t» Hi, and g; have a single volatility factor (i.e., Equation 13) is stylized,
it keeps the ICAPM tractable and is analogous to related models that include stochastic volatility in the
ICAPM and long-run risks literatures (e.g., Campbell et al. (2018) and Bansal et al. (2014)).

11



Then, from the log-linear valuation identity in Campbell and Shiller (1989), we have'!
dpe —dp = @, (e — 1) — P4 (96— 9) (14)
where @, = (1= ¢,2)/[(1 — ¢)(L — p- §2)], @5 = (1 — ¢5*)/[(1 — ¢g)(1 — p - ¢,%)], and
p = e ®/(1+ e %) with dp; = log(D;/P,) reflecting the annual dividend yield and dp
capturing the average dp;.
The long-term investor observes 7, dp;, and all model parameters, but not u; and g;."
As such, the Bayesian investor forms the expected return process, Ery = Ei[ry141] = Ee[p],

endogenously from observations of r,; and dp,. Specifically, as demonstrated in Internet

Appendix A.3, 7, and dp; provide signals for p; so that
Eryyy =Er + ¢g - (Ery —Er) + E‘tﬂ (15)

where parameters are given by Er = u, ¢g = ¢, vo = 1/[®, - (¢, — ¢4)], and shocks by

E”tﬂ = Eapt '%jﬂ + &t Twts, (16)
dpyyr = p + Vo [(dpisr — dp) — oy - (dp, — dp)] — Er, (17)
77w,t+1 = Twit+1 — Er, (18)

with &gy, and &, ; capturing functions of the underlying model parameters and the Vr, history.
Intuitively, at time ¢+ 1, the investor forms the Bayesian expectation for p;, 1 (i.e., Eryyq =

Eti1[pe41]) by updating the time t expectation (Er, = E;[u]) using the observed wealth

14The ®, and ®, parameters in Equation 14 are derived in Internet Appendix A.3 and account for the
fact that dp; is the annual dividend yield while u; and g; have monthly dynamics. The use of the annual
dividend yield in a monthly model allows stock exposures to monthly changes in the annual dividend yield
to be used in the empirical construction of our reinvestment risk factor (detailed later) while being fully
consistent with the model. The focus on monthly betas makes it feasible to rely on a rolling window beta
estimation while capturing the possibility that firm-level betas vary over time. At the same time, the use of
annual (as opposed to monthly) dividend yield avoids dividend seasonality issues.

15The assumption that the investor knows all model parameters is justified by the fact that all parameters
can be consistently estimated, for example, by conditional maximum likelihood as we explain in Subsection
1.3.4. In contrast, the investor can never fully recover u;. The best that the investor can do is to obtain the
expectation of u; given the information observed up to time ¢, which is precisely how we model the belief
process of the investor in this subsection.

12



portfolio return and dividend yield processes from ¢ to t + 1 as well as the knowledge that p;
evolves as in Equation 11. As a consequence, the shock to the investor’s endogenous expected
return process, IE;}H, is a linear combination of 7, ;11 and Elvp: -

In terms of the volatility dynamics, we model Vr; as a Realized log-GARCH process (see
Hansen, Huang, and Shek (2012)) so that'®

log(Vriq) = wyr + ovr - log(Vry) + ¢y - O't2+1 (19)

at2+1 =wy, + log(Vry) + ?ffﬂ (20)

where 7 ~ N(0,02) with o7 reflecting the log of the realized variance of r,, over month .
Internet Appendix A.3 shows that our Er; and Vr; dynamics (in conjunction with the vw;

recursion implied by the ICAPM) result in'”

Ngiy1 = Og - E’tﬂ = Oapy - dp, .y + Ory T (21)
and
Nyip1 0,074, (22)

where 0y = 6/(1 — 6 - ¢g), Oupt = Or - Eapts Ort = Or - &-t, and 6, > 0 reflects a function of 4,
v, and the expected return and volatility parameters.
We rely on Equations 21 and 22 to motivate our simple real time proxies for Ng and Ny (up

to a constant of proportionality). Specifically, when constructing rg, we use Adp; = dp;—dp;_1

160ur use of a Realized log-GARCH process effectively treats the conditional variance as observable
even though p; is not. This approach simplifies exposition and is consistent with prior literature (e.g.,
Anderson, Ghysels, and Juergens (2009)), with the justification relating back to the work of Merton (1980)
and Foster and Nelson (1996). However, our log(Vr;) process can be derived as the Bayesian posterior of
the log conditional variance in a latent stochastic volatility model in which ¢? provides a noisy signal for
the log conditional variance (see Internet Appendix A.3 for the proof). This Bayesian interpretation of our
Vry process relies on the normality of 37, which holds approximately in our log-GARCH (but not in a level-
GARCH) specification, justifying our modeling approach. Internet Appendix D.4 provides more details on
this normality issue and also demonstrates that our log-GARCH model better forecasts long-run variance
than an analogous level-GARCH process.

17The Ng;=0g- E"t result holds exactly. In contrast, Ny ; is generally a non-linear function of 72 so that
the Ny = Oy - o2 result relies on some linear approximations. In the main text, we use this Ny ~ by - o
approximation for simplicity, but Internet Appendix D.7 shows that our results are similar (but slightly
stronger) if we solve for the nonlinear Ny ; numerically.

13



as proxy for Ng,. Equation 21 shows that Ng, is a linear combination of Elvp: and 7, and it
is well-known that realized returns provide a very noisy signal for z, so that we expect 04+
to be much larger than 6,.;, justifying our use of Adp;.'® Similarly, when constructing ry, we
use Ao? = o7 — o}, as a proxy for Ny,, which is directly motivated by Equation 22. The

next subsection explains our rg and ry construction.

1.3.3 The Tradable Mimicking Factors for Ny and Ny

The typical approach in the literature to construct the zero-cost mimicking factor for a

generic nontradable factor z is to'”
1. Sort stocks based on their 3, = Cov|z, R]/Var[z| to form base portfolios
2. Project x onto the base portfolios with a constraint that coefficients add to zero

In our application, real time estimation of the nontradable factors (to estimate Syg and Syv
in step 1) would lead to large estimation errors and parameter instability. As such, we replace
step 1 with sorts on By, and f,2, so that we are effectively using Adp and Ac? to proxy for
Ng and Ny (up to a constant of proportionality), as discussed in the previous subsection.*
Specifically, at each month ¢ (with ¢ from 12/1927 to 11/2019) and for each stock in the
CRSP dataset (incorporated in the US and traded on NYSE, AMEX, or NASDAQ), we

measure stock-level 84, and 3,2 based on univariate betas of monthly returns on Adp and

Ac?, respectively. We use a 5-year rolling window to estimate betas and require stocks to

BOur empirical results confirm our expectation. Specifically, in our estimation described in Subsection
1.3.4, the average g, ; is 31 (39) times lager than the average 6,.; over our Long (Modern) Sample.

19The motivation in the literature is as follows. If we project x onto the vector of all asset returns, Ry,
we find that the x mimicking factor weights are generally proportional to 21}1 B, where X = Var[R] (see
Breeden, Gibbons, and Litzenberger (1989)). Since ¥ estimates are very noisy when the number of assets in
R; is large, the literature typically uses (3, as a sorting signal to construct a small set of base portfolios (step
1) and then project x directly onto these base portfolios (step 2). We also explore the alternative approach
proposed by Giglio and Xiu (2020) to construct the base portfolios in step 1 (see Footnote 25).

200ur annual log dividend yield measure, dp;, follows the construction in Gongalves (2021a) and our log
realized variance is o7 = log(% : ZZN:HT?MJL with 7., reflecting the log return on the CRSP value-weighted
index on day i of month ¢. Internet Appendix C.1 provides further measurement details for dp; and o?.
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have the full five years of data available to be included in the construction of rg and ry.?!

Similarly, the projections in step 2 would likely be unstable if performed in real time (and
could lead to large weights on relatively small stocks). As such, we replace step 2 with the
construction of value-weighted high minus low returns (following Herskovic, Moreira, and
Muir (2019)). Specifically, we form four value-weighted portfolios (Rrg, Ryg, Rrv, Ruv) by
sorting stocks based on their 34, and (3,2 each month. The Ry g (RLy) portfolio contains stocks
that are below the 30% NYSE breakpoint for 3, (8,2) while the Ryg (Rpyv) portfolio contains
stocks that are above the 70% NYSE breakpoint for (4, (8,2). Finally, our intertemporal
risk factors are constructed as g = Ryg — Rig and rv = Ry — Rrv.?? Since our betas are

measured from 12/1927 to 11/2019, our 7 and ry are available from 01/1928 to 12/2019.

1.3.4 The ex-post Mimicking Factors for Ny and Ny

Beyond constructing our tradable mimicking factors (rg and 7vy) using Adp and Ac? as
proxies for Ng and Ny, we also construct ex-post mimicking factors for Ng and Ny (which
we call ryg and ryy) based on ex-post estimated Ng and Ny following the model structure
in Subsection 1.3.2. While ryg and ryy are not tradable (and thus cannot be used for asset
pricing tests), they are used in parts of our empirical analysis to validate rg and 7y.

We start by estimating the Realized log-GARCH process in Equations 19 and 20 by non-
linear least squares targeting the 10-year subsequent realized variance (Internet Appendix
D.6 provides a maximum likelihood estimation). This estimation approach is consistent with
our objective of focusing on long-run variance (to measure Ny) and is in line with the work
of Ederington and Guan (2010), who find that targeting multiperiod realized variance in
GARCH estimation tends to result in better long-run variance forecasts. Then, given Vry,

we estimate the Er, process parameters (in Equations 15 to 17) by conditional maximum

2Tn the beginning of our sample period, we start with a shorter window (12 months for B4, and 23
months for B,2) due to data availability and expand the window for each factor until we have five years of
data to estimate the respective beta. Internet Appendix C.2 provides further details and Internet Appendix
D.3 shows that our main results are very similar with betas estimated on a 3-year rolling window.

22Qur approach is analogous to Fama and French (1993), except that we do not control for size or
orthogonalize our factors since the ICAPM does not imply factors are orthogonal to size or to each other.
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likelihood as in Binsbergen and Koijen (2010). Further estimation details (and parameter
estimates) are provided in Internet Appendix B.1.

The above procedure provides us with ex-post estimates for Ng and Ny from Equations
21 and 22.?* Using these estimates, we obtain ex-post mimicking portfolios for Nz and Ny
following the formal steps 1 and 2 in the prior subsection. Specifically, we form value-weighted
decile portfolios by sorting stocks based on Syg and [Byv estimated over the same 5-year
rolling window that we use to estimate stock-level 34, and B,2. We then project our estimated
Nr and Ny onto their respective deciles (while requiring weights to add to zero) to obtain
the ex-post mimicking factors, ryg and ryy, as linear combinations of the returns on the

Byr and Syv decile portfolios.

2 The Intertemporal Risk Factor Model: Main Results

This section presents our main empirical results. Subsection 2.1 demonstrates that our in-
tertemporal risk factors reflect tradable mimicking factors for Ny and Ny, Subsection 2.2
explores decile portfolios from sorts on g, and B,2, Subsection 2.3 shows that investors can
extract large risk premia in real time from exposures to the ICAPM risk factors, Subsec-
tion 2.4 presents the estimated ICAPM risk prices, and Subsection 2.5 outlines the core
implications and limitations of our main results.

Our empirical analysis considers two sample periods. The Long Sample (from 1928 to
2019) covers the full period over which we can produce our factors while the Modern Sample
(from 1973 to 2019) focuses on (roughly) the second half of our Long Sample, which is the

longest period over which we can construct all factors from the other factor models we study.

23Strictly speaking, we use E;t and &7 instead of Ng = O - E"t and Ny = 0, - 52 so that we avoid
estimating 6 and 6, (which depend on § and ) when constructing ryg and 7y. This approach only affects
ryE and ryy up to a constant of proportionality, and thus does not impact any of the results we report.
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2.1 Validating the Intertemporal Risk Factors

This subsection shows that our tradable intertemporal risk factors, rg and ry, which are
constructed from sorts on 4, and 3,2, are good real time mimicking factors for Ng and Ny.

Table 1 reports correlations between different tradable and nontradable risk factors over
our Modern and Long samples. Panel A focuses on the correlation matrix for Adp, Ng, rg,
and ryg, which reflect reinvestment risk, while Panel B focuses on the correlation matrix for
Ao?, Ny, ry, and 7y, which reflect volatility risk.

The key result from Table 1 is that rg and ry strongly correlate with our ex-post in-
tertemporal risk factors, ryg and ryy. Specifically, the correlations between the ex-post
estimated news, Ny and Ny, and their respective real time proxies, Adp and Aoc?, are
relatively high with Cor(Adp, Ng) = 0.91 and Cor(Ac?, Ny) = 0.75 over the Long Sample
and Cor(Adp, Ng) = 0.88 and Cor(Ac?, Ny) = 0.92 over the Modern Sample. As a conse-
quence, we have Cor(rg,ryg) = 0.93 and Cor(ry,ryy) = 0.81 over the Long Sample and
Cor(rg,ryg) = 0.89 and Cor(ry,ryy) = 0.84 over the Modern Sample. Figure 2 provides a
visual representation of this result by plotting rg, ryg, 7v, and ryy after a filtering process
so that their correlations can be easily visualized.?*

Table 1 also shows that rgy and ry are almost as good as rygp and ryy in mim-
icking Ng and Ny despite the fact that rg and ry are constructed in real time
whereas ryg and ryy are designed to reflect ex-post mimicking factors for Ng and Ny.
For instance, over our Long Sample, we have Cor(rg, Ng) = Cor(ryg, Ng) = 0.51 and
Cor(ry, Ny) = 0.24 < 0.30 = Cor(ryv, Ny). Similarly, over our Modern Sample, we have
Cor(rg, Ng) = 0.36 < 0.39 = Cor(ryg, Ng) and Cor(ry, Ny) = 0.28 < 0.36 = Cor(ryv, Ny).

The correlations in the previous paragraph are suggestive of market incompleteness (or
measurement noise in Ng and Ny), which leads the correlations between tradable and non-

tradable factors to be much lower than one. However, the overall correlation values we find

2Following Campbell et al. (2018) and Gongalves (2021a), the filtering process for a generic
risk factor = is based on an exponentially weighted moving average of normalized shocks,
fri=1—7) (x; —T) /o, + 7 fr;_1, with a half-life of two years (7 = 0.5/2* ~ 0.97).
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are also in line with the correlations between nontradable factors and their mimicking factors
reported in the literature (see, e.g., Alekseev et al. (2021)).>> As such, the level of market
incompleteness (or measurement noise) in our setting is comparable to the prior literature.
Finally, note that Table 1 focuses on the ability of rg and ry to act as mimicking factors
for Ng and Ny when the Bayesian framework we introduce in Subsection 1.3.2 is valid. This
approach allows us to overcome the ICAPM fishing license (Fama (1991)) as the model
dictates how Ng and Ny must be constructed (from Equations 21 and 22). However, much of
the prior ICAPM literature estimates Ny and Ny from vector autoregressions with multiple
pre-specified state variables. Internet Appendix D.5 shows that our simple rg and ry tradable
factors are also highly correlated with the ex-post mimicking factors we estimate using vector
autoregressions in which the state variables are the ones in Gongalves (2021a) augmented
by realized variance as in Campbell et al. (2018). As such, while our Bayesian framework is
useful in disciplining our construction of rg and ry, these tradable factors mimick Ng and

Ny even if these news are estimated from vector autoregressions.

2.2 Decile Portfolios from Sorts on 34, and 3,

This subsection studies decile portfolios from sorts on g, and 3,2, which are intrinsically
connected to our construction of rg and ry.
Tables 2 and 3 provide betas normalized to market beta units as well as average returns

and as with respect to the CAPM and ICAPM.?° Table 2 focuses on (3,4, sorted portfolios

25Tn Internet Appendix D.2, we explore an alternative approach that estimates factor mimicking weights
based on the method in Giglio and Xiu (2020) and uses them (instead of betas) to create the base portfolios
underlying rg, ry, 7 NE, and ryy. The mimicking factors obtained from this alternative approach do not yield
higher correlations with Ng and Ny than our simple method. The crux of the matter is that applying this
alternative approach requires out-of-sample estimation of factor mimicking weights, with the benefit of this
alternative approach being outweighed by the limitations of out-of-sample estimation in our setting.

26For each statistic, we report the values for each decile, the spread between deciles 10 and 1, and
the slopes. 3s are based on normalized factors (e.g., 7y = rgy - \/Var[r,]/y/Var[rg]) so that they are in
market beta units. The slopes are obtained from panel regressions. In the case of the s, the regression is
specified as 7+ = ap + (@ + b - Decilep) - x4 + €, +. In the case of average returns, the regression is specified as
rp+ = a+b-Decile,+¢, ;. Finally, in the case of as, the regression is specified as a,+¢p+ = a+b-Decile, +€p ¢,
with e, ; reflecting time-series residuals from the respective factor model. In all cases, we report 9 - b so that
the slopes are in the same units as the spread between deciles 10 and 1. The t-statistics are obtained from
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while Table 3 focuses on (,2 sorted portfolios. Panels A and B provide results over our Long
and Modern sample periods, respectively.

The first half of Table 2 reports betas of 3,4, decile-sorted portfolios relative to Adp, Ng,
rg, and ryg (labeled B4y, Bye, Or, and f,yg) while the first half of Table 3 reports betas
of B,z decile-sorted portfolios relative to Ac?, Ny, ry, and ryy (labeled 8,2, Syv, By, and
Bryv). As it is clear from the tables, higher deciles generally have higher (less negative)
betas. Moreover, the beta spreads between deciles 10 and 1 are all strongly significant as are
the beta slopes. All these /3 results (which are visually displayed in Figure 3) hold over both
the Long and Modern Samples, and further support the idea that sorting on 34, and S,z
provides a good way to obtain ex-ante sorts on exposures to Ng and Ny.

Interestingly, the second halves of Tables 2 and 3 show that portfolios sorted on /34, provide
no statistically detectable spread in average returns and portfolios sorted on S,z provide a
negative spread in average returns that is statistically insignificant over the Modern Sample.
These results differ from what has been reported previously in the factor model literature as
previous factors are created from signals that strongly predict returns going forward.

While unusual in the factor model literature, the results in the previous paragraph are
not puzzling because the ICAPM does not imply that sorting on B4, or 5,2 should provide
a spread in average returns. It implies that each (8 sort should provide a spread in alphas
that control for all ICAPM risk factors except the one related to the § used in the given
sort (we label such alphas o, v and «,, g where the subscript identifies the included factors).
Moreover, sorting on S, or 8,2 should not induce a sort on alphas constructed using the full
intertemporal factor model (which we label o, g v). The results in Tables 2 and 3 confirm
these predictions. Sorting on g, yields a positive a,, v while sorting on 3,2 yields a negative
e, as predicted by the ICAPM. Furthermore, sorting on either (g4, or 3,2 induces no
spread in o, g v (also as predicted by the ICAPM). For completeness, we also report CAPM
alphas (labeled «,,), but the ICAPM does not have a clear prediction about them.

the method in Driscoll and Kraay (1998), which is a generalization of Newey and West (1987, 1994) to panel
data and accounts for autocorrelation as well as correlations across portfolios.
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2.3 The ICAPM Factor Risk Premia

This subsection shows that strategies that expose investors to each ICAPM risk factor yield
substantial risk premia after controlling for other ICAPM factors.

The first part of each panel in Table 4 provides correlations across the ICAPM factors
as well as their (annualized) average returns, volatilities, and Sharpe ratios. We find that
the ICAPM factors are highly correlated, which is expected since market prices and invest-
ment opportunities vary jointly under the ICAPM logic. For instance, Cor(r,,,rg) = —0.77,
Cor(rm,ry) = —0.64, and Cor(rg,ry) = 0.82 over our Long Sample.?” In the factor model
literature, it is common to design factors to be close to orthogonal. However, as we show in
Internet Appendix D.1, this approach distorts risk prices and can even lead to changes their
signs. In the context of our analysis, this distortion would be a problem because it would
break the structural interpretation of the risk prices we estimate. For instance, we would
no longer be able to show that the estimated risk prices are quantitatively reasonable under
moderate risk aversion within the structural ICAPM (as we do in the next subsection).

So, instead of forcing our factors to be orthogonal, we study the risk factors jointly as
dictated by our underlying ICAPM. For instance, we do not directly interpret the (relatively
weak) rg and ry risk premia presented in the first part of each panel in Table 4. Instead, we
recognize that the ICAPM implication is that rg has a positive risk price (ry has negative risk
price), which must only translate into a positive (negative) risk premium after controlling for
rm and ry (rg). Consequently, we compute the risk premia for strategies that are only exposed
to their respective ICAPM factor, with no exposure to the other two factors. Specifically, we

first construct f? = Z}TI J+ and then apply the normalization f;, = \/Var[ry,]/Var[fZ] - f2,

so that each f,it has the same volatility as the market portfolio, is correlated with f,;, and

2"The correlations that include nontradable factors are also strong. For instance, we find
Cor(rmy, Ng) = —0.65, Cor(ry,, Ny) = —0.38, and Cor(Ng, Ny) =0.28 over our Long Sample. Simi-
larly, if we use our real time proxies, we have Cor(r,,, Adp) = —0.87, Cor(ry,,Ac?) = —0.34, and
Cor(Adp, Ac?) = 0.31. Note that the correlations between tradable factors tend to be stronger than the
correlations that include nontradable factors. This result is expected given the level of market incomplete-
ness and/or measurement noise in news estimation discussed in Subsection 2.1.
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is uncorrelated with the other factors in f;.?® Note that these strategies are still correlated
with each other (e.g., Cor(fgy, fy,) # 0 even though Cor(fg,, fv:) = 0). In Internet Ap-
pendix D.1, we show that E| fklt] o by, which would not be the case if these strategies were
constructed to be uncorrelated with each other as in the factor model literature.

The results for f+ = (r:, r&, ri) are provided in the second part of each panel in Table
4. Each strategy is strongly correlated with its respective risk factor, uncorrelated with the
other two factors, and has the same volatility as r,,. Importantly, all three strategies deliver
substantial (and statistically significant) risk premia, with E[r:] = 10.5%, E[rg] = 9.9%,
and E[r] = —6.6% over the Long Sample.

While the analysis above shows that each factor in f; has a strong risk premium controling
for exposure to other factors in f;, the weights used to construct 7=, ri, and ri are obtained
ex-post using the full sample estimate for ;. As such, one could be worried that the results
are spurious, reflecting sampling noise in the ex-post ¥ estimate. In the third part of each
panel in Table 4, we address this issue by recreating f+ = (r ra,ry) based on weights that
use a rolling window of 10 years (other rolling windows deliver similar results). Such real time
strategies still result in strong (and statistically significant) risk premia (e.g., E[r::] = 10.2%,
E[rg] = 10.8%, and E[ry] = —7.9% over the Long Sample), implying that ¥, is stable
and the results are not spurious as an investor can extract the ICAPM risk premia using
implementable trading strategies.

The results in this subsection get to the core of how our intertemporal factor model differs
from prior factor models in the literature. Factors in typical factor models have large risk
premia because they inherent this properties from the anomalies they are built to explain.
For example, the HML factor has large risk premium because it is created to explain the value
premium, which was discovered precisely because of the large average return spread between
high and low book-to-market firms. In contrast, our intertemporal risk factors (rg and ry)

are built to mimick Ng and Ny, and thus have no direct connection to anomaly-based risk

?8To see this result, note that Cov[f°, f] = Cov[S;'f, f] = T with Var[f°] = Var[S;'f] = ;' so that
fl{‘t = /Var[r,]/Var[f?] - fi, implies Var[fi] = Var[r,,] for k =m,E, V.
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premia that have been previously-established in the literature. The only implication from
the ICAPM is that these intertemporal risk factors should have a positive and a negative
risk price, respectively, which translate into positive and negative risk premia only on the

strategies rg and ri.

2.4 The ICAPM Risk Prices

The previous subsection shows strategies that expose investors to the ICAPM risk factors
yield substantial risk premia. By inspecting how these strategies are constructed, one can
see that E[fi£] oc by, where by, is the respective factor risk price in the ICAPM SDF Equation
6. This subsection explores the bs directly to yield further insights about the ICAPM. In
particular, beyond showing that the risk price signs are in line with the ICAPM predictions,
we demonstrate that the ICAPM-implied risk aversion, v = 1;12]71E[ f], is reasonable (e.g.,
it is 4.8 over our Long Sample) and that removing either rg or ry from the model strongly
distorts the risk price estimates for the remaining factors.

Table 5 estimates b by using the sample analogues of ¥; and E[f] in Equation 8. Panel
A reports the estimated CAPM and ICAPM risk prices, b, and their t-stats. Since the bs
are not easily comparable, we report oy - by for each factor fi so that the reported values
can be interpreted as the change in M, induced by a one standard deviation change in the

respective fi (holding other factors fixed). Panel B reports pricing errors for the strategies
1

m?

that expose investors to each risk factor (-, rg, and r) to quantify the improvement as we
move from the CAPM to the ICAPM (which must price these strategies correctly). Footnote
11 provides the ICAPM structural restrictions that allow us to pin down all risk prices based

on 7 as long as we have estimates for (,,, (g, and (y (the projection coefficients associated

29Tn Internet Appendix B.2, we show that such a procedure is equivalent to a just-identified GMM es-
timation in which the risk prices are obtained by requiring the model to price the factors themselves (and
show how to obtain standard errors for them). Moreover, we show that such estimator can be motivated
from efficiency and/or robustness arguments. In terms of efficiency, adding other testing assets to the GMM
estimation leaves the estimator unaffected as long as we rely on the efficient GMM weighting matrix. In
terms of robustness, we show that our b estimate converges in probability to the projection of the SDF onto
f even if the M = a + b f model is mispecified, a result that does not hold for other b estimators.
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with the ICAPM mimicking portfolios). Column “ICAPM,,” in Table 5 provides results based
on a GMM estimation of this structural (and single parameter) version of the model.*"

The ICAPM column in Panel A of Table 5 indicates that market and reinvestment risk
(rm and rg) are always positively priced while volatility risk (ry) is always negatively priced,
with these results holding whether we impose the ICAPM structural restrictions or not.
That is, holding current wealth fixed, declines in expected returns and increases in expected
volatility are associated with high marginal utility because they imply worse prospects for
long-term investing. Moreover, the magnitudes are economically large. For instance, over our
Long Sample, a one standard deviation movement in rg induces a 0.32 change in M;, which
is substantial if we consider that E[M] = 1.

Interestingly, the ICAPMpg column shows that by is much smaller when we do not control
for ry and the ICAPMy column demonstrates that by is very close to zero (and statistically
insignificant) when we do not control for rg. These results highlight the importance of the
structural [ICAPM we rely on when constructing our intertemporal risk factor model. Without
a theoretical framework dictating that both rg and ry are necessary risk factors to implement
the ICAPM, one can mistakenly conclude that the empirical evidence on the ry risk price
is “specification dependent”. Internet Appendix D.10 discusses the relation between our risk
price results and the prior [CAPM literature estimating the risk prices of shocks to expected
returns or volatility separately (e.g., Kozak and Santosh (2020) and Ang et al. (2006)).

Beyond risk prices, the model allows us to infer the implied risk aversion, v = 1;,12;115;[ f]-
The risk aversion estimates vary from 4.8 to 6.9 depending on the sample period and whether
we impose the ICAPM structure restrictions. These estimates are reasonably close to the

¥ = 5 benchmark used in the structural ICAPM of Gongalves (2021a) and the 5.1 (7.2)

30We estimate v using GMM to match the E[M - 7] = 0 Euler condition, with r;,, 7, and i+ as testing
assets and an identity weighting matrix (which is equivalent to using r,,, g, and ry as test assets and
specifying the weighting matrix to focus on the orthogonal component of each asset). To pin down the
projection coeflicients, we first note that ¢,, = 1 based on the assumption that the equity market reflects the
wealth portfolio (see Subsection 1.3.1). Then, we estimate (g ((v) as the slope coefficient from a projection
of Ng (Ny) onto g (ry). To obtain Ng and Ny, we follow Croce, Lettau, and Ludvigson (2014) and set
d = 0.999 at monthly horizon (§ ~ 0.988 at annual horizon).
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estimate from the early period (modern period) ICAPM structural estimation in Campbell et
al. (2018). It is also interesting to note that the CAPM implies even lower risk aversion, with
estimates ranging from 2.3 to 2.8. The reason is that accounting for variation in investment
opportunities tends to lower the risk of the market portfolio (i.e., equities are safer in the
long-run), and thus a higher risk aversion is required in the ICAPM (relative to the CAPM)
to justify the equity premium we observe in the data.

The results in Panel B of Table 5 indicate that the CAPM yields high pricing errors for the
ICAPM risk factors. Specifically, the CAPM can explain about half of the r risk premium
and none of the 7 and ri risk premia (since ri and ri are uncorrelated with r,,). Adding

either rg or ry provides little improvement to the pricing errors while adding both reduces
i

all pricing errors to zero (by construction). We also find that the ICAPM prices -, r&, and

ry reasonably well even when the model is restricted so that + pins down all three risk prices
(i.e., when the model only has one degree of freedom as in the CAPM). While some as are
statistically significant, they are still much lower in magnitude than under the CAPM. This
result indicates that the unconstrained risk prices we focus on are reasonably in line with

the implications of a fully structural ICAPM.?!

2.5 Implications and Limitations of our Main Results

We find that the tradable factors in our intertemporal risk factor model are priced and
reflect relevant risks for long-term investing. In our view, these results represent an important

step forward to the factor model literature given the lack of risk-related interpretability of

31This result may seem surprising given that prior literature (e.g., Chacko and Viceira (2005)) finds that
news to long-run variance induces a quantitatively small hedging demand when conditional variance is mod-
eled as a univariate autoregressive process. The crux of the matter is that, as explained in Subsection 1.3.4,
we estimate our log-GARCH process by targeting long-run (10-year) realized variance (Internet Appendix
D.6 shows that estimating the log-GARCH by maximum likelihood, which effectively targets short-term vari-
ance, yields results that are in line with the prior literature). The underlying idea is that targeting long-run
expectations provides a robust estimation method if we recognize that any autoregressive model is likely
mispecified (see Ederington and Guan (2010) and Jorda and Kozicki (2011)). In Internet Appendix D.5,
we further show that our baseline log-GARCH estimation provides better long-run variance forecasts than
vector autoregressions that rely on multiple state variables, a result that does not hold if we estimate the
log-GARCH by maximum likelihood.
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standard factor models (Kozak, Nagel, and Santosh (2018)). Moreover, such a step is crucial
to help us move beyond the CAPM when performing risk adjustments in practice.
However, one must be careful when interpreting our results since we model the decision
of a single investor (or class of investors) without taking a stand on aggregation or the rep-
resentative agent in the economy. In a general equilibrium model with heterogeneous agents,
the first order conditions of all investors must hold, and thus we construct our intertemporal
factor model based on the SDF of a buy-and-hold long-term rational investor. We take this
approach because it is sufficient for the purpose of creating a model with tradable factors
that reflect the risks associated with long-term investing (i.e., market and intertemporal
risk), which are key determinants of risk premia in consumption-based asset pricing models
(see Section IV in Gongalves (2021a)) or even if investors focus on long-run mean-variance
analysis (see Cochrane (2014)). A limitation of our approach, however, is that it is partial
equilibrium in nature, and thus cannot fully determine the causes of variation in asset prices.
Relatedly, Kozak, Nagel, and Santosh (2018) argue that their result that factor models
lack economic interpretability also applies (albeit to a lesser degree) to the ICAPM when
investment opportunities vary exogenously because they may be driven by sentiment. This is
another limitation of our work as we do not take a stand on what drives variation in expected
returns and volatility. While Internet Appendix D.8 shows that our main results are basically
identical after controlling for the sentiment index of Baker and Wurgler (2006), it remains
possible that other sources of sentiment drive variation in investment opportunities. However,
even if sentiment fully drives investment opportunities, our results still shed light on the risks
affecting asset prices as we uncover risk factors that dissuade rational long-term investors

from fully exploiting the opportunities created by sentiment-driven investors.

3 Comparing the ICAPM with Other Factor Models

The previous section shows that the ICAPM risk factors properly capture market and rein-

vestment risk and are priced consistently with the ICAPM predictions. In this section, we
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compare the ICAPM with eight prominent factor models proposed in the literature. Specif-
ically, we consider (ordered by publication year): the Sharpe (1964) CAPM, the Fama and
French (1993) 3-Factor model (FF3), the Carhart (1997) 4-Factor model (FFC4), the Fama
and French (2015) 5-Factor model (FF5), the Hou, Xue, and Zhang (2015) 4-Factor model
(q4), the Stambaugh and Yuan (2017) 4-Factor model (SY4), the Daniel, Hirshleifer, and
Sun (2020) 3-Factor Model (DHS3), and the Hou et al. (2020) 5-Factor model (g5).

The rest of this section is organized as follows. Subsection 3.1 estimates the ICAPM risk
prices after controlling for other factors, Subsection 3.2 compares the ICAPM with other
factor models based on their implied tangency portfolio Sharpe ratios, and Subsection 3.3
extends the comparison to pricing errors on the testing assets recommended by Lewellen,
Nagel, and Shanken (2010): single stocks, industry portfolios, correlation-clustered portfolios
(Ahn, Conrad, and Dittmar (2009)), and bond portfolios. Internet Appendices B and C
provide detailed descriptions of the econometric procedures we rely on and the data sources

we use, respectively.

3.1 ICAPM Risk Prices Controlling for Other Factors

This subsection estimates the ICAPM risk prices controlling for other factors. Specifically, we
estimate the SDF projection M; = a — v fi— b;:xt with x; reflecting the factors in each of the
factor models mentioned above, with the exception that we do not add the market factor to
x; since it is already included in f;. These SDF projections are analogous to the typical factor
spanning tests in the literature, with the added advantage that SDF projections control not
only for x; but also for other f; factors when testing each f; factor, which is important in
the context of the ICAPM (see Internet Appendix B.3).

For the Modern Sample (1973-2019), we can construct all factors, and thus our estimation
is analogous to the one used in Table 5. For the Long Sample (1928-2019), we can only
construct the ICAPM risk factors and the factors in FFC4, which are known as SMB, HML,
and MOM. However, since the risk price estimates depend only on estimates for X, and E[f],

we are still able to estimate risk prices using the method in Stambaugh (1997), which allows
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for factors with different time-series lengths in the estimation process.*?

The ICAPM risk prices, annualized risk premia, and t-statistics after controlling for other
factors are reported in Table 6. The ICAPM risk prices remain strong and statistically
significant regardless of which factors we control for. The only exception is that, over the
Modern Sample, the economically large by = 0.16 risk price becomes statistically insignificant
when controlling for the g5 factors. However, this result seems to be mostly driven by sample
size since by remains statistically significant in the Long Sample even after controlling for
the gb factors.

In Internet Appendices D.8 and D.9, we estimate SDF projections similar to the ones
in Table 6 to control for liquidity (Pastor and Stambaugh (2003)), sentiment (Baker and
Wurgler (2006)), and betting against beta (Frazzini and Pedersen (2014)). The risk prices

on the ICAPM factors remain strong and statistically significant.

3.2 ICAPM vs Other Factor Models: Maximum Sharpe Ratios

In this subsection, we compare the tangency portfolio Sharpe ratios (i.e., the “maximum
Sharpe ratios”) of different factor models. Based on Barillas and Shanken (2017), such anal-
ysis is sufficient for comparing the pricing ability of different factor models.?

Table 7 Panel A shows the (annualized) maximum Sharpe ratios, S Ryq., of the different

32Tn all cases over the Long Sample, we extend the factors to their first date available and then apply the
Stambaugh (1997)’s estimation procedure. For instance, for the g5 model, factor data is available starting in
1967. We then use this factor data and apply the estimation in Stambaugh (1997) to get the Long Sample
estimates for b, treating the 1928-2019 period as the “long history” and the 1967-2019 period as the “short
history” as per Stambaugh (1997)’s terminology. We always treat the ICAPM and FFC4 factors as available
over the “long history” regardless of which SDF projection we are estimating. As such, in the case of the
comparison between the ICAPM and the FFC4 model (as well as the FF3 model), the procedure is equivalent
to the analysis performed over our Modern Sample. We use bootstrap standard errors to obtain t-statistics
for our Long Sample estimates that rely on the method in Stambaugh (1997).

33A simplified version of the Barillas and Shanken (2017) argument can be seen directly from the
Gibbons, Ross, and Shanken (1989) (GRS) test statistic. Specifically, the GRS statistic is given by
SR2(f,R) — SR2(f) = a' S 'a, where SR%(f) is the Sharpe ratio of the tangency portfolio formed with

f. If we include all existing assets in the set of testing assets, R, then SR?(f, R) = SR is the same for any
set of factors we include in f. Therefore, the factor model with the highest SR?(f) is also the model with
the best pricing ability according to the GRS statistic. As such, it is sufficient to compare models based on
their maximum Sharpe ratios (i.e., to compare SR(f) for different f) in order to rank their pricing abilities.
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factor models, with parentheses reporting the percent of bootstrap simulations over which
the ICAPM has higher SR, than the given model. The first row shows in-sample SR,,,.
over the entire Modern Sample with models ordered by publication year. Interestingly, SR,
increases monotonically with the publication year, with the g5 model displaying the highest
in-sample SR,,.. = 2.10. In contrast, the ICAPM’s SR,,.. = 0.79 is only higher than the
SRae of the CAPM and the FF3 model.

However, many of these in-sample SR,,,, are too high to be real and effectively repre-
sent “near-arbitrage” opportunities (a term from Kozak, Nagel, and Santosh (2018)). For
instance, Ross (1976) and Cochrane and Saa-Requejo (2000) argue that any SR, higher
than /2 - SRoapy and 2- SReoap M, respectively, is unlikely to be truly available to investors
in financial markets (see also Shanken (1992) and MacKinlay (1995)). In contrast, all factor
models we explore except the FF3 and the ICAPM have SR, > 2 - SRcapy in-sample.

As pointed out by Fama and French (2018) and Kan, Wang, and Zheng (2019), one of
the issues with in-sample SR,,,. is that it is subject to overfitting since the weights of
the tangency portfolio are chosen over the same period over which SR, is calculated. To
address this issue, we follow Kan, Wang, and Zheng (2019) and break the Modern Sample
into two periods, with the 1st half representing the period from January/1973 to June/1995
and the 2nd half the period from July/1996 to December/2019 (the respective in-sample
Sharpe ratios are also provided in the table). We then estimate the SR,,,, weights over the
1st half and obtain our out-of-sample SR,,., over second half. The results indicate that the
ICAPM’s SR,,q. is higher than the SR,,,, of all models except SY4, DHS3, and ¢5.

The out-of-sample analysis above restricts the weights to be estimated over the first half
of the Modern Sample. However, some factor models (such as the ICAPM) have data going
back further, which allows investors to obtain weights in real time using a much longer
sample. As such, we also provide the out-of-sample SR,,., of each model after allowing the
weights to be estimated from all data available up to June/1995. The results get stronger
for the ICAPM, with little changes for other models so that the ICAPM’s SR,,,, remains
higher than the SR,,,, of all models except SY4, DHS3, and ¢5.
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While the analysis above considers the SR, ., overfitting problem, there is another issue
related to differences in implementation costs across different factors. Specifically, each factor
is constructed following a different procedure. For instance, the FF3 factors are based on 30%
and 70% breakpoints while the DHS3 factors rely on 20% and 80% breakpoints. In the absence
of theory, there is no reason to restrict a given factor to a given set of construction rules, but
the implementation differences can generate substantial differences in trading costs, which
can have a strong effect on Sharpe ratios. To address this issue, we follow Detzel, Novy-
Marx, and Velikov (2020) and also report, in Table 7 Panel B, a SR,,,, analysis that relies
on net (of trading costs) factor returns.** The results are qualitatively similar to Panel A, but
quantitatively stronger for the ICAPM, indicating that the trading costs in implementing
the ICAPM are smaller than for other models.

The core results from Table 7 are provided visually in Figure 4. In summary, we find that
the ICAPM performs well relative to other factor models in terms of its maximum Sharpe
ratio despite its factors being constrained to reflect risks that theoretically matter for long-
term investing. In fact, only three out of the eight factor models studied have SR,,,, that
are higher than the ICAPM SR,,,. once we account for overfitting. Moreover, the ICAPM
SR,q. 1s stable whether estimated in-sample or out-of-sample and whether we account for
trading costs or not, which is not the case for the other multifactor models we study. The
ICAPM SR,,.. stability highlights the importance of relying on theory to overcome the
natural publication biases that arise in the context of the search for the multifactor model

that will replace the CAPM in the years to come.

34We follow the same procedure as Detzel, Novy-Marx, and Velikov (2020), except that we use the trading
cost measure of Chen and Velikov (2020) for the adjustment (and thank Andrew Chen for sharing the data).
As Chen and Velikov (2020) demonstrate, their high frequency trading cost measure more accurately reflects
trading costs and implies, on average, lower trading costs than the main alternative measures used in the
literature. This choice is conservative from our perspective because, as we show, the ICAPM is less affected by
trading costs than the other factor models we consider. This result is a consequence of our factor construction
relying on single sorts whereas other models use double or triple sorts, which overweight small stocks.
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3.3 ICAPM vs Other Factor Models: Pricing Errors

While focusing on SR, is sufficient for comparing factor models in a world without publi-
cation bias, there are important limitations of a SR,,.. analysis when we consider that the
publication prospects of proposed factor models likely correlate with the Sharpe ratios of the
proposed factors. This issue can be seen directly from Table 7 as SR,,q, increases monoton-
ically with the model’s publication year. The out-of-sample analysis in the previous section
deals with overfitting but not with publication bias because the factors are still based on a
publication process that relied on Sharpe ratios over the period we treat as “out-of-sample.”
One approach is to wait for several years to perform a truly out-of-sample SR,,., analysis.

This subsection considers an imperfect, but still useful, alternative solution. Namely,
we compare the ICAPM to previous factor models based on the pricing of testing assets
that the original studies did not consider. For this task, we focus on the testing assets
recommended by Lewellen, Nagel, and Shanken (2010): single stocks, industry portfolios,
correlation-clustered portfolios (Ahn, Conrad, and Dittmar (2009)), and bond portfolios.
This choice alleviates concerns associated with publication bias in testing assets (Harvey
(2017) and Lo and MacKinlay (1990)) and with testing assets that are formed from sig-
nals closely related to the factors themselves (e.g., Ferson, Sarkissian, and Simin (1999) and
Kogan and Tian (2015)), which would be a problem if we compared models based on, for
example, well-known anomalies or the twenty decile portfolios we study in Tables 2 and 3
(but we also provide results for these testing assets in Section 4). When analysing testing
assets, we focus on the Modern Sample as it reflects the longest period for which we can

construct all factors we explore.

3.3.1 Single Stocks

At each month ¢, we select all CRSP common stocks of firms incorporated in the United
States (shred = 10 or 11) that trade on NYSE, AMEX, or NASDAQ (exched = 1,2 or 3) and
have all returns available over the last five years. We then estimate their pricing errors (as)

over this five-year window based on the usual factor regressions and calculate the squared
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sum of pricing errors, Ya?.

Table 8 Panel A reports, for each factor model, the time-series averages of these Ya?
normalized by the respective sums of pricing errors computed under risk-neutral pricing
(agy = Elr]) and the ICAPM (ajcapar). We also report the percent of months for which
the respective sum is lower under the ICAPM than under the given factor model (e.g.,
%(Xatoapy<Xa?)), which incorporates sampling variability in a manner similar to Fama
and MacBeth (1973) regressions. The overall results indicate that the ICAPM produces the
smallest pricing errors and the differences are particularly pronounced when comparing the

ICAPM with models that were published more recently, such as SY4, DHS3, and ¢5.

3.3.2 Industry Portfolios

For this analysis, we focus on the Fama and French (1997)’s 30 industry portfolios (following
Lewellen, Nagel, and Shanken (2010)). In contrast to single stocks, we have a balanced panel
with industry portfolios, and thus calculate one o per portfolio, reporting the same Ya?
(with the same normalizations) as we do with single stocks, but with no time-series average
being required. The percent of samples for which the ICAPM has lower pricing errors than
each model come from bootstrap simulations in this case.

Table 8 Panel B clearly indicates that the ICAPM produces the smallest pricing errors
and the differences are very high, with the ICAPM always outperforming other models in
more than 75% of the bootstrap samples.

3.3.3 Correlation-Clustered Portfolios

We follow Ahn, Conrad, and Dittmar (2009) in constructing 10 correlation-clustered port-
folios. Specifically, at each time ¢, we calculate return correlations (on a five year rolling

window) between all pairs of stocks used in our analysis of single stocks. We then obtain

the distance between stocks i and j as d;; = \/2- (1 — Cor; ;) and use these distance mea-
sures in a hierarchical clustering analysis, applying the Ward’s minimum variance method to

identity groups. Finally, we combine clusters formed at different points in time by assuring
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that, across adjacent months, each cluster portfolio has the most consistent firm member-
ship possible. As in Ahn, Conrad, and Dittmar (2009), our correlation-clustered portfolios
provide a large spread in average returns (as in typical anomaly sorts) and low correlation
across portfolios (in contrast to typical anomaly sorts). Further details are provided in Ahn,
Conrad, and Dittmar (2009).

Table 8 Panel C reports the results for these correlation-clustered portfolios in the same
format as Panel B. The two best performing factor models in this analysis are the FF3
and FFC4. The ICAPM comes next and performs substantially better than all other factor
models. For instance, the next best performing model is the CAPM and the ICAPM performs
better than it in at least 60% of the bootstrap samples.

3.3.4 Treasury Bond Portfolios

For this analysis, we rely on the Fama bond portfolios available in CRSP, which reflect
Treasury bond portfolios with bond maturities up to h = 1,2, 3,4, 5,10, 30 years.

Table 8 Panel D reports the results for these Treasury bond portfolios in the same format
as Panels B and C. The best performing model is unambiguously the DHS3, with the ICAPM
being the next best performing model. Moreover, all other models perform substantially worse
than the ICAPM, with the next best performing model being the g5, which performs worse
than the ICAPM in at least 58% of the bootstrap samples.

3.3.5 Summarizing o Results

Figure 5 provides a visual summary of the main findings for all four groups of testing assets.
For each group, we also create an alternative definition of portfolios to demonstrate that
the results are not sensitive to auxiliary empirical decisions. Specifically, we consider a ten-
year rolling window for single stocks, the Fama and French (1997)’s 48 industry portfolios,
25 correlation-clustered portfolios, and alternative CRSP US Treasury Indexes that reflect
Treasury bond portfolios with bond maturities up to h = 1,2,5,7, 10, 20, 30 years.

In summary, we find that the ICAPM is always among the best performing models (in
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terms of lowest pricing errors) and is the only factor model to consistently do so across all
four types of testing assets. Table 9 further extends this statement by ranking models based
on normalized Ya? and also X|a| for each set of testing assets we study in this section.
Regardless of whether we focus on Ya? or X|al, the ICAPM is the model with the best

average rank among all models we consider.

4 Anomalies

Much of the empirical asset pricing literature has focused on anomalies (i.e., strategies based
on signals that were originally proposed as a puzzle to a benchmark asset pricing model,
often the CAPM). This fact creates an important publication bias when using anomalies to
test a given model or compare across different models (see Lo and MacKinlay (1990)). Such
effect is particularly pronounced when some of the factors used to explain anomalies are
themselves created from anomaly signals (Ferson, Sarkissian, and Simin (1999) and Kogan
and Tian (2015)). Nevertheless, this section studies anomalies for completeness. Subsection
4.1 focuses on a comparison across factor models while Subsection 4.2 asks whether investing

in anomalies provides an ex-ante increase in the ICAPM tangency portfolio Sharpe ratio.

4.1 ICAPM vs Other Factor Models: Anomaly Deciles

Table 10, Panel A, provides model comparison results using 158 anomaly decile portfolios
(that are value-weighted and based on NYSE breakpoints) from the data made available
by Chen and Zimmermann (2020), which gives us a total of 1,580 portfolios.*> The ICAPM
performs better than the CAPM, FF3, and FF5 models in pricing anomalies, but worse than
all other models we analyse. The DHS3 and the g5 models are the two best performing
models, with the ICAPM performing better than these models in only 8% of the simulations

35We begin with the 180 “clear predictors” from Chen and Zimmermann (2020), which reflect anomalies
that they classify as being “clearly significant in the original papers”. From these 180 significant anomalies,
we remove anomalies that do not have return records for all 10 decile portfolios for at least half of our
1973-2019 sample. This procedure yields the 158 anomalies (and the corresponding 1,580 decile portfolios)
we explore in Table 10. The data is available at https://github.com/OpenSourceAP/CrossSection.
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based on Ya? and in no more than 41% of the simulations based on X|a|.

As previously pointed out, the signals used in the construction of traditional factor models
are, by design, strongly connected (and sometimes identical) to the signals used in the con-
struction of anomaly portfolios, which creates important issues when studying factor models
(Ferson, Sarkissian, and Simin (1999) and Kogan and Tian (2015)). Table 10, Panel B, gives
a rough indication of the problem. It replaces the deciles formed on the 158 anomalies in
Panel A with the deciles formed on f4, and f,2 (studied in Tables 2 and 3). The results
indicate the ICAPM is by far the best model in pricing these testing assets. Of course, it
would be misleading to conclude that the ICAPM is the best model based on such an analy-
sis because the ICAPM factors are constructed using g, and 3,2 as signals. The same logic

(but in reverse) plagues the analysis in Panel A.

4.2 Can we Increase the ICAPM Tangency Portfolio Sharpe Ratio?

Since the ICAPM performs worse than several other factor models in pricing anomaly deciles,
we now ask whether an investor would benefit from adding anomalies to a portfolio that
invests in r,,, rg, and ry. We find that this is not necessarily the case. Specifically, we
show that it is hard for investors to increase the tangency portfolio Sharpe ratio ex-ante by
adding anomalies to the ICAPM factors. Consequently, even if one ignores trading costs and
publication biases, it seems investors cannot easily trade on anomalies to improve upon the
ICAPM. As such, an investor who ignores anomalies may not be suffering a large utility loss.

To motivate the analysis, note that the result in Gibbons, Ross, and Shanken (1989)
implies of = o3, - (SR, ; — SRZ,,.), where o7 > 0 reflects the variance of residuals in a
factor regression of portfolio j onto the ICAPM factors. As such, a non-zero « is puzzling
because it implies an investor can increase the ICAPM tangency portfolio Sharpe ratio (ex-
post) from SR,,qp t0 SRypas ;.- The black lines in Figure 6 show the distribution of annualized
(in-sample estimated) ASR; = SRyn4q,; — S Rmas across the 158 anomalies we study. Figure

6(a) considers long-short portfolios based on the three highest and three lowest deciles for

each anomaly, which is in line with how the intertemporal factors are created. Figure 6(b)
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repeats the analysis with long-short portfolios that consider only the highest and lowest
deciles for each anomaly. The in-sample results indicate investors can achieve large increases
in the ICAPM tangency portfolio Sharpe ratio by trading on anomalies with no risk of
decreasing the tangency portfolio Sharpe ratio.

However, as emphasized in Cederburg et al. (2020), the tangency portfolio weights in the
black lines (which are implicitly used in as) are estimated in-sample. To address this issue,
we divide our Modern Sample in two periods of equal length, estimating the weights (for
both SR,4.; and SR,.,) in the first half and calculating the Sharpe ratios in the second
half, which is analogous to how Kan, Wang, and Zheng (2019) (and our Subsection 3.2)
compare the tangency Sharpe ratios of different factor models. The blue lines in Figure 6
show the distribution of these out-of-sample annualized AS Rs. Clearly, the risk of ultimately
decreasing the tangency Sharpe ratio by adding an anomaly strategy to the ICAPM tangency
portfolio is high (36.7% for both types of anomaly strategies we study). Of course, a real
investor would have access not only to the first half of our Modern Sample, but also to the
period before 1973. As such, the red lines show the analogous distributions when weights
are estimated using all data back to 1928, with the method in Stambaugh (1997) used to
estimate weights when the data for a given anomaly starts later than 1928 (as in Subsection
3.1). In this case, the risk of decreasing the tangency Sharpe ratio by adding an anomaly
strategy is even higher (49.4% and 42.4% for the two types of anomaly strategies we study).
So, investors with access to r,,, rg, and ry have a high probability of accidentally decreasing

their Sharpe ratios as they add anomalies to their portfolios.

5 Conclusion

In this paper, we show that a long-term Bayesian investor perceives shocks to the market
dividend yield and realized variance as additional risk factors beyond the market portfolio,
and use this insight to construct an intertemporal factor model in which the tradable factors

capture market risk (r,,), reinvestment risk (rg), and volatility risk (rv). We then project
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the SDF onto our tradable factors and find that their risk prices are consistent with an
underlying structural ICAPM. Finally, we demonstrate that our intertemporal factor model
performs well relative to prominent factor models in several empirical tests.

Our results show that it is fruitful to build models with tradable factors that truly reflect
risks (i.e., that are designed to mimick the risks of some underlying theory). Such risk factor
models are more informative about investors’ motives than traditional factor models, which
are not directly linked to investors’ preferences and/or beliefs (Kozak, Nagel, and Santosh
(2018)). At the same time, risk factor models allow for the identification of risk factors that
matter to investors without being subject to the important sensitivity issues associated with
estimating the risk prices of non-tradable factors (Lewellen, Nagel, and Shanken (2010)).

We hope the future literature continues to tackle the important task of building risk factor
models (or sentiment factor models) closely guided by theory. This can be done by extending
the ICAPM to incorporate issues we abstract from such as adding other assets to the wealth
portfolio (Cederburg and O’Doherty (2019)) or by implementing factor models that reflect
other economic frameworks such as intermediary asset pricing (Adrian, Etula, and Muir
(2014)). The ultimate objective of risk factor models must not be to fully explain the cross-
section of returns, but rather to understand how much of the cross-section is explained by
particular risk-based frameworks. As such, the important unifying theme is that future work
should strive to demonstrate that the proposed tradable factors capture the underlying risks

for which they intend to proxy.
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Filtered Intertemporal Risk Factors

These graphs compare filtered versions of ex-ante and ex-post mimicking portfolios for Ng and Ny (using the filtering
procedure in Campbell et al. (2018), which is described in Footnote 24). Panels (a) and (b) compare our tradable
reinvestment risk factor (rg) to the ex-post N mimicking factor (ryg). Panels (¢) and (d) compare our tradable
volatility risk factor (ry) to the ex-post Ny mimicking factor (ryv). To construct rg (ry), we buy a value-weighted
portfolio of the stocks with the 30% highest exposures to Adp (Ac?) and sell a value-weighted portfolio of the stocks
with the 30% lowest exposures to Adp (Ac?). To construct ryg (ryv), we project Ng (Ny) onto returns from decile
portfolios constructed by sorting stocks based on their exposure to Ng (Ny) and imposing that projection coefficients
sum to zero (i.e., the factors are zero-net-cost portfolios). The tradable risk factors, rg and ry, as well as the decile
portfolios necessary to obtain ryg and ryv are constructed each month using risk exposures estimated on a 5-year rolling
window. Expected return news (Ng) and volatility news (Ny) are based on Equations 21 and 22, and are estimated ex-
post using our Long Sample (1928-2019) in Panels (a) and (c) and Modern Sample (1973-2019) in Panels (b) and (d). A
brief explanation of our news estimation procedure is provided in Subsection 1.3.4 with a detailed description available
in Internet Appendix B.1. Subsection 1.3.3 provides further empirical details on the construction of the tradable risk
factors.
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Bs of B4, and B,2 Decile Portfolios

These graphs show ex-post decile portfolio betas in market beta units (see Footnote 26) with various measures of
reinvestment risk (Adp, Ng, rg, and 7yg) and volatility risk (Ac?, Ny, ry, and ryv). Panels (a) and (b) use data from
our Long Sample (1928-2019). Panels (c) and (d) use data from our Modern Sample (1973-2019). Panels (a) and (c)
use portfolios sorted on ex-ante exposure to Adp. Panels (b) and (d) use portfolios sorted on ex-ante exposure to Ac?.
See Subsection 1.3 for details related to the measurement of risk factors and decile portfolio construction.
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Figure 4
ICAPM vs Other Factor Models: Maximum Sharpe Ratios

This graph shows (in- and out-of-sample) maximum (gross and net-of-trading-cost) Sharpe ratios constructed using the
ICAPM factors or using factors from other prominent factor models, which are described at the beginning of Section
3. Results are provided for three different periods: “Full Data” (1973-2019), “1st Half” (1973-1995), and “2nd Half”
(1995-2019). For each model, the first three bars display maximum Sharpe ratios constructed using tangency portfolio
weights estimated in-sample and applied to factors within each of these three periods. The fourth bar displays the
Sharpe ratio that results from applying tangency portfolio weights estimated during the “1st Half” period to construct
a portfolio of factors during the “2nd Half” period. The last bar displays the analogous out-of-sample Sharpe ratio when
net-of-cost factors are used to both estimate weights and form the factor portfolio (see Footnote 34 for a description of
the net-of-cost factor construction).
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Figure 5

ICAPM vs Other Factor Models: as for Testing Assets in LNS

These graphs report Ya?/Ya2.4py, Which reflect the sum of squared pricing errors from various prominent factor
models (described at the beginning of Section 3) relative to that from the ICAPM. Each panel is based on a different
group of the test assets recommended in Lewellen, Nagel, and Shanken (2010). Panel A focuses on single stocks with
as for each stock computed on either a 5- or 10-year rolling basis and recorded each month. Panel B focuses on either
the 30 or 48 industry portfolios from Fama and French (1997). Panel C focuses on either 10 or 25 correlation-clustered
portfolios (constructed using the method in Ahn, Conrad, and Dittmar (2009)). Panel D focuses on either the Fama
bond portfolios or the CRSP US Treasury Indexes. In the case of single stocks (Panel A), we compute Yo /3034 pas
each month using only stocks that have full return data in the given rolling period and then plot time-series averages
of the monthly Ya?/Ya?,4py- In the case of portfolios (Panels B, C, and D), Ya?/3a?, 4pys is computed using the
full panel of portfolio returns. All data are from our Modern Sample (1973-2019).
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Distribution of Changes to the Tangency Portfolio Sharpe Ratio:
Adding one Anomaly H-L Strategy to ICAPM Tangency Portfolio

These graphs display the empirical density function of ASR; = SRy4zj — SRz SRimaes reflects the ICAPM tangency
portfolio Sharpe ratio and SR, ; reflects the tangency Sharpe ratio that can be achieved by adding each of the High-
Low strategies based on the 158 anomalies we study (from Chen and Zimmermann (2020)) to the ICAPM factors. We
consider in-sample (IS) Sharpe ratios as well as out-of-sample (OS) Sharpe ratios in which the weights are calculated
prior to the Sharpe ratio measurement period. Subsection 4.2 provides further details.

48



Table 1
Correlations: News Proxies, Tradable Factors, and Ex-post Mimicking Factors

This table reports correlations between our tradable risk factors (rg and ry) and ex-post news (Ng and Ny) as well
as ex-post news mimicking factors (ryg and ryv). To construct rg (ry), we buy a value-weighted portfolio of the
stocks with the 30% highest exposures to Adp (Ao?) and sell a value-weighted portfolio of the stocks with the 30%
lowest exposures to Adp (Ac?). To construct ryg (ryv), we project Ng (Ny) onto returns from decile portfolios
constructed by sorting stocks based on their exposure to Ng (Ny) and imposing that projection coefficients sum to
zero (i.e., the factors are zero-net-cost portfolios). The news are based on Equations 21 and 22, and are estimated
ex-post using our Long Sample (1928-2019) or Modern Sample (1973-2019). The tradable risk factors, rg and
ry, as well as the decile portfolios necessary to obtain the ex-post mimicking factors are constructed each month
using risk exposures estimated on a 5-year rolling window. Subsections 1.3.3 and 1.3.4 provide further empirical
details on the construction of the tradable and ex-post mimicking risk factors. A detailed description of our news
estimation procedure is available in Internet Appendix B.1.

PANEL A: Reinvestment Risk (IVg)

Long Sample (1928-2019) Modern Sample (1973-2019)

Adp Ng TR TNE Adp Ng TR TNE

Adp 1 091 0.68 0.68 1 0.88  0.54 0.57

Ng 0.91 1 0.51 0.51 0.88 1 0.36 0.39

TE 0.68 0.51 1 0.93 0.54 0.36 1 0.89
TNE 0.68 0.51 093 1 0.57 0.39 0.889 1

PANEL B: Volatility Risk (Nvy)

Long Sample (1928-2019) Modern Sample (1973-2019)

Ao? Ny ry TNV Ao? Ny ry TNV

Ao? 1 0.75 0.24 0.27 1 092 0.25 0.30

Ny 0.75 1 0.24 0.30 0.92 1 0.28 0.36

Ty 0.24 0.24 1 0.81 0.25 0.28 1 0.84
TNV 0.27 0.30 0.81 1 0.30 0.36 0.84 1
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Table 2
Decile Portfolios Sorted on 34,

This table reports statistics related to monthly returns on 10 4,-sorted portfolios. Panels A and B provide results
from our Long (1928-2019) and Modern (1973-2019) samples, respectively. In the top portion of each panel, we
report portfolio return exposures to our expected return news proxy (Adp), the in-sample expected return news
measure (Ng), our tradable reinvestment risk factor (rg), and the Ng mimicking portfolio (ryg). Portfolio return
exposures to each of these time series are denoted by B4y, BnE, Or, and Byg, respectively, and are normalized
to be in market beta units (see Footnote 26). In the bottom portion of each panel, we report portfolio average
returns (E [r]) and aes when computed with respect to the CAPM (ayy,), the ICAPM excluding rg (a,.v), and the
full ICAPM (g v). All returns are in percent and annualized (approximately) by multiplying monthly returns
by 12. The “Slope” statistic is a measure of the slope of the 10 related portfolio statistics with respect to portfolio
decile (see Footnote 26). Portfolios are rebalanced monthly based on individual stock exposures to Adp with
further details provided in Subsection 1.3. The 10-1 portfolio t-statistics are computed according to Newey and
West (1987, 1994). The Slope t-statistics are computed according to the method in Driscoll and Kraay (1998)
using the procedure in Newey and West (1994) to select the number of lags.

PANEL A: Long Sample (1928-2019)

Dec = 1 2 3 4 5 6 7 8 9 10 10-1  (t1i0—1) | Slope (tsiope)

Bap | -154 -129 -1.18 -1.09 -1.01 -0.94 -0.85 -0.76 -0.65 -0.55| 0.99  (I11.5) | 0.89  (8.46)
BNE | -1.15 097 -0.89 -0.81 -0.77 -0.70 -0.64 -0.57 -0.49 -041| 0.74  (6.65) | 0.67  (5.05)
Be | -172 -141 -122 -1.07 -095 -085 -0.72 -0.59 -0.43 -0.33| 1.39  (56.2) | 1.29  (55.4)

BrNe | -1.71  -140 -1.21 -1.11 -099 -0.88 -0.77 -0.65 -0.48 -0.35| 1.36 (19.2) 1.23 (17.1)

E[r] | 97% 88% 92% 92% 9.0% 95% 88% 81% 83% 6.7% |-3.0% (-1.11) | -2.0% (-0.57)
Qm | -3.9% -26% -14% -0.6% -0.1% 12% 12% 1.3% 25% 1.9% | 58% (2.87) | 5.9%  (2.54)

Amy | -40% -27% -14% -06% -01% 12% 12% 1.3% 25% 1.9% | 58% (3.77) | 5.9%  (3.31)

ameyv | 0.5% 1.0% 1.0% 08% 08% 1.9% 14% 05% 1.0% 0.5% |-0.1% (-0.08) | 0.0%  (-0.02)

PANEL B: Modern Sample (1973-2019)

Dec = 1 2 3 4 5 6 7 8 9 10 10-1  (t1i0—1) | Slope (tsiope)

Bap | -127 -1.02 -091 -0.84 -0.81 -0.74 -0.70 -0.61 -0.55 -0.44 | 0.84  (10.4) | 0.70  (7.69)
Bne | -0.85 -0.67 -0.59 -0.54 -0.54 -049 -0.46 -0.39 -0.37 -0.28 | 0.57  (6.94) | 0.47  (4.46)
Be | -1.50 -1.14 -0.93 -0.75 -0.69 -0.60 -0.50 -0.35 -0.24 -0.13| 1.38  (43.7) | 122  (56.6)

BrNE | -1.50 -1.07 -0.85 -0.75 -0.67 -0.60 -0.51 -0.41 -0.29 -0.17 | 1.33 (17.5) 1.12 (12.9)

E[r] 75% 6.7% 7.0% 71% 79% 8.0% 72% 72% 82% 6.4% |-1.1% (-0.31) | 0.1% (0.02)
o -3.3% -22% -1.0% -03% 0.9% 1.5% 1.0% 1.8% 3.3% 2.6% | 59%  (2.30) | 6.0% (2.08)

amy | -35% -2.3% -1.0% -02% 1.0% 1.6% 1.1% 1.8% 34% 2.7% | 62% (3.26) | 6.2%  (2.94)

Qmev | 01% 09% 1.3% 0.6% 1.7% 22% 08% 04% 1.0% 01% | 0.0%  (0.01) |-0.1% (-0.16)
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Table 3
Decile Portfolios Sorted on (3,2

This table reports statistics related to monthly returns on 10 (§,2-sorted portfolios. Panels A and B provide results
from our Long (1928-2019) and Modern (1973-2019) samples, respectively. In the top portion of each panel, we
report portfolio return exposures to our volatility news proxy (Ac?), the in-sample volatility news measure (Nvy),
our tradable volatility risk factor (ry), and the Ny mimicking portfolio (ryv). Portfolio return exposures to each
of these time series are denoted by S,2, Byv, Bv, and Byv, respectively, and are normalized to be in market beta
units (see Footnote 26). In the bottom portion of each panel, we report portfolio average returns (E [r]) and as
when computed with respect to the CAPM (a,), the ICAPM excluding 7y (o, k), and the full ICAPM (o, 5v)-
All returns are in percent and annualized (approximately) by multiplying monthly returns by 12. The “Slope”
statistic is a measure of the slope of the 10 related portfolio statistics with respect to portfolio decile (see Footnote
26). Portfolios are rebalanced monthly based on individual stock exposures to Ac? with further details provided
in Subsection 1.3. The 10-1 portfolio t-statistics are computed according to Newey and West (1987, 1994). The
Slope t-statistics are computed according to the method in Driscoll and Kraay (1998) using the procedure in
Newey and West (1994) to select the number of lags.

PANEL A: Long Sample (1928-2019)

Dec= | 1 2 3 4 5 6 7 8 9 10 | 10-1  (t10_1) | Slope (tsiope)

Boz | -049 -042 -040 -0.38 -0.35 -0.31 -0.31 -0.26 -0.24 -0.24 | 0.25  (6.77) | 024  (5.00)
Bnv | 053 -044 -043 -041 -0.38 -0.35 -0.34 -0.30 -0.27 -0.27 | 027  (6.52) | 0.24  (4.53)
By | -1.27 -1.14 -097 -0.84 -0.70 -0.59 -0.54 -0.42 -0.36 -0.34 | 0.93  (34.0) | 096  (66.0)

Brnv | -1.11  -0.96 -0.78 -0.75 -0.61 -0.52 -0.45 -0.39 -0.31 -0.27 | 0.85 (23.1) 0.83 (20.2)

E[r] | 98% 102% 10.9% 9.3% 9.1% 82% 8.0% 74% 7.5% 58% |-4.0% (-1.98) |-4.2% (-1.55)
Q| 20% -03% 14% 04% 08% 0.8% 0.8% 08% 09% -1.0% | 0.9%  (0.53) | 0.8%  (0.38)
Qme | 09% 1.8% 27% 11% 10% 04% 03% -0.1% 0.0% -1.8% |-2.6% (-1.97) | -2.9%  (-1.89)

ampey | -04% 03% 1.5% 03% 09% 03% 05% 08% 1.4% 0.1% | 0.5%  (0.49) | 0.5% (0.79)

PANEL B: Modern Sample (1973-2019)

Dec= | 1 2 3 4 5 6 7 8 9 10 | 10-1  (ti0_1) | Slope (tsiope)

Bo2 -0.53 -041 -041 -0.39 -033 -0.31 -0.28 -0.25 -0.22 -0.21 | 0.32 (4.94) 0.29 (3.64)
BNv -0.62 -048 -048 -046 -0.39 -0.38 -0.34 -0.30 -0.26 -0.25 | 0.36 (5.25) 0.33 (3.84)
By -1.20 -099 -080 -0.70 -0.55 -0.40 -0.34 -0.23 -0.13 -0.08 | 1.12 (33.5) 1.10 (70.9)

Brnv | -118 -092  -0.75  -0.73 -057 -046 -0.38 -0.31 -0.21 -0.13 | 1.05 (152) | 097  (14.2)

E[r] | 88% 91% 95% 7.4% 91% 78% 7.6% 6.7% 6.6% 4.7% | -41% (-1.47) | -3.8%  (-1.03)
Q| -09% 06% 1.8% -01% 23% 15% 1.6% 09% 12% -1.1% |-01% (-0.05) | 0.2%  (0.06)

amp | 23% 25% 3.0% 07% 26% 0.9% 0.8% -05% -04% -2.7% |-5.0% (-2.91) | -4.6% (-2.18)

Amey | 00% 03% 1.6% 00% 23% 11% 12% 0.7% 14% 0.0% |-01% (-0.07) | 0.3%  (0.46)
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Table 4
The ICAPM Factor Risk Premia

This table reports ICAPM risk factor correlations, expected returns, standard deviations, and Sharpe ratios over
our Long (1928-2019) and Modern (1973-2019) Samples (Panels A and B, respectively). Statistics are provided
for the raw factors (r) as well as for factors that are orthogonalized in-sample (IS rt) according to the weighting
procedure outlined in Subsection 2.3. Out-of-sample versions of the orthogonalized factors (O.S r+) are constructed
using weights estimated using this same procedure but applied to 10-year rolling windows preceding each month
in which the weights are applied. E [r] and o [r] are the annualized average returns and return standard deviations
of each of each factor. The t-statistics are computed according to Newey and West (1987, 1994).

PANEL A: Long Sample (1928-2019)

Cor(r,ry) Cor(r,rg) Cor(r,ry) E[r] (trpr)) o[r] E[r]/o[r]

m 1.00 -0.77 -0.64 7.8% (3.74) 18.5% 0.42

r E 0.77 1.00 0.82 13%  (-0.71)  18.0% 0.07

\Y -0.64 0.82 1.00 -3.7% (-2.57) 13.7% -0.27

m 0.63 0.00 0.00 10.5% (4.58) 18.5% 0.57

ISrt & 0.00 0.47 0.00 9.9% (5.04)  18.5% 0.53
A\ 0.00 0.00 0.58 -6.6% (-3.69) 18.5% -0.36

m 0.56 0.13 0.12 10.2%  (4.88) 18.0% 0.57

OSrt E -0.02 0.50 0.06 10.8% (5.88) 17.7% 0.61
\Y -0.04 0.11 0.58 -7.9% (-3.87) 18.1% -0.44

PANEL B: Modern Sample (1973-2019)
Cor(r,ry) Cor(r,rg) Cor(r,ry) E[r] (trpr)) o[r] E[r]/o[r]

m 1.00 0.68 0.51 6.8% (2.83) 15.6% 0.43

r E -0.68 1.00 0.80 0.5% (0.24) 15.0% 0.04

\Y -0.51 0.80 1.00 -3.2% (-1.64) 13.1% -0.24

m 0.73 0.00 0.00 10.2% (4.25) 15.6% 0.65

ISrt E 0.00 0.52 0.00 10.3% (4.47) 15.6% 0.66
A\ 0.00 0.00 0.61 -7.6% (-3.51) 15.6% -0.48

m 0.74 0.02 -0.01 9.4% (3.59) 16.3% 0.58

OSrt E -0.05 0.49 -0.02 13.2% (5.04) 17.8% 0.74
A\ 0.07 -0.04 0.51 -10.7% (-3.83) 18.5% -0.58
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Table 5
The ICAPM Risk Prices and Pricing Errors

Panel A reports estimated CAPM and ICAPM risk prices (b) according to Equation 8 while Panel B reports
the annualized average returns (E[r|) and associated pricing errors (o) for the three orthogonalized strategies
introduced in Subsection 2.3. The ICAPM,, column reports the respective information when imposing the ICAPM
structural restrictions in Footnote 11, which imply relative risk aversion, v, is the only parameter as it determines
all three risk prices (see Footnote 30 for estimation details). For the first four columns of each panel, we use
v ="by = l/mZJ?l]E[ f] (see Subsection 1.3.1). Since bs are not easily comparable, we report oy - by, for each factor
fr+ so that the reported values can be interpreted as the change in M; induced by a one standard deviation change
in the respective fi; (holding other factors fixed). b is estimated by Generalized Method of Moments (GMM) and
the t-statistics are computed according to GMM asymptotic theory with Newey and West (1987, 1994) for the

spectral density matrix (see Internet Appendix B.2).

Long Sample (1928-2019) Modern Sample (1973-2019)
CAPM ICAPM; ICAPMy ICAPM ICAPM, | CAPM ICAPM; ICAPMy; ICAPM ICAPM,
PANEL A: Risk Prices (M; = a + b’ f;)
by 0.12 0.26 0.12 0.26 0.34 0.12 0.24 0.12 0.26 0.29
(tstar) | (3.05)  (3.57) (2350  (3.59)  (6.00) | (244) (3.23)  (2.13)  (345)  (7.19)
b 0.18 0.32 0.26 0.18 0.37 0.27
(tstat) (3.02) (4.28)  (5.05) (2.64) (4.19)  (6.14)
by 0.00  -0.18  -0.11 -0.01 0.23  -0.23
(tatat) (-0.03)  (-3.34)  (-2.53) (-0.15)  (-3.52)  (-3.07)
7] 2.3] 4.9] 2.2] 4.8] [6.3] 2.8] [5.4] 2.7] [5.6] [6.9]
PANEL B: Annualized Pricing Errors (as)
E[rt] | 105%  10.5%  10.5%  10.5%  10.5% | 10.2%  10.2%  10.2%  10.2%  10.2%
A 5.6% -0.1% 5.6% 0.0% -3.2% 5.2% 0.5% 5.3% 0.0% -2.2%
(tstar) | (3.72)  (-3.36)  (5.07)  (0.00)  (-2.18) | (3.32)  (3.26)  (447)  (0.00)  (-1.01)
Elrd] | 99%  9.9% 9.9% 9.9%  9.9% | 10.3%  103%  10.3%  103%  10.3%
ag | 99%  4.4% 9.9% 0.0% 2.0% | 10.3%  5.4% 10.3%  0.0% 2.6%
(tstar) | (5.07)  (3.36)  (5.07)  (0.00)  (2.33) | (4.47)  (3.26)  (4.47)  (0.00)  (1.89)
E[rs] | -6.6%  -6.6%  -6.6%  -6.6%  -6.6% | -1.6%  -7.6%  -7.6%  -1.6%  -7.6%
ay | -66%  -66%  -65%  00%  -27% | -7.6% -1.6%  -73%  0.0% = -0.2%
(totar) | (-3.38)  (-3.36)  (-5.07)  (0.00)  (-1.46) | (-3.29) (-3.26)  (-4.47)  (0.00)  (-0.12)
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Table 6

The ICAPM Risk Prices Controlling for Factors in Other Factor Models

This table reports estimated risk prices (b) for ICAPM risk factors (f;) according to Equation 8 when controlling
for factors from other prominent factor models (z;), which are described at the beginning of Section 3. Panels A
and B cover our Long (1928-2019) and Modern (1973-2019) samples, respectively. In the case of the Long Sample,
we include the earliest factor data available for each model (with the starting year listed in parentheses below each
model) and use the Stambaugh (1997) procedure to estimate b over the entire Long Sample (see Subsection 3.1 for
more details). Since bs are not easily comparable, we report o -b so that the reported values can be interpreted as
the change in M, induced by a one standard deviation change in the respective factor (holding other factors fixed).
b is estimated by Generalized Method of Moments (GMM) and the t-statistics are computed using a bootstrap
exercise in Panel A (see Internet Appendix B.4) and GMM asymptotic theory with Newey and West (1987, 1994)

for the spectral density matrix in Panel B (see Internet Appendix B.2).

PANEL A: Long Sample (1928-2019)

Mt = a — b/ft — b;wt

= None FF3 FFC4 FF5 q4 SY4 DHS3 q5
(1928)  (1928) (1928) (1963) (1963) (1967) (1972)  (1967)

- b 0.26 0.27 0.27 0.31 0.29 0.45 0.34 0.42
" (tstar) | (3.59) (3.60) (3.93) (5.03) (4.57) (6.44) (5.23) (5.47)
- b 0.32 0.45 0.38 0.26 0.34 0.34 0.21 0.22
: (tstar) | (4.28) (5.53) (4.71) (3.24) (3.80) (3.81) (2.38) (2.18)
- b -0.18 -0.23 -0.24 -0.31 -0.38 -0.38 -0.35 -0.37
' (tstar) | (-3.34)  (-4.72)  (-4.60)  (-4.51) (-5.33)  (-5.16)  (-4.51)  (-4.49)

PANEL B: Modern Sample (1973-2019)
M, = a — bf, — bz

x = None FF3 FFC4 FF5 q4 SY4 DHS3 g5

- b 0.26 0.28 0.27 0.30 0.27 0.41 0.33 0.37
" (tstar) | (3.45) (3.58) (3.56) (4.17) (3.82) (5.32) (4.30) (4.74)
- b 0.37 0.37 0.28 0.29 0.27 0.20 0.15 0.16
: (tstar) | (4.19) (4.23) (3.16) (3.02) (2.69) (2.24) (1.85) (1.58)
- b -0.23 -0.23 -0.24 -0.35 -0.38 -0.36 -0.36 -0.35
! (tstar) | (-3.52) (-3.62) (-3.45) (-4.58) (-4.84) (-4.47) (-5.09) (-3.94)
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Table 7
ICAPM vs Other Factor Models: Maximum Sharpe Ratios

This table reports the maximum Sharpe ratios constructed (in- and out-of-sample) using the ICAPM factors or
using factors from other prominent factor models, which are described at the beginning of Section 3. We also
simulate factor data and report the percent of times the ICAPM maximum Sharpe ratio is higher than each
alternative model in parenthesis. The simulation results are based on a bootstrap analysis that samples the data
100,000 times with replacement, then recomputes each model’s maximum Sharpe ratio within each simulation (see
Internet Appendix B.4). Panel A presents results using the gross (of trading cost) factors and Panel B presents
results using net-of-trading-cost factors (described in Footnote 34). Results reported for the “Modern Sample”,
“Ist Half”, and “2nd Half” are based on portfolio weights (w) estimated in-sample. Results reported for “2nd Half
OS (w from 1973-1995)” use factor data from 1973 through the first half of 1995 to estimate w. Results reported
in “2nd Half OS (w from 1928-1995)” use factor data from 1928 through the first half of 1995 (or the earliest factor
data available for each factor model, which is summarized in Table 6, Panel A) to estimate w.

PANEL A: Gross (of Trading Costs) Factor Returns

CAPM FF3 FFC4 FF5 q4 SY4 DHS3 o5 ICAPM

Modern Sample 0.43 0.68 0.99 1.11 1.37 1.61 1.70 2.10 0.79
(1973-2019) (100%) (73%) (11%) (3%) (0%) (0%) (0%) (0%) -
1st Half 0.36 0.96 1.43 1.72 2.22 2.21 2.28 2.87 0.84
(1973-1995) (100%) (27%) (1%) (0%) (0%) (0%) (0%) (0%) -
2nd Half 0.51 0.55 0.74 1.19 1.08 1.41 1.37 1.67 0.79
(1995-2019) (100%) (88%) (53%) (2%) (9%) (0%) (1%) (0%) -
2nd Half OS 0.51 0.43 0.56 0.66 0.66 1.16 1.17 1.32 0.69
(w from 1973-1995 ) | (74%) (77%) (63%) (48%) (48%) (5%) (5%) (2%) -
2nd Half OS 0.51 0.47 0.52 0.64 0.71 1.18 1.17 1.39 0.74
(w from 1928-1995) | (86%) (86%) (75%) (59%) (51%) (T%) (8%) (2%) -

PANEL B: Net (of Trading Costs) Factor Returns

CAPM FF3 FFC4 FF5 q4 SY4 DHS3 g5 ICAPM

Modern Sample 043 062 075 087 090 119 123 1.70  0.66
(1973-2019) (100%) (61%) (26%) (7%) (%) (0%) (0%) (0%) -
1st Half 036 085 099 1.7 118 136 150 2.06  0.60
(1973-1995) (100%) (11%) (3%) (0%) (1%) (0%) (0%) (0%) -
2nd Half 051 053 063 1.06 090 130 120 150  0.74
(1995-2019) (100%) (87%) (65%) (4%) (20%) (0%) (2%) (0%) -
2nd Half OS 051 039 048 053 054 095 082 130  0.68
(w from 1973-1995 ) | (67%) (76%) (69%) (57%) (57%) (14%) (24%) (2%) -
2nd Half OS 051 049 051 051 058 1.0l 082 135  0.73
(w from 1928-1995) | (84%) (86%) (77%) (70%) (62%) (14%) (31%) (2%) -
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Table 8
ICAPM vs Other Factor Models: as for Testing Assets in LNS

This table reports Ya? for each factor model (described in Section 3) normalized by YE[r]? or Yo% 4py,- Bach
panel is based on a different group of the testing assets recommended in Lewellen, Nagel, and Shanken (2010).
Panel A focuses on single stocks with as computed on a 5-year rolling basis and recorded each month. Panel B
focuses on the 30 industry portfolios from Fama and French (1997). Panel C focuses on 10 correlation-clustered
portfolios (constructed as in Ahn, Conrad, and Dittmar (2009)). Panel D focuses on the Fama bond portfolios. In
the case of single stocks (Panel A), we compute Yo ratios each month using only stocks that have full return data
in the given rolling period and then report time-series averages of the monthly Ya? ratios. In the case of portfolios
(Panels B, C, and D), Xa? ratios are computed using the full panel of portfolio returns. For each panel and
model, we also report %(Xa? < Ya), which reflects the percent of times in which the Ya? generated by the

ICAPM

ICAPM is below that generated by the alternate model. In the case of single stocks (Panel A), %(Xa? < Xa)

ICAPM

is based on the time series of $a”. In the case of portfolios (Panels B to D), %(3a?_,, < ¥a) is based on a
bootstrap analysis that samples the data with replacement, then recomputes each model’s a ratio metric within

each simulation (see Internet Appendix B.4). All data are from our Modern Sample (1973-2019).
PANEL A: Single Stocks

CAPM FF3 FFC4 FF5 q4 SY4 DHS3 ad ICAPM

Ya? / ZE[r]? 0.60  0.62 0.60 074 069 076 082 075  0.58
Sa? / EafCAPM 1.05 1.11 1.06 1.33 1.23 1.37 1.43 1.33 1.00
%(ZachPM < XYa) | (61%) (71%) (58%) (85%) (84%) (87%) (95%) (87%) -
PANEL B: Industry Portfolios
CAPM FF3 FFC4 FF5 q4 SY4 DHS3 o5 ICAPM
Ya? / XE[r]? 0.09 0.15 012 020 016 012 0.07 0.11 0.06
Sa? / EafCAPM 1.66 272 217 361 280 212 1.33 1.90 1.00
%(EachPM < Ya) | (86%) (95%) (92%) (96%) (92%) (85%) (76%) (83%) -
PANEL C: Correlation-clustered Portfolios
CAPM FF3 FFC4 FF5 q4 SY4 DHS3 o5 ICAPM
Ya? / XE[r]? 0.09 0.06 006 014 016 0.11 0.10  0.13 0.08
Ya? / EafCAPM 1.08 076 077 171 1.95 1.32 1.19 1.58 1.00
%(EafCAPM < Xa) | (60%) (17%) (25%) (92%) (96%) (79%) (75%) (86%) -
PANEL D: Treasury Bond Portfolios
CAPM FF3 FFC4 FF5 q4 SY4 DHS3 o5 ICAPM
Ya? / XE[r]? 0.87 1.04 070 0.8 064 073  0.22 0.48 0.44
Sa? / EafCAPM 1.97 237  1.59 1.94 146 166  0.51 1.08 1.00
%(EafCAPM < Xa) | (98%) (99%) (88%) (96%) (78%) (86%) (23%) (58%) -
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Table 9
ICAPM vs Other Factor Models: Summarizing o Results

This table reports Sa2/SE [r]* (Panel A) and X|a|/S|E[r]| (Panel B) ranks across each model within each test
asset group recommend in Lewellen, Nagel, and Shanken (2010). Lower ranks correspond to lower ratio values
(i.e., better models). The last row in each panel reports the average rank of the ICAPM and each other factor
model (described in Section 3) across the eight test asset groups.

PANEL A: Squared Pricing Errors (Xa?/XE[r]?) Ranks

CAPM FF3 FFC4 FF5 g4 SY4 DHS3 g5 ICAPM

5-Year Window 2 4 3 6 5 8 9 7 1
Single Stocks
10-Year Window 2 3 4 6 7 8 9 5 1
30 Portfolios 3 7 6 9 8 5 2 4 1
Industry Port
48 Portfolios 2 7 4 9 8 5 3 6 1
10 Portfolios 4 1 2 8 9 6 5 7 3
Cor Clust Port
25 Portfolios 4 2 1 6 7 8 5 9 3
Fama Bond Port 8 9 5 7 4 6 1 3 2
Bond Portfolios
CRSP Bond Port 8 9 5 7 4 6 1 3 2
Average Rank = 4.1 5.3 3.8 73 6.5 6.5 4.4 5.9 1.8

PANEL B: Absolute Pricing Errors (X|«|/X|E[r]|) Ranks

CAPM FF3 FFC4 FF5 q4 SY4 DHS3 o5 ICAPM

5-Year Window 4 1 2 6 5 7 9 8 3
Single Stocks
10-Year Window 3 1 2 5 6 7 9 8 4
30 Portfolios 3 7 6 9 8 5 2 4 1
Industry Port
48 Portfolios 3 5) 4 9 8 7 2 6 1
10 Portfolios 5) 2 1 8 9 4 7 6 3
Cor Clust Port
25 Portfolios 4 2 1 6 7 8 9 5 3
Fama Bond Port 8 9 5 7 4 6 1 3 2
Bond Portfolios
CRSP Bond Port 8 9 5 7 4 6 1 3 2
Average Rank = 4.8 4.5 3.3 71 64 6.3 5.0 54 2.4
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Table 10

ICAPM vs Other Factor Models: Anomaly Deciles

This table reports Ya? and X|a| for each factor model (described at the beginning of Section 3) normalized by
(respectively) the sum of squared or absolute average returns (XE[r]? or X|E[r]|) or ICAPM alphas (Xa%q 4pys OF
Yarcapn|). Panel A focuses on deciles formed on 158 anomalies from Chen and Zimmermann (2020). Panel B
focuses on the 20 deciles formed on B4, and 3,2 sorts. as for each set of portfolios are estimated once using the full
data from our Modern Sample (1973-2019) for each model. We also simulate portfolio return data and report the
percent of times in which Ya? or X|a| generated by the ICAPM is below that generated by the alternate model
in parentheses. The simulation results are based on a bootstrap analysis that samples the data with replacement,

then recomputes each model’s « ratio metric within each simulation (see Internet Appendix B.4).

PANEL A: Deciles Based on 158 Anomalies

CAPM FF3 FFC4 FF5 g4 SY4 DHS3 g5 ICAPM
Ya? / SE[r]? 029 032 023 026 022 020 018 019 025
Ya? [ Sa? 117 128 093 105 089 08 072 079  1.00
%(Sa < Ta?) | (89%) (96%) (25%) (59%) (23%) (9%) (8%) (7%) ;
Slal / S|E[r]| 030 030 025 028 027 025 026 026 028
Sla| / Z|otenmnl 110 1.08 091 1.02 097 091 096 093  1.00
%(Sl0teamn] < Slal) | (92%) (84%) (8%) (54%) (42%) (20%) (41%) (29%) -
PANEL B: Deciles Based on 34, and 3,2 Sorts
CAPM FF3 FFC4 FF5 g4 SY4 DHS3 g5 ICAPM
Ya? / SE[r]? 005 004 003 006 007 006 009 008  0.02
Ya? / Sa? 230 1.88 1.14 247 293 254 380 352  1.00
%(Sa? < Ta?) | (98%) (85%) (T2%) (92%) (94%) (90%) (97%) (97%) -
Sla| / S|E[F]| 020 017 014 020 021 021 023 024  0.12
Sla| / Z|otenpnl 1.65 141 113  1.69 1.77 174 189  1.97  1.00
%(S|tenpn ] < Sla]) | (97%) (83%) (68%) (90%) (92%) (88%) (95%) (95%) -
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Internet Appendix

“An Intertemporal Risk Factor Model”
By Fousseni Chabi-Yo, Andrei S. Gongalves, and Johnathan Loudis

This Internet Appendix is organized as follows. Section A contains technical derivations
required to support the results in the paper. Section B provides some econometric details.
Section C describes data sources and measurement for the analysis. Section D describes

additional results that supplement the main findings in the paper.



A The ICAPM Derivation

This section derives the ICAPM results we rely on in the main text. Subsection A.1 describes
the ICAPM budget constraint, Subsection A.2 derives the general ICAPM SDF, Subsection
A3 specifies investment opportunity dynamics, and Subsection A.4 solves for the ICAPM
SDF as a function of our final risk factors.

To simplify notation, we define r, = log(R,), use tilde to represent shocks (e.g.,
Ty = xy — Ey_1[x4]), and suppress time subscripts inside first and second moments when con-
venient (e.g., Ei[x] = Ei[x41] and Vary[x] = Var [z, 4]).

A long-term (i.e., infinitely lived) investor has Epstein-Zin recursive preferences (Epstein
and Zin (1989, 1991) and Weil (1989)) with time discount factor §, intertemporal elastic-
ity of substitution ¢, and relative risk aversion . The investor chooses consumption, C},
and portfolio allocation, w;, to maximize lifetime utility subject to the budget constraint

Wiss = (W, — Cy) - Ry 41, with Ry, = w;Rt representing the investor’s wealth portfolio.

A.1 The ICAPM Budget Constraint

It is instructive to start by rewriting the budget constraint as
Cy C 4%
re = (msen) (a2) (&), ry
Wi —Ciy Ci Ci

Twi = crwi—1 + Acy — cwy, (TA.2)

or in logs,

where cruw; = —log(e™"* — 1) is consumption over reinvested wealth.
This alternative way to write the budget constraint demonstrates that shocks to returns

on the wealth portfolio can be written as
Twt = /A\/Ct —cwy = KU/)t- (IA.3)

In parts of the derivations, we rely on a log-linear approximation to the consumption-

IA.1



wealth ratio,

cwg =k + - cruy (IA.4)
which yields the log-linearized budget constraint
ko1

Tyt A — 5 + 5 cwi_1 + Acy — cwy, (IA.5)

where § = ¢ 7 /(e=®% + 1) and k = & - log(0) + (1 — §) - log(1 — &) are log-linearization

coefficients.'A!

A.2 The ICAPM SDF

This subsection derives the ICAPM SDF

A.2.1 A Quick Derivation for ICAPM SDF Shocks

Start from the well-known form of the Epstein-Zin SDF,

_ —(v=1/9)
Conr ) V¥ Vit
SDF, =0- . IA.6
" ( Ci ) B[V 0= ’ A0

and note that Hansen, Heaton, and Li (2008) provide a link between consumption, wealth,

and the continuation value function (henceforth “value”),

G =t -w+(1—1) -0 (IA.7)

In this case, shocks to the log SDF are given by:

‘;Z}HI = —-1/y- KCHI — (v =1/¢) - Upa
= - ﬁ}/t+1 - (’}/ — 1) '%\JJIH,I
= — 7 Ty — (7 — 1) 0w, (IA.8)

where the second equality uses Equation [A.7 and the third equality uses Equation [A.3.

IA-1As we demonstrate below (in Equation IA.15), the optimality conditions yield cw; = log(17—
crwy = log((1 — 0)/8) if ¢ = 1, which implies that this log-linear approximation is exact with § =
Twt = Ac; — log(d) in this case.

0) and
§ and
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In the rest of this subsection we formalize this quick exposition by directly deriving the

ICAPM log SDF, sdf;11 = 77_1 . (th — f(¥,0, 5)) — 7 Twer1 — (7 — 1) - vweyq, based on the

investor’s optimality conditions.

A.2.2 Deriving the ICAPM SDF with ¢ =1

With ¢ = 1, the investor’s value function can be written as

V(W) = Maz ¢ (R, V(W) (IA.9)
or in log terms,
_ 5 -

where the second equation simplifies the notation by suppressing the dependence of the value
function on wealth.

The consumption first order condition (FOC) then yields:

(1-0) 5 )
G TR b el e

and the Benveniste and Scheinkman (1979) condition relative to wealth implies

Owlog(V;) = ‘9"‘2‘4 - Et[é}rlw] Et[Vt:} 2 Ow Vi - Ry 1], (1A.12)
so that combining the two optimality conditions gives
e

Cy
Equation IA.13 is the main optimality condition we need to derive the ICAPM SDF. To

owV, = (1—0) (IA.13)

do so, start by conjecturing that V' (W;) is homogeneous of degree one (i.e., V;/W, is not a
function of wealth). This conjecture implies that dy 'V, = V;/W;, which, after substituting
into Equation [A.13 and using crw, = —log(e~“* — 1), yields

Oy /W, = (1—9), (IA.14)

cw; = log(1 = §), and crwy = log((1 —9)/0), (IA.15)

IA.3



so that Equation IA.7 holds when ¢ = 1.

Now, rewrite the objective function (i.e., Equation IA.10) as

vwy = (1—=6)-cw; — 6wy + Llog (E; [e=1 1)

(1—=7)
0
= (]_ — 6) - CWy + mlog (Et [6(1_7)'vt+1_(1_'\/)'wtj|>
— (1 _ (S) Ccwy + ﬁlOy (Et [6(1*’7)'(109(5)+UM+1+7“w,t+1)])
=(1-90) log(l1—29¢) + a 0 )lOg (Et [6(1—7)'(109(5)+th+1+rw,t+1)]) ’ (IA.16)
-7

where the third equality relies on the budget constraint (Equation TA.2) and the last equality

uses Equation [A.15.
Equation [A.16 represents a recursion for vw,; that shows that if vw;,; does not depend

on wealth, then vw; also does not. As such, the conjecture that V(W;) is homogeneous of

degree one is valid.

We can further work on Equation TA.16 to get
log(e"™*) =log ((1 - 6)(1_5)) + log (Et [6(1—7)-(log(5)+th+1+m,t+1)}5/(1’7)>

= log (Et [6(1*7)'(%'109(1*5)+log(5)+th+1+rw,t+1)_ 5/(1_7))

4

1 = Et [6(1—7)~(IT_‘S~log(1—5)+log(5)—%th+th+1+rw,t+1)_

= [E, [6 S5 ow = fo@8)] = yrus = (= Dvwen Rw,t+1i| g (IA.17)

where fo(z,y) = (1 —y) - log(1 — 2) +y - log ().
Now, rewrite the budget constraint as Wiy, = (W — Ct) - (Rp41 + @, (Rys1 — Rfi41))

A4



and substitute it in V' (W;41) so that the FOC with respect to w; yields

C —1 V _(7_1)
o . t+1 . t+1 . _

[e_xwl — 0D (R — Rf,t+1)]

= E,
= E, [677-%,“1 - O (Rep1 — Rf,t+1)]
_ ]Et |:€ (ng).[th*fo((;ﬁ)] —yrwi+1 — (y=1)-vwegr | (RtJrl _ Rf t+1) , (IA18)

where the third equality is based on the same derivation as in Equation [A.8 and the second
and fourth equalities use the fact that we can multiply any arbitrary variable known as of
time ¢ on both sides of this FOC.

Equations IA.17 and TA.18 jointly imply that the ICAPM SDF, given by

(v—1)

sdfi1 = 5 [vwy = f0(6,0)] — v rwerr — (v — 1) - vwpy, (IA.19)

prices all assets available to the long-term investor.

A.2.3 Deriving the ICAPM SDF with v # 1

With 1 # 1, the investor’s value function can be written as

1-1 1-1/% 1/(1*1/1#)
{]CWCML'} {(1 - (S) : Ct_ A + 0- ]Et [V(Wt_t,_l)l_’q 1= } (IAQO)
The consumption FOC then yields
—1/¢ 1—y) ALY -
(1=0)- G =6 BV T BV 0wV - Rl (1A2D)
and the Benveniste and Scheinkman (1979) condition relative to wealth implies
1/ 1y 12 -
OwVe =V, ' 0 - BV T - Bl Vit - Ow Vi - Ruga, (IA.22)
so that combining the two optimality conditions gives
Vv, 1/
owVe =(1-9)- (5> (IA.23)
t

Equation IA.23 is the main optimality condition we need to derive the ICAPM SDF. To

IA5



do so, start by conjecturing that V(W) is homogeneous of degree one (i.e., V;/W; is not a
function of wealth). This conjecture implies that dy'V; = V;/W;, which, after substituting
into Equation TA .23, yields:

(V, /W)Y = (1= 6) - (C /W)Y (IA.24)

Y -log(l—46) + (1 —1) - vuwy, (IA.25)

CW¢

so that Equation [A.7 also holds when ¢ # 1.

Now, rewrite the objective function (i.e., Equation [A.20) as:
wizo ( Vit >1_7 o
t+1 Wt+1

1-1/%

Wi Wi

(Wy - Vi /W)Y =1 —6) - WY (/W)Y + 5. E,

4

(Vi/ W)™ = (1= 6) - (/W)™ + 6B,

1—v 1—~ L
_ Co\ TV, - _ T
=Cy/W; - (W/Wt)l Yops. E, (1 - th> (ﬁ) Ri},tll
1-1/v
-2 ( Vin = 1 o
0B fa-amy ()R] (1A.26)

where the third equality relies on Equation IA.24 and the budget constraint (Equation IA.1).

Equation TA.26 represents a recursion for V;/W; that shows that if V,,1/W;;; does not
depend on wealth, then V;/W, also does not."*? As such, the conjecture that V(W;) is
homogeneous of degree one is valid.

We can further work on Equation [A.26 to get

IA-2The recursion in Equation IA.26 also depends on C /W;. However, Equation TA.24 shows that C;/W;
is a function of V;/W;, and thus the recursion implies that V;/W; is a function of the distribution of
[Vit1/Wit1,Ru 141], which does not depend on the wealth level from the perspective of the representative
investor.

IA.6



)
1—r 1 Vie1 /Wi -
1 =E, {51‘1“” (1 =C /W) "% - Rhyy - (W “ Ry 41
— Et [efsdf(d]:(sv’chwt) = Y Tw,t41 — (’Y*l)'th"'l . Rw t+1:| , (IAQ?)
where for (¢, 0,7, cwy) = (v — 1) - <th + o - lewy — crwy] — = 1/¢ log(d)) is implicitly

defined in Equation TA.27.
Now, rewrite the budget constraint as Wiy, = (W — Ct) - (Ry1 + @, (Rys1 — Rfii1))
and substitute it in V' (WW;41) so that the FOC with respect to w; yields

_ —(v=1/%)
B Crr\ Y Vit
PTE ( @ ) A\ BV Betr = Byper)

= By [eil/w.&tﬂ BAARAGRAsE (Rt—l—l Rf t+1)]

eV Twert = (=T (R Ry )]

efeatr (00MeW) =¥ Tw gt = (=D vwess (Rey1 — Rf,t+1)] ) (TA.28)

where the third equality is based on the same derivation as in Equation [A.8 and the second
and fourth equalities use the fact that we can multiply any arbitrary variable known as of
time ¢ on both sides of this FOC.

Equations [A.27 and TA .28 jointly imply that the I[CAPM SDF, given by

sdfir1 = fsar (¥, 0, v, cw) — v Twprr — (v — 1) - vwe, (IA.29)
prices all assets available to the long-term investor.
A.2.4 The General ICAPM SDF

As Equations TA.19 and [A.29 demonstrate, the SDF shocks with Epstein-Zin preferences

can be written as

*;C\i./ft-i-l = — Y Tyry1 — (Y= 1) oWy, (IA.30)

The SDF level is more complicated due to the nonlinear fsq¢ (¢, d,~, cw;) function. How-

IA.7



ever, we can simplify this function to

P8, 7e) = (0= 1)+ (ot 1 fown = ernd = 1000
e =t R CORF D))
=25 (w = 109) - 1 (169 - 135 ). (1A.31)

where fo(z,y) = (1 —y) - log(1 — 2z) + y - log(z), with the second equality relying on the
log-linear approximation to cw; in Campbell (1993) (Equation A.4), which is exact if ¢ = 1,
and the third equality using Equation [A.25.

As such, the ICAPM log SDF can be written as

-1 _
sdfiy1 = VT : (th - f(w,é, 5)) — 7 Twi+l — (’V - 1) * VWi

e = Y Ters — (= 1) Tl (TA.32)
where
ke = (7 — 1) - (vwnf5 — Efow] — f(,6,8)/5) (TA.33)
and
F(1,6,3) = fol6,9) =t (IA.34)

fo(0,0) + ﬁ - [fo(6,0) — fo(8,0)] if v #1.
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A.2.5 The ICAPM SDF with Ny and Ny
The asset pricing Euler condition, E;[SDF;;; - Ry44+1] = 1, can be written as

0 = Et [SdftJrl + Tw,t+1] + lOg (Et [e‘;gl}t+l+7w,t+1:|)

— Et [Sdft+1 + Tw,t+1] + lOg (Et [6(1—7).@“])

(v- 1’

~ E; [sdfii1 + Twit] + 5

-Var [vg1] (IA.35)

where the second line uses the identity v; = 7, + vw; and the third line relies on a second

order Taylor approximation that hold exactly if ?; is conditionally normal.'*

Then, substituting the sdf; from Equation [A.32 into Equation [A.35, results in

= - (y—-1
VW = f<¢, (57 5) + 0 - Et [Tu),t—O—l] + - Et [th+1] -9 % . VCL?”t [Ut+1] (IA36)

and a recursive substitution of this equation yields

f(, 9, 3> i": gh . Tw,t+h] - _(”Y ) Iy

v, = —>——72% + E
! 1-6 = 2

Z Eh : Vart+h_1 [Ut+h] (IA37)
h=1

which implies

N v—1
VWi41 :NIE,t+1 - u

Ny i1 (TA.38)

where

_h .
Nggy1 = (En —Ep) |D 52, 0 - Twisn| is expected return news

IA-3To derive the second order Taylor approximation in Equation IA.35, let z; be a random variable with
E¢[xt+1] = 0 (i.e., a shock), then log(E.[e”t]) is the conditional entropy of z;, which is equivalent to K(1),
where K(e) = log(E¢[e€¥*+1]) is the cumulant-generating function of z;. Then, a second order taylor expansion
of K(e) around € = 0 yields

K(e) ~ {0Ei[e™™ ]} o - (€= 0) +

_ Et[ee'mﬂ ‘mt-s—ﬂ i
Ey[ee 1] —o

{0 By [eemtﬂ}}e:o (e~ 0)2

Eylec ™t a7, ] - Bylet ™1 ] — By[e 1 - @y q] - By[e ™1 - 244 q]
. Et [ee»wprl]?

N = N

1
3 Varwigq] - €

so that setting x; = (1 — ) - ¥y implies that the asset pricing Euler condition can be written as K(1) = 0,
which results in the approximation in Equation IA.35. Note that if 7, , and vw, are conditionally joint
normal (so that v; is conditionally normal), then this approximation is exact.

IA9
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Ny = B —E) [Dop,y 5" - Varyp[vis14s]| is volatility news

Then, substituting vw;,; into the SDF from Equation IA.32 yields

sdfyy1 = Ke — 7+ Twit+l — (’Y - 1) : %t-',-l

(y—1)?

—— Nven (IA.39)

=k — Y Twert — (Y= 1) Ngepr +

In the main text, we simplify the exposition by assuming ¢ = 1 and E;[vw| ~ vw,/§ so
that § = 6 and k, = k = (y — 1) - (1 — 1/8) - log(1 — §) — log(6)). The small time varying
component that we effectively ignore (i.e., k; — k) has no implications for risk premia (only

for interest rate variation), and thus does not play a role in our analysis.

A.3 The Wealth Return Dynamics

Our ICAPM empirical implementation requires a map from Ng and Ny to observable vari-
ables. To avoid the ICAPM “fishing license” (Fama (1991)) when constructing Ng and Ny, we
do not specify an arbitrary set of state variables for the wealth return dynamics, but instead
build a simple Bayesian learning framework in which a long-term investor observes only mar-
ket prices and dividends to derive a belief about the wealth return dynamics (i.e., expected
returns and volatility). Our framework can be thought of as an extension of Binsbergen and

Koijen (2010) in the sense that we add time-varying volatility to their framework.

A.3.1 The Underlying Environment

Letting r,,; and Ad; reflect the monthly log wealth return and growth in annual dividends,
we assume that 7y, i = Ee[ry 1], and ¢¢ = E[Ads41|g:) have monthly dynamics given

by

Pwtil =+ T (IA.40)
Parr =+ Gp (e — 1) + iy (TA.41)
gie1 =9 + Og (G —9) + Gin (1A.42)

Y, = Yy - Vr, (IA.43)
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where [775 1, i1, 971] ~ N(0,%,) are unobservable shocks and Vr, = Var[ry, , ] captures
the wealth portfolio return variance with dynamics detailed in Subsection A.3.5.
Moreover, we parametrize >y such that it is positive definite, which assures a positive

semidefinite ¥; for all t. The Yy matrices is otherwise fully flexible with the following pa-

rameters: 44
1 Vr.p Vr.g
Yy = 2 1A .44
v Vr.u Y Vg ( )
2
Vrg Vg Vg

A.3.2 The p, Signals

From the log-linear valuation identity in Campbell and Shiller (1989), we have

o0 o0

dp; —dp = g P By [S52 (ruwgrznes — )] — % P By (B2 (Adesizngg — 9)l91]
:% i o Elirran — 1] — (11__2 i o Eulgisron — g
= i ) - hi)p @' (0~ 9
= _¢i>1._<1d)}iz)p~¢;2>'(“t_“) } <1—¢g(>1-_(1¢1—2> oy 9
=@, (e —p) — Py (9 —9) (IA.45)

where @, = (1= ¢,2)/[(1 = ¢,)(1 = p- ¢,7)], &5 = (1 = ¢3°)/[(1 — &) (1 — p - ¢4°)], and
p = e ®/(1+ e %) with dp; = log(D;/P,) reflecting the annual dividend yield and dp
capturing the average dp;.

Moreover, letting cfi\];: =&, - pny — P, - g; reflect the monthly unobservable shock to dp;,

IA-4T) our estimation detailed in Subsection B.1.2, we search only over the space of parameters that yield
a positive definite Xy.
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we can obtain

Var, [&\];;1] = V?zp -Vry [A.46
Covy[F 11, Apyis] = Vrgp - V7 TA.47

Cou; [ﬁ:+1a%t+1] = Vyap - VTt TA .48

e e e
~—  ~—  ~— ~—

Cov, [E:Jrla %;1] = Vgdp - VT TA .49

where

Vip = /P2 -2+ 3202 -2.0,- 0.1,

Vrdp = Pp - Vrp — Py - g

f— . 2 — .
Vydp = Py v, Qg Vg

_ ) . o2
Vagdp = Pp - Vg — g - 1

Repeating Equation A .40, we have
Twitl = M¢ + ﬁ7t+1 (TA.50)
Moreover, isolating g, in Equation IA.45 and substituting into Equation IA.42 yields™>

dpisy = + Vo dpyy (IA.51)

TA-5To derive Equation TA.51, note that Equation TA.45 implies

(9¢ —9) = (®u/®y) - (s — ) — (1/®y) - (dps — dp)

which we can substitute into Equation TA.42 to get

(©u/Pg) - (41 = ) = (1/®g) - (dprsr — dp) = &g - [(P/Py) - (r — 1) = (1/®y) - (dpr — dp)] + Gi4a

\[8
By (G- (e — p) + [ifq] — (dpegr —dp) = ¢ - [®p - (e — p) — (dpe — dp)] + @4 G114
I
Py - (¢g - (bu) (e — p) + (dpeyr —dp) — bg - (dps — dp) = Q- ﬁ:+1 — @ '§:+1
|

o+ vo [(dpest — dp) — &g (dpe — dp)] = pe + vo - dpyyy

[A.12



where v, = 1/[®, - (¢, — ¢,)] and

dpl,, = p + Vo [(dpis1 — dp) — ¢y - (dp; — dp)] (IA.52)

Equations TA.50 and TA.51 represent two p; signals that the investor observes at time

t+ 1, and thus can use when forming the endogenous expected wealth return process, Er, =

E; [Tw,t+1] = E, [,ut].

A.3.3 Some Auxiliary Results

We use the following lemma concerning jointly normal vectors in our derivations (see Section

4.2 of Rencher (2002)):

Lemma 1. If
X E[X Var[X Cov[X1, X5
Yl ~N il : arlXi] ovlX1, X (IA.53)
X2 E[Xg} (COU[Xl,XQ] VCLT[XQ]
then
E[X1|X; = 23] = E[X1] + Cov[Xy, Xs] Var[X,] ™t - (20 — E[X3)) (IA.54)
Var[X1| X, = 2] = Var[Xy] — Cov[Xy, Xy] Var[X,]'Cov[ Xy, X,] (IA.55)

We also rely on a simple result about the expectation operator. Specifically, letting
dp; .y =dpf,, — Ery
=m—Er, + v,- El\]/)tH (IA.56)

and

Twi+l = Twi+1 — Er,

= pe — Ery + 750 (IA.57)

so that E, [Zl\];: +1) = 0 and E;[r,441] = 0, and defining the F; subset of the investor’s infor-
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mation set such that Fiq = {F U (%:+1,?w7t+1)}, we have

Ee 1 [f(e11)] = Eelf (pea

=E [f |dpt+17 ffw,t-ﬁ-la ]:t]
= K[ f ‘dpt+17 Tuwtr1] + Eel f (o) | Fe] — Bl f (1te41)]
= Byl £ () |dp, 1 P (IA.58)

Hi+1

(t1241)
(t1241)
(Het1)
(t1241)

for any arbitrary function f(u;11). The first line follows from the fact that the investor

updates the p,; belief based only on the signals summarized by the F; information set and

the third line follows from Theorem 2.4 in Chapter 5 of Anderson and Moore (1979).

Given Lemma 1 and Equation TA.58, so long as we can show that the joint distribution

-0 ~ . . . . . . .
of pi41, dp,, 1, and 7,4, conditioned on time ¢ information is normal, we can obtain Er,, =

Eeii[pe1] = Eelpeia|dpysys Twpn] and Upsn = Vare [pee] = Vardpea |dpy o, o ea]-

From the dynamics of p, Zi\g;:, and 7; in Equations TA.41, IA.56, and TA.57, we have:

Hi+1

dpiqy | ™ N

Tw,t+1

where (with Vr,

By [fhs41] Var[pi11] Covy|pir i1, EI;:H] Cov|prs1, Tw 1]
0 o | Covelpes, &\]3;1] Var, [&VP:H] Couy [EZ\Z;:—H? Tw,t+1]
0 Covg[pies1, Twir1] Couvy [El\];: 1 T t41) Var [Ty 1]
- - (IA.59)

= Var,[r}, ;1] and Upy = Vary[u])

Eylpr1] =Bl + dp - (e — ) + iy 4]

=p + ¢p- (Ery—p) (IA.60)
Vary[rye+1] = Vardu —Ery + ﬁ,’tﬂ]
= U,Ut + Vry (IA61)

Vary(ps1] = Vardp + ¢p - (e — 1) + fiyyq)
= ¢2 Upe + I/ - Vry (1A.62)
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Vart[avpt-i-l] = Vary|p — Ery + v, g];t+1]
=Uw + v -v3,-Vry (IA.63)

Covy[piry1, dpt+1] = COUth e+ /7;17 pe — Ery + v, - dpt—H]
= ¢y - Covg[p, ] + vo - Cov[fiy, 1, dpy 4]
= qbu . U[Lt + v, Vidp * Vrt (IA64)

Covlptesr, Twer1] = Covy|dy - pue + figyy, pe — Bry + 714

=, - Couvy[pag, pe] + CO%[/?Z‘H,?Z,HJ

= (b,u ~Upy + Vrw - Vry (IA65)
Covt[dpt+17?w,t+1] = COUt[,Ut + V- dpt+17ﬂt — Ery + ﬁu,t—i—l]

= COUt[Mt, Mt] + V- Cavt[dpt+17??u,t+1]

=Um + vo-vpgp-Vry (IA.66)
Moreover, since
-1
! by (IA.67)
A-D-B-C _C A
if we define
Var gl\];o Cov Ezgo T,
Qt _ /Vto[ t+1] t[ t+1 t+1] (IA.68)
Covy [dpt+1, ”Fw,t—l—l] Var, [?w,t-i-l]
then we also have
Upy + Vr —(Ups + v+ Vpgp - Vr
ot = Ly S (U i V) (IA.69)

—(U/Lt + v, - Vrdp * V’/’t) (U/Lt + Vo2 . Vc21p : VTt)
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where

& = vo- (g, —vig) Vi + (L+v2-vl, =2 v V) - V- Upy

o

A.3.4 The Er; and Uyy Dynamics
Given the results in the previous subsection, Er,, is given by

Eryq = ]Et+1[,ut+1]

= [, [Mt+1 ‘dpt—&-la ?w,t—&-l]

—~o0 —~o0
Covy[pae41, dpt+1] dpiia
= Ey[pea] + x Q7! x
Couv, [Mt+1 ) 7w,t+1] Fw,t+1
gdp,t Zi;:—i—l
=p + dp- (Bry — p) + X
gr,t ’Fw,t—i-l

= Er -+ ¢E . (ETt —]E'r) -+ Eﬂt—l—l
where Er = p1, ¢g = ¢, and

— —0 "
ErtJrl - fdp,t . dpt+1 + gr,t *Tw,t+1,

with
1 Couvy[pte41, g];t—i-l] - (Upy + Vry)
fdp,t — f_ :
b\ —Covt[ptrgr, Fupra] - (Ut + Vo - gy - Vry)
. 1 (¢u : U,U/t + V- Vydp * V'rt) ' (U,ut + Vrt)
ft —((ﬁ# : IU/JJt + Vrp * V’/’t) . (U/Lt +v,- Vrdp * V’f’t)
1 Vo * (Vdp — Vi * Vrrdp) -Vr?
&t

H(bu - (1= Vo Viap) + Vo Vidp — Vr) - V7 - Upy

[A.16
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and

¢ 1 —Covy[pg11, dpt—H] (Ups + Vo - Vegp - Vi)
rdt —
& +Couvy[pris1, Tw41] - (Upee + V02 : chlp -Vry)
1 _(¢M'U[1’t+yo'y,u,dp'vrt) : (U:ut—i_yo'yr,dp'vrt)
¢ +(¢p - U + vy - Vry) - (Upy + 12 - Vﬁp -Vry)
2 2 2
1 Vo (V- Vi, — Vdp * Vrdp) - VT
= A (IA.73)
! _’_(Vr,u + ¢u : Vg : chlp — Vo V,u,dp - ¢u * Vo Vr,dp) : Vrt . [U;ut
Similarly, given the results in the previous subsection, Uy, is given by
Upepr = Vary[pg]
= Var, [Mt+1 |dpt+1, ?w,t—‘rl]
Couvy [:U’tJrla EZ\Z;:H] Cov, [Mt+17 %;ﬂ
= Va”r‘t[,ut_,_ﬂ — X Q;l X
Couvy [Mt+1, ;'/w,tJrl] Cov, [Mt+17 77w,t+1]
Sdpit Cov, [Mt+1 ) ;1\23;1]
= (¢, - Upe + v2-Vry) — X R
fm: Covy [Mt+1, Tw,t+1]
gdp,t ¢u ' U,ut + v, Vydp - Vrt
= (¢, - Upe + v2-Vry) — X
Sr,t ¢u ' U,ut + Vr oy - Vrt
=¢ue - Uy + Quwye-Vry (TA.74)
where
¢U,t - Qbi - ¢u : Sdp,t - ¢u ' gr,t
¢U,V,t = Vﬁ — Vo Vydp gdp,t - Vrp €r,t
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A.3.5 The Vr; Dynamics

The framework in the prior subsections is general enough to accommodate any Vr; process.
However, to derive an expression for Ny, we need to specify the Vr; dynamics. We model

Vr; as a Realized log-GARCH process (see Hansen, Huang, and Shek (2012)) so that

1og(Vrip1) = wyr + v - log(Vry) + ¢y - 07y (IA.75)

0%, =w, + log(Vry) + 62, (IA.76)
which can be combined to yield

10g(Vrip1) =wy + ¢v-log(Vr) + ¢, 07y (IA.77)

where wy = Wy, + @y * Wy, v = Pyr + Py, and T2 i N(0,02%), with o? reflecting the

log of the realized variance of r, over month ¢. Moreover, for simplicity, we assume that
Couvi[F, 0% = 0., and Couv, @;@7 02 =V Oapo-

Our use of a Realized log-GARCH process effectively treats the conditional variance as
observable even though g, is not. This approach simplifies exposition and is consistent with
prior literature (e.g., Anderson, Ghysels, and Juergens (2009)), with the justification being
that an econometrician can consistently estimate ex-post variance through sampling returns
over arbitrarily short time intervals while the same is not true about average returns (see,
e.g., Merton (1980) and Foster and Nelson (1996)). However, our log(Vr;) process can be
derived as the Bayesian posterior of a latent stochastic volatility model in which o2 provides
a noisy signal for the log conditional variance, as we demonstrate below.

Consider the following stochastic volatility model in which the log conditional variance,

G2, is unobservable:
51524_1 =Wz + %'5? + U (IA78)
Op =Wo + 07 + € (IA.79)

where u; % N (0,02%) and ¢ YN (0, 02) are unobservable shocks with Covy[e, u] = o,
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Now, let log(Vr;) = E[o7] to get

5t2+1 :‘7152+1 - Et[0t2+1]

=071 — (ws + log(Vry)) (IA.80)

and define the F7 subset of the investor’s information as F7,, = {F7 Ud7,,} so that
Eea[f(@1)] = Eelf(@740) ]
= E[f (0t+1)“7t+17 £]
= Eolf (T )[07 1] + Eelf (08,0) | 7] — Eel £ (740)]
= Et[f<5§+l)‘gtz+l] (IA.81)

for any arbitrary function f(p;11). The first line following from the fact that the investor
updates the o7 belief based only on the signals summarized by the F7 information set and
the third line follows from Theorem 2.4 in Chapter 5 of Anderson and Moore (1979).

Given Lemma 1 and Equation [A.81, so long as we can derive the joint distribution of
o7, and 07, conditioned on time ¢ information, we can obtain log(Vryy1) = Eyq[o7,,] =
B [o?,157,).

From the dynamics of 7., and 07, in Equations [A.80 and IA.78, we have:

o2 E,[c? Var,[c? Cov,[?,, 02
t+1 ~ N t[ t+1] 7 t[ t+1] t[ t+1 t+1] (IASQ)
‘7t2+1 0 Couvy [Englv 5ze2+1] Var, [Et2+1]
where (with Ug? = Var[o7))
]Et[af—i-l] =Eilws + ¢5 T + uii]
=ws + ¢z -log(Vry) (IA.83)
Vart[EfH] = Var|ws + ¢5-77 + U1
=Us? + o2 (IA.84)
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Vart[ng] = Vart[afﬂ — (wy + log(Vry))]
= Var e — log(Vr,) + €141)]

=Us? + o’ (IA.85)

Covt[ﬁfﬂ,&fﬂ] = Covlws + ¢5-77 + ut+1,0t2+1 — (wy + log(Vry))]
= ¢5 - Cou[77, 0711] + Covilurr07,)]
= ¢5 - Covy[62,57] + Covyfusyr, €41]
= ¢ U0} + 0cu (IA.86)
From Lemma 1, we then have
log(Vrip1) = Eia[o7,]
= Et[5152+1|5t2+1]

Couv, [E?H’ 5t2+1] ~9

=E, [E?-‘rl] + "0i4

Var, [a:t2+l]

—9
05U, + 0y~

=ws; + ¢5-log(Vry) + UE? T o2 "0t (IA.87)
and
Uty = Varga[og,]
= Var[o},,107,1]
Covy[o?,,,02,,]?
-V —2 o t+i’ t+1
vl = T

_ T1=2 2 (¢ - UG} + 0cu)?
=Us; + o, — U7 + o2 (IA.88)

which is a deterministic recursion, and thus (under standard regularity conditions for the
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parameters) converges to U214

Without loss of generality, we can then substitute Us? = Us? in Equation [A.87 to obtain
1og(Vrip1) =wy + ¢v-log(Vry) + ¢y 074y (TA.89)

where wy = wy, ¢y = ¢z, ¢y = (05 - Ua? + o.,)/(Ua? + o2).

Consequently, our log-GARCH specification in Equations [A.76 and [A.77 is equivalent to
the latent stochastic volatility model in Equations [A.78 and TA.79. This equivalence is often
explored in the econometrics literature to provide simple and robust methods to estimate
the parameters of latent stochastic volatility models (e.g., Fleming and Kirby (2003)). In
our context, we rely on this equivalence to simplify our ICAPM by directly specifying a

log-GARCH process for the market conditional variance.

A.4 The N and Ny Expressions

We now use the Er;, Vr;, and Uy, dynamics in the previous subsection to derive expressions

for Ng and Ny in terms of measurable variables.

A.4.1 The N Expression

From the Er; dynamics in Equation [A.70, we have

E,

o 5-E
S 8" rusin| = == + 0z (Er,—Er) (TA.90)
£ 15

TA-6\While not necessary for our purpose, we can find U2 as a function of the other model parameters by
substituting Ug> 1= Us? and Us? = Ug? in Equation IA.88 and solving the resulting quadratic equation
for Ua2.
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which implies that Ng in Equation TA.38 is

NEt+1 - ]Et+1_]Et

0o
E * Tw,t+h

= 91[4: : E”tﬂ
= Oap - EI;:H + Ort Twis1 (IA.91)

where QE = 3/(1 — 5 . ¢E); de’t = ‘91[4] . fdp,t, and gr,t = 91[*3 : gr,t-

A.4.2 The Ny Expression

Now, our objective is to obtain an expression for Ny. Unfortunately, given our wealth return
dynamics, Ny does not have an analytical solution. As such, this subsection uses several
approximations to obtain the analytical approximation Ny, =~ 6, - 57, which we use in
the main text. In Subsection D.7, we solve for the nonlinear Ny solution numerically (i.e.,
obviating the need for the approximations to generate the analytical solution) and provide
results that are very similar to the baseline results we report in the main text.

The wealth return dynamics in Section A.3 can be fully summarized by

Twit1 = Ery + Tyt (IA.92)
Ereyn =Er + ¢g- (Er, —Er) + Erg (IA.93)
Upisr = due - Uy + Quvy - Vry (IA.94)
log(Vriyy) = wyr + ovr - log(Vry) + ¢p - 0t2+1 (IA.95)
071 =wy + log(Vr) + 074 (IA.96)
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where the shocks are normally distributed with variance and covariance terms given by

T t41 Vary [Ty 141] Covi[Tw 41, E‘Hl] Cove [T 1415 5t2+1] 0

Var, IE;}H _ Cove[T,t415 IE;}H] Var, [I/[*i?/"tﬂ] Covy [Eat_i_l, 0] 0

52, Covy[Furir,021]  Covy[Brisy,52,]  Var[dd,] 0

Upty 0 0 0 0
with!47

IA-TThe derivation of the Er; variance and covariance expressions is as follows:
— —o _
Vary[Briy1] =Vari€ape - dpryy + &t Tw,41]

= &5 Vary[dp ) + €, - VardFu] + 2 Eap - Gre - Covgldpy iy, Fu g1

(IA.97)

=&t O +v2-v3, - Vr) + &4 (Upe+Vry) + 2 Eape - vt - (Upty + vo - Urap - Vry)

= (fgp,t + g?,t +2- £dp,t . £r,t) . U//Lt + (Vg ) Vgp : ggp,t + fz,t +2- Vo * Vrdp * gdp,t . gr,t) . Vrt

'~ e o~ -0 ~
Covy[Tuw,t41, Erip1] = Covy[Twiq1 5 Eapyt - dpiq + &rt - Twit1]

o~ -0 '~ ~
= fdp,t : (COUt[Tw,tHy dpt.;_ﬂ + &t - Covy [Tw,t+1a Tw,t+1]
= gdp,t . (Uﬂt + Vo * Vpdp * V’I"t) + gr,t . (VTt + U,U/t)
= (fdp,t + gr,t) : Ulllt + (Vo : Vr,dp : gdp,t + gr,t) : Vrt

L Y B B
Covy[Eriy1,0711] = Covgl€apr - dpryy + &t Tttt > Oty

o N B
= &apt - Coveldp; 1,57 1] + &rt - Cove[Fuis1,0741)

=Vo Odp,o* gdp,t + Or,o " fr,t
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(COUt [dpt+17 5t2+1] =V, Udp,o
CO’Ut [Ert—&-l? 51524-1] =V Odpo* fdp,t + Oro* gr,t
The first linear approximation we use (derived in Subsection A.4.3) yields
V’f’t_H ~Vr + QbV . (V’f’t — V?”) + @’H_l (IA98)
where
Vi — v/ (1=67)

Wy = Wyr + g * We

¢V = ¢V7‘ + gba
Vry = Vr- ¢, - 52
Var, Tt+1] =0 =Vrt.-¢2 o

[V
Covt[r t+1,VTt+1] =0,y = Vr- ¢a Oro
(Covt[dptH,VTHl] =V Odpv = Vo YT+ Qo * Odp o
[

CO'Ut Ert+17vrt+1] =V Ogpyv gdpt + Ory - £T‘t

We then conjecture (with verification below) that Ny 1 = Oy - @“Hl, which results in
Varivie1] = Vargry e + 0w
= Vary[Fusi1 + 0z - Ergpr — 05 (v — 1) - 0y - Vry 4]
=Var{ryi1 —05-(y—1) -0y - WH—I] + 62 - Vart[ﬁ;“tﬂ]
+ 205 - Cowy[Fussr, Eresa] — (v —1) -0y - 0z - Covy[Ere 1, V]
= Vary[Fwsr1] + (05 (v = 1) - 69)% - Vary[Vrga] — (7 = 1) - 0y - Covy[Fapr1, Vi)
+ 62 VarErya] + 2 - 05 - CovyFusr, Ern] — (v — 1) - 0y - 0 - Covy[Bry 1, Vigy]
—(05-(y=1) - 8y-0v)2— (y—1)-by-0,y + Uy + Vi, + 6%-Var, [ﬁnm}
+ 2.0 - Cou, [’fw,m, ﬁa?m] — (y—=1) -6y g - Coy, [@m,f%m]
=wot + pvi Ve + ous - Upy (IA.99)

where
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por =(05-(v=1)-0v-0ov)® = (y=1)- by ony
—(v=1) v OOy -oapy -Eapy — (Yy—1)-0x-0y-0,v &
ove =14 20 Vo Vrap Eapt + 205 &
+ 02 -2 I/dp é‘dpt + 6% - 72,7,5 + 202 Vo Vrap Eapit - Era
=1+ 205 Eape + 2-05-&u + 03-E5, + 05 -7 + 205 Lapy - Ene
Equations [A.99 and TA.74 imply that Vari|vii1] and Upyyq are non-linear functions of
Vry and Up,. In Subsection A.4.3, we provide first order Taylor approximations that allow

us to write
Var [vey1] = oo + ov-Vry + ou-Upe (TA.100)
and
Upirr = Up + ¢y (Upy —Up) + guyy - (Vre — Vr) (IA.101)

where the expressions for g, v, ¢u, Un, ¢y, and ¢y are provided in Subsection A.4.3.
Using the approximation in Equation TA.100 and then the approximation in Equation

IA.101, we have

o n S . o —h > —=h
Z 0 -Var,p ['Ut+h]] ~ T(pg + v - Z 0 Ky [Vrgn] + ou- Z 0 - Ey [Uptygn—1]
h=1 h=1 h=1

5 (po+pv-Vr+oy-U
= (o + v . m+0V-(Vrt—Vr)+9U-(Uut—Uu)

1-9
(TA.102)
so that Ny in Equation [A.38 is
NVt = Et+1 - Et Z -Vary, Ut+1+h]
h=1
~ ev . @t
=0, 5 (TA.103)

which approximately confirms our Ny ;41 = Oy - @"Hl conjecture and further implies (when

added to Equations [A.37 and [A.90)
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N +0-E —1 = _
vwy = 1(®,9,9) +_ 0-Br + Og - (Er, —Er) — Sl ) K, Z 5" -Varyp_1 [vin]
1—9 2 —
-1 -1
%90 + QE'ETt — (72 ) 'QV'V’I} — (72 ) 'QU'UILLt (IA104)
where'*
_ f(®,6,6)—0.5-(y—1)-5- 5 -1 5- -1 5
g, = L:09) 1_3(7 ) @0+<%_9E>'E7’_(72 ).<1T“"%’—0V)-Vr—(72 ),(rvugj_gm).{[ju

Oz =0/(1—0-¢p)

by = o B/(1 =3 ¢v)] + o0 (5 - duw)/[(1 =3 dv) - (1 =3+ gu)

Oy = ou-0/(1 =0 ¢u)

O, =Vr- ¢, Oy

with the fy expression representing a recursive equation since it expresses fy as an implicit

function of fy and other parameters.

A.4.3 The Approximations Used to Derive the Ny Expression

We now derive all approximations used in the previous subsection to obtain our Ny ~ Oy -Vr,

approximation.

TA-8T4 derive the @y and fy expressions, note that

g, [( Vreena=Vr \] _ [ v 0 ot NACEL
Upiyn—1—Up duyv QU Upy — Ups

so that
igh.E Vi =Vr \] _s [1=8-¢v 0 ] (Vm-Vr
= I\ Upipn1 —Up B —0-duv 1-0-9y Upe —Upe
0
5

:5 1 |:1_5 ¢U ]X(V’f't—V’/‘
(1—=6-¢v)-(1—0-¢p) d-duyv 1—=0-¢v Upe — Up

5
N ( - 1_3.¢v . (VTt — VT) )
|l _Fuw _ 5 B
T 50 15an (Ve Vr) A+ - (U — Up)

which yields the f#y and 6y expressions.
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(a) Approximation for Vr; Dynamics
Our log-GARCH dynamics for Vr, are given by

1og(Vrip1) = wyr + v - log(Vry) + ¢y - 07y (IA.105)

02, =w, + log(Vry) + 52, (IA.106)

which can be combine to yield
10g(Vrip1) =wy + ¢v-log(Vry) + ¢y 074y (TIA.107)
where wy = wy, + ¢y * Wy, Oy = Py + Po, and 77 w N(0,02).
As such, we have:
Vrgpr =Vrf¥ et $oT7
VP e 4 gy VT e (Vi = V) 4 Ve e g, o7, (TAL108)
where the second line follows from a first order Taylor expansion around Vr, = Vr and
52, = 0.
Now, taking unconditional expectation on both sides of Equation IA.108 implies

Vr = ev/(1=¢v) which allows us to write Equation IA.108 as
Vi =~ Vr + ¢y (Vi —Vr) + Vi (IA.109)

where

Vr,=Vr-¢, - 52

Var Vi) = o5 =Vrt.-¢2 .o

Couvy [Ty t+1,VTt+1] =o0,v=Vr- ¢a Oro
(Covt[dptH,VTHl] =V Odpv = Vo VT Qg * Odp o
[

CO'Ut Ert+1vvrt+l] =V Ogpyv gdpt + Ory - grt
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(b) Approximation for Var; [v;y1] Dynamics

For notation convenience, if x; = f(Vr;, Up,), then we define the expressions 7 = f(Vr, Up),
O T = Oy {xt}(wt,mm):(w,m)v and 9y, T = du, {it}(vn,um):(ww)-

Applying a first order Taylor expansion around Vr; ~ Vr and Uy, ~ Up on Equation
IA.99, we have

Vary [vie1] =~ Var [v] + 0y, Var[v] - (Vry —Vr) + 0y, Var [v] - (Upy — Up)

= (Var [v] — v, Var[v] - Vr — 0y, Var [v] - U,u) + v, Var[v] - Vry + 0y, Var[v] - Uy
=¢o + @v-Vre + pu- Upy (IA.110)

where
o = Py + (Bv—v) - Vr + (py —vv) - Un
ov = Ovripy + Ovipy - Vr + Py + Ovipy - Up
wu = OuuPy + Ouu®@v - Vr + Ouupy - Up + @y
OBy = Vo b0y (Y= 1) 0apy - Oy — (v —1) -0y - be - 0ry - i€,
OuuBo = —Vo -0y (v — 1) ogpv-Ouply, — (v —1) -0y -5 - 0rv - Ou,é,
Oy = 205 Vo (Vrap+ 05 Vo V3, Eap) - Ovrlyp+ 205 (1+05-E,) - Ok,
+ 202 Vo Uy Oy - Eap
OuPy = 205 Vo (Vrap + 05 vo -3, -&4p) - Ouplap + 205 - (1+05-£,) - 0u,é,
+ 202 Vo gy Oy Eap
Ovipy = 205 (1+0g-8yp) - Oy + 2-05- (1 +05-&.) 0n&, + 263 0n& - Eap
OupPy = 20k (1408 Eyp) - Oy + 2-05- (1+05-E,) -0y, + 2- 05 - Oyl - Eap
Kl Eap = Ovi&r - Egp + O - &,
008 € = O Loy + Oy &,
Ovrlap = (O Eap - € — O - € Ep) /2
Ooubap = (D€ Eap € — Ouu € &ap) /€2
Ovrlr = (Ol - & -€E— Ok -€-6,)/€
Ouulr = (Ouu€ - & -E— € -€-6)/€E
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Oyr& = 2.0 (Vg —Vig) Vr + (1403 vl =2V Vpgp) - Up
3 (1+y§-u§p—2-yo-l/ndp)-Vr
O - Eap = 2+ Vo (Vudp — Ve~ Urap) - VT
(P (1= Vo Vpap) + Vo Vydp — Vry) - Upt
aUum = (Gp- (1= Vo Vrap) + Vo Vpdp — Vpy) - VT

Ol & = 212 (Vo Vgp — Vydp * Vrdp) = VT
+(Vrp + Dy - Vg ’ V(%p — Vo Vpdp = u* Vo Vrap) - Upt
aqu : 57“ = (Vr,u + ¢,u : Vo2 : Vgp — V- Vu,dp - ¢u Vot Vr,dp) -Vr

(c) Approximation for Uy, Dynamics

Applying a first order Taylor expansion around Vr, ~ Vr and Uy, ~ Up on Equation [A.74,

we have
Upyr = UOp + 0y, Op - (Upy — Up) + 34, Op- (Vi — Vi)
where
Up = Up = éo + ou-Up + ¢uyy - Vr't?
oy = a[U,uU_,U/ = aUu%'U/L + % + aUu¢U,V'VT
vy = O, Up = Ovdp-Up + Ovrpuv - Vry + ouv
aVr% = - (b,u ’ aVerp - (bu : aVrZr
aﬁju% = - ¢u : aUMEdp - ¢u : a‘U,ugr
aVr(bU,V = — Vo Vydp- aVrEdp - Vryp aVrgr
aU;LQbT,V = — Vo Vydp- aU}Lgdp - Vrp angr
with expressions for 8V£dp, M€, &ngdp, and éHUMET provided in the prior subsection.

IA9Note that this is a non-linear equation for Uy since both sides of the equation (including ¢o, ¢y, and
¢u,v) depend on Ug.
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(d) Accuracy of Approximations Used to Derive Ny

Figures IA.1(a) to IA.1(c) show that the approximations for the dynamics of Vr,, Upy,
and Var[v] (i.e., Equations TA.109 to IA.111) are fairly accurate given our estimated pa-
rameters under the structural ICAPM (with v = 6.3 as per our long sample GMM es-
timation). However, the accuracy that ultimately matters for our purpose is of Ny =
(B —E)(O2, P Vary p[vey14n]). Figure TA.1(d) plots the Ny expression that results
from our approximations (i.e., Equation TA.103) against the same quantity solved numeri-
cally following the procedure detailed in Subsection D.7 (but fixing v = 6.3). As it is clear
from the figure, our solution is very accurate. Hence, it is not surprising that we find (in Sub-
section D.7) results that are very similar to the ones reported in the main text after solving
for the nonlinear Ny numerically. If anything, the nonlinear Ny is slightly more volatile than

the approximate Ny, which results in slightly stronger by in our GMM estimation.
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B Econometric Details

This section provides econometric details related to some of the results described in the
main text. Subsection B.1 explains the estimation of the wealth return dynamics, Subsection
B.2 focuses on our estimation of risk prices, Subsection B.3 shows the equivalence of factor

spanning tests and our SDF tests, and Subsection B.4 describes our bootstrap simulations.

B.1 Estimating the Wealth Return Dynamics

This subsection explains how we estimate the wealth return dynamics summarized by the

Vr; and Er; processes.

B.1.1 Estimating Vr,
The Realized log-GARCH dynamics for Vr; are given by

log(Vriy) = wyr + ovr - log(Vry) + ¢y - 0t2+1 (TA.112)

0%, =w, + log(Vry) + 62, (IA.113)

where 52 % N(0,02), Covy[F, 52] = 0re, and Covy[dp 2] = Vo - Tapo-

The Vr, parameters are Oy = (Wyy, Wy, Ovr, Goy 02, Or gy Oap.o ). We first estimate the pa-
rameters (wy,, Wy, vr, @s), which allows us to obtain the Vr; process and the cthz shocks.
We then estimate (02, 0,.,,04p,) from the sample covariance matrix of our &2, 7, and dp
shocks (with the construction of 7, and ZZEO detailed in the next subsection). Note that while
we describe the estimation of (wyy,ws, vy, ¢») and (62,0,4,04p,) In two steps, all seven
parameters are jointly estimated (the same way that the slope and the residual variance are
jointly estimated in a regression) with the (62,0, ,,04,,) parameters matching the sample
variances and covariances given the (wy,,w,, ¢v,, ¢,) parameters.

We estimate ¢y, and ¢, by Nonlinear Least Squares (NLS) with the objective function

T—-H H
Min RViyp, — E
M 2 (hz_; A

t=1

H

2
RV ) (TA.114)
h=1
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where RV, = e’ is the realized variance of market returns in month ¢ and H = 120 months
in our estimation. As such, we are effectively estimating the Vr, parameters by targeting
long-run (10-year) variance dynamics.

The parameter wy, is obtained inside the objective function to impose that the average
Vr; matches the unconditional variance of r,,. Similarly, the parameter w, is obtained inside
the objective function to impose E[6?] = 0 over our sample period (i.e., w, = E[o?] —
E[log(Vr;)]). This approach is equivalent to including wy, and w, as optimizing parameters
in the objective function IA.114 while adding two constraints to the optimization (that
E[5?] = 0 and E[Vr,] = Var[r,] must hold).

We now explain how we obtain the E,[>>r, RVj;;] term inside the objective function

given all relevant parameter values. To start, note that Equation TA.113 implies

E,[RV,y1] =E, [e‘f?ﬂ} = ety (IA.115)
so that
H H
> RV | = et 0% N By [Vry o] (IA.116)
h=1 h=1

Now, we need an expression for E,[Vr, ;| given an arbitrary h. To obtain such an expres-

sion, note that combining Equations [A.112 and TA.113 yields
log(Vriyy) =wy + ¢y -log(Vry) + ¢y - 0t+1 (TA.117)

where wy = wy, + ¢, - W, and ¢y = Py, + ¢,. As such, we have

E, [Vr],,] =E, [eT'<wv+¢a'5?+l> -Vr] ﬂ = A(7) - Vr] % (IA.118)
where A(1) = eTwv 05726595 Finally, we can use the generic Equation TA.118 to obtain
E, [Vri] = A(1) - Vif”

|
Ey [Vripo] = Ey[Err [Vro]] = E [A(l) ‘VTﬁ]J = A(1) - A(¢v) VY
B [Vrisal = B (B [Vral) = i [A(1)- Agv)- Vil | = AQ)- A(ov) - A(63) - V7"
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and so on, which generalizes to

Ey [Vrpn] = (ﬁ A((b%,)) -Vrt{} (IA.119)

and, when combined with Equation [A.116, yields

H H h—2
> RV | = e 0oy <H A(gb{,)) v (IA.120)

h=1 h=1 \j=0

E

Our Oy estimates are reported in Panel B of Table TA.1.

B.1.2 Estimating Er;

The Er; parameters are given by Og = (p, i1, ¢, @g, Vyu, Vg, Vrop, Vrg, Vpug) and they can be com-

bined with observations of dpy, .+, and Vr; (with the latter obtained in the prior subsection),

to recover
Ereyr =Er + ¢ (Ery —Er) + Eope-dpory + Ene - T (IA.121)
and
Upg1 = QbIU,t U + ¢U,V7t - Vry (IA~122)
where
Er=np
¢IE - gbu

O =(1=¢2)/[(L=d)(L—p-.2)]

Oy = (1= ¢3°)/[(1 = dg)(1 = p- &°)]

Vo =1/[®y - (du — ¢y)]

Vip = /P2 - 124+ P2 12 -2-D,- Dy -v,,

Vrdp = P Vrpy — Py - g
f— . 2 _— .
Vydp = Py vy Qg Vg

_ ) . 2
Vgdp = Pp+ Vg — Py Vy

Zi\[/)tﬂ =u + v, [(dpt+1 - dp) - ¢g ) (dpt - dp)] — Ery
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773;,t+1 =Ty — Ery
& = v (uflp — V?‘,dp) Vr2 + (1+v2- ugp — 2 Uy Vpap) - Vry - Upy
Eapt = (1/&0) - Vo - Wap — Vi * Viap) - V17
+(Pp - (L= Vo - Vrap) + Vo * Vyap — V) - V1 - Upty]
Erp = (1/&) - [V2 - (Vrp - Vi — Vidp ~ Venap) - V77
(Vg + bV - Vgp — Vo Vdp — P * Vo r Vrdp) * Ve - Upy]
bur = O — BuCapt — Du- s
¢U,V,t = VZ — Vo Vydp - fdp,t - Vrp fr,t
with initial conditions given by Erg = Er and Upg = Up.'A10
We estimate p and dp (needed for p = e /(1 + e~%)) from the average values of r,,
and dp;. We then obtain the other parameters in ©p by Maximum Likelihood Estimation
(MLE). Specifically, we have

Tw,t+1 Bt [rwt41] Varry1] Covy[ru,i41, dpes1]
‘ JT_;f ~ N s
dpis1 [ [dpt+1] Cov, [Tw,t+1 ) dpt+1] Var, [dpt+1]
(IA. 123)
wherelA 11

Ei[rwe1] = Ery

Eildper1] = dp + ¢g - (dpe — dp) + (1/v,) - (Ery — Er)

Variryi+1] = Varyus + 7wiv1] = Upe + Vry

Vary[dpia] = Var(1/vo) - (pe — 1) + EI;:H] = (1/v3) - Upy + Vc%p -V

Covy[rw,s1, dpiar] = Covelp + 75 4y, (1/vo) - (pte — ) + EZ;:JA] = (1/vo) - Upty + vy ap - Vry

Hence, letting u;q = [Tw,t-l—l - Et[rw,t—i-l] , dpey1 — Et[dptﬂ]]l = [Fw,t—i-l ) dthrl] and Yt

IA-10Tg obtain the unconditional p; uncertainty (Upg = Upu), we solve Equation TA.122 at steady state.
Specifically, we solve for Uu based on the non-linear equation Uy = ¢y - Up + ¢y yy - Vr, with Vr obtained

from the prior subsection and ¢y and EU,V obtained by substituting Uy, = Up and Vr; = Vr into ¢y and

U t-
IATINote that Equation TA.51 implies

dper1 =dp + bg- (dp—dp) + (1/vo) - (e — ) + dpyiy
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reflect its covariance matrix in Equation [A.123, the likelihood function of the data is

1
det(2 -7 - Syu) Y2 exp {—5 : ut+12;1ut+1} (TA.124)
which implies that the MLE we rely on is given by
T
QUILE) _ argmin > [log (det(Sus)) + u;Hz;;um} (IA.125)
E t=1

Our Og estimates are reported in Panel A of Table [A.1.

B.2 Estimating Risk Prices

Equation 8 shows that b = E[M] - EJ?IE [f] and we estimate b from the sample analogue
b=1- i;lﬁ [f] (with a E[M] = 1 normalization). Despite its simplicity, our estimation
approach has a clear economic justification (i.e., it represents the projection of the true SDF
onto the factors) and can be motivated by efficiency and/or robustness arguments. This
subsection elaborates on these aspects and shows how to compute b standard errors.

We begin by motivating our risk price estimation using a linear regression framework.
Next, we show how this maps directly into a GMM estimate of the same risk prices and use
GMM theory to develop asymptotic standard errors. Finally, we show that this methodology
can be motivated by efficiency and robustness arguments. In terms of efficiency, if we were to
add other testing assets to the analogous GMM framework, this would leave our estimator
unaffected as long as we rely on the efficient GMM weighting matrix. In terms of robustness,
we show that our b estimate using the linear regression framework converges in probability
to the projection of the SDF onto f even if the M = a + b f model is mispecified, a result
that does not hold for other b estimators.

We consider an environment that is more general than our intertemporal factor model so
that we can understand what our estimation procedure uncovers if the intertemporal factor
model is false. As such, for the rest of this section, M, represents the true SDF and M,
reflects a given model for M,. Obviously, any model’s implication is that M, = M, but the

implication might not hold in reality (i.e., the model might be misspecified), in which case
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it is important to consider the distinction between M, and M;. We consider models of the
form M, = a —b'f,, where f, are excess returns on traded factors and a risk-free asset exists,
since this is by far the most common case in the empirical asset pricing literature (and nests

our ICAPM risk factor model).

B.2.1 Linear Regression Framework

Since any model of interest is likely misspecified, we want a procedure that is consistent for
a and b if M, = M, = a — b'f, holds, but that is “reasonable” (i.e., delivers M, = a — V'f,
with some useful properties) if M; # M; holds instead.

To find such a procedure, start by projecting M; onto f;, which can always be done
whether M, is well specified or not. Then, we have M; = a — b'f, — ¢, where Efe- f] = 0
and E[e] = 0. Thus, M; can always be understood as a linear factor model with k + 1
factors in which the last factor, ¢, is orthogonal to the first k. This means that for any given
set of factors, the linearity assumption can always be justified as long as we recognize that
we might have a missing factor. In this case, the original misspecification is incorporated
into this unobservable factor, making the linearity of M, on f, well specified. If A7, is well
specified, then we have M, = M; = a — V' f; and ¢ = 0V t. However, if it is misspecified,
we have M, # M, = a — U'f, and M, recovers the best linear predictor of M, given f; or
M = Proj (M;|f;). Moreover, ¢, does not help pricing f;.

If we demean M,, we have M, — E [M] = =V (f; — E[f]). Then, a projection of M; — E [M]|
onto fy — E[f] yields b = =S 'E[(f; — E[f]) (M; — E [M])] which, after some algebra, be-

comes:
b=E[M]-S;'E[f] (IA.126)

where ¥ is the covariance matrix of the factors.
Note that Equation TA.126 is equivalent to the expression for b in Equation 8, and that
a can be easily recovered from a = E [M] + b'E [f]. Simply plugging in sample analogues to
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the moments in these expressions gives a consistent estimator:

A= 1+VEl] (IA.127)
b=1-SE[f]

where if = E[(f —E[f])(f —E[f])'] represents the sample covariance matrix, E [-] represents
the sample average, and we use the normalization E [M] = 1.

In summary, Equation TA.127 delivers consistent estimates for a and b under the validity
of M, and recovers the projection of M, onto f, when M, is misspecified, transforming the

misspecification into an orthogonal missing factor, €, such that E[e- f] = 0 and E [¢] = 0.

B.2.2 GMM Framework

We formalize the GMM procedure that leads to the @ and b estimates in the previous subsec-
tion and provide standard errors for it. For the rest of this subsection, we stack the risk-free
payoff (a constant 1) together with the factors. We do the same for prices and parameters
(with the normalization that the price of a payoff of 1 equals E [M] = 1). Thus, we define
the new terms Fy = (1, /), Pry_1= (1, '), and 0 = (a, —b')".

We have k + 1 Euler conditions summarized by E[M;F;] = E[Pg;_1]. Then, substituting
M, = 0'F, — ¢, and E[e - F| = 0 into the Euler conditions yields E[0'F}F}] = E[Pg;_4]. Given
this just identified system, @ is the solution to ]E[FtF[Q\] = E[Pp,_1], which is given by:'A12

§=E[F,F/] 'E[Pr_1]. (IA.128)

We can use GMM to get the asymptotic covariance matrix for 9 as follows. Let

u (0) = ' FF; — Ppy_y and g (0) = E [u (0)]. Then, from general GMM theory (see Hansen

IA-12Note that B[F,F/0] = E[Pp;_1] is equivalent to

which yields the same estimates as in Equation TA.127 once we solve for @ and b.
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~ -1 e
(1982)), we have that aVar(d) = (f’g—g‘)’s—lag—g”) , where S = 32 E [uq (6) ury (6)'].
Jj=—00
Thus, simply substituting terms in the expression for the asymptotic variance-covariance
matrix gives:

-1
00

aVar(6) = % E[FF]] ( Z E [u; () w—; (9)’]) _ E [F,F/] : (IA.129)

j=—o00

To estimate the asymptotic variance-covariance matrix, we plug in ]/E[FtFt' ] as an estimator
for E[F,F}], 6 to obtain u,(8), and use Newey and West (1987, 1994) to estimate the spectral

density matrix (i.e., the infinity summation in Equation IA.129). We then use this aVar(6)

estimate to compute standard errors for our risk price estimates.

B.2.3 Efficiency and Robustness

a) Efficiency

In general, b = E[M] - Z;lgf, where pr is the vector of risk premia for the factors (see
Ludvigson (2013)). Thus, we effectively estimate b by the respective sample moments,
b=1- i;lfﬁj [f]. The first two moments are obviously fine, and thus we should question
how efficient it is to estimate ps using E [f]-

Suppose we try to estimate 115 using a cross-sectional regression of betas on average returns
of testing assets including not only the factors, but also all other assets in the economy. In
this case, the efficient Generalized Least Squares (GLS) gives fif = Er [f;] and ignores the
cross-section information on all other assets (see Cochrane (2005)). A similar result holds for
the maximum likelihood estimator of ys in factor regressions (Gibbons, Ross, and Shanken
(1989)) and on two-pass regressions (Shanken (1992)). Hence, E [f] is the efficient choice of
estimator for .

This well-known result extends to our b. Suppose we try to estimate b directly using
GMM, but relying on a set of testing assets that includes f; as well as other assets. Then,
the efficient GMM ignores (asymptotically) all testing assets other than f; (see Section 3 in
Nagel (2013)), which makes our b asymptotically efficient.
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b) Robustness

If we include other testing assets in the GMM, then, in finite samples, the estimates for a
and b vary with the assets included. This is quite problematic as the estimates will depend
not only on the model under analysis, but also on the testing assets used. The problem gets
worse if the model is misspecified. In this case, not only are the estimates dependent on the
cross-section of assets used, but so is their probability limit (as 7" grows). This means that, if
the model is mispecified, what we are estimating varies with the testing assets under GMM.

To see this point, consider a well specified model such that M; = M, = a — ¥ f,. In
this case, although @ and b depend on the cross-section of asset used, GMM with any
set of testing assets provides estimates that converge to the same (and correct) a and
b. That is not the case if the model is misspecified. Under misspecification, the @ and b
converge to the a and b in the projection M; = a — V' f; — ¢ if and only if ) converge to
E[F,F}]"'E[M,;F}]. This is the case with our estimator because E[Pp;_1] = E[M;F;], and thus
0 = E[F,F)) *E[Pp_,] > E[F,F/)'E[Pp_,] = E|[F,F)]'E[M,F,).

Therefore, our @ _y f+ has the robust interpretation that it always reflects the projection
of M, onto f, regardless of whether M; = M, or not. The same does not hold true for GMM

estimators that rely on other testing assets and a non-optimal weighting matrix.

B.3 SDF Projections as Factor Spanning Tests

We would like to understand whether adding f; to z; in a factor model improves the pricing
of testing assets (i.e., increases the Sharpe ratio of the tangency portfolio). It is well-known
in the literature that f;; adds to x; if and only if a; # 0 and that the sign of oy tells us
whether we would like to long or short fi. Tests of «; are called factor spanning tests. Below,
we show that the b in the SDF M, = a — b’ fi— b;ajt provides the same economic information
as factor spanning tests, with the added advantage that the SDF version of the test controls
not only for x; but also for other f; factors when testing each f; factor, which is important
in the context of the ICAPM as discussed in Subsection 2.3.

To start, generalize the framework to allow for mispecification as in Subsection B.2. That
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is, consider M, = M, — €; in which M, is the true SDF and ), is a model under consideration.
Moreover, note that the a of any asset r; relative to any arbitrary model M, is given by

a; = —Ele - r;]/E[M]."*'* Then, the proposition below assures the SDF projection M, =

/ / . . . . .
a—2>bf — b,r; — €; contains the same economic information as a factor spanning test.

Proposition 2. The SDF projection M, =a — Vb f, —b;xt — ¢ results in by = 0 if and
only if oy, = 0, where oy represents the pricing error of fr, relative to the model

M;=7d — 'Z')'lf_k,t — 'Z}';xt, with f_is reflecting all factors in f; except fi ;.

Proof. Suppose b, = 0. In this case, estimating M, = M, — € results in the same ¢; obtained
from the SDF projection M; = a — b f, — b,z — €. Then, we have o, = —El[e- f]/E[M] = 0
since, by construction, the SDF projection implies Ele - fi] = 0.

Alternatively, suppose ay = 0. Then, we must have Ele- f;] = 0 since a, = —El[e- ] /E[M].
As such, estimating the SDF projection M; = a — b fi — b;xt — ¢ yields by = 0 because the

6 in M, =d — 'i?'/f—knf — b;xt — ¢ 1s already orthogonal to fj ;. O

B.4 Details Related to our Bootstrap Analyses

We use bootstrap simulations for two purposes. The first is to estimate t-statistics associated
with the Long-Sample risk prices (and risk premia) estimated in Table 6 when applying the
Stambaugh (1997) procedure. The second is to estimate sampling statistics related to Sharpe
ratios (Table 7) and sum-squared-alpha metrics (Tables 8 and 10) across different factor

models. We describe each of the related bootstrapping methodologies below.

B.4.1 Long-Sample Risk Price t-Statistics

The Stambaugh (1997) procedure allows us to estimate both ¥ and E [f] needed to compute
risk prices according to Equation 8 for a set of factors over the Long Sample (1928-2019)

IA13To see this result, note that A/ implies E [r;] = —Cov(M,;)/E[M], and thus

Cov(M,rj)

@ =Bl - Elrjl = El] - 5= Oov(.rj) Covler;) _ _Ele r]

= Bl = =g Eii]  E[M]
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when some of these factors are not available during the early period (“short factors” from the
“short sample”) where other factors are available (“long factors” from the “Long Sample”).
For example, we have ICAPM risk factor data available from 1928-2019, but only have FF5
factor data available from 1963-2019. We use this procedure to estimate ICAPM risk prices
over the Long Sample when controlling for factors from the following models: FF5, q4, SY4,
DHS3, and ¢5.

We would like to estimate ¥y and E[f] for all factors in both models over the Long
Sample so that we can estimate the Long Sample risk prices in Table 6. The Stambaugh
(1997) procedure allows us to compute consistent estimates of these variables by projecting
short factors onto long factors that are available during both the long and short samples,*
then using this projection to extrapolate over the Long Sample. The fact that both ¥; and
E [f] are estimated with error results in complications for the asymptotic theory needed to
estimate standard errors on the resulting b estimates. As opposed to using something like
the Delta Method to estimate asymptotic standard errors, we instead choose to estimate
standard errors using simulation.

We run bootstrap simulations as follows. Let T" be the total number of months in the Long
Sample (i.e., the number of months from 1928-2019). For a given alternative factor model
(such as the FF5 model), let Ts be the total number of months in the short sample over which
data for the alternative model is available (e.g., in the case of the FF5 model, the number of
months from 1963-2019). We randomly select Ts months of factor data (with replacement)
from the the short sample to estimate the projection of the short factors onto the long
factors. Next, we randomly select T'— Ts months of data from the early period (1928-1962 in
the example) with replacement and merge the data with the short-period simulated data to
estimate ¥ and E [f] following Stambaugh (1997). Finally, we calculate the resulting Long
Sample b according to Equation 8. We repeat this procedure 100,000 times and record the

estimated b in each simulation. We use the standard deviation from the resulting distribution

IA-14We use the ICAPM and FFC4 factors, which are available during the entire Long Sample (1928-2019)
as long factors in the Stambaugh (1997) procedure.
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of bs as an estimate of the standard error on our b estimated from the full data using the

Stambaugh (1997) procedure.

B.4.2 Sharpe Ratio Statistics

We use bootstrap simulations to estimate the percent of times the ICAPM Sharpe ratio is
higher than that from alternative models under various IS/OS constructions given boot-
strapped distributions. These values are reported in parentheses in Table 7

The simulation procedure is slightly different depending on whether we are concerned with
IS Sharpe ratios (i.e., those reported for the “Modern Sample”, “1st Half” and “2nd Half”),
OS Sharpe ratios using weights estimated from 1973-1995 (i.e., those reported for “2nd Half
OS (w from 1973-1995)”), or OS Sharpe ratios using weight estimates from 1928-1995 (i.e.,
those reported for “2nd Half OS (w from 1928-1995)”). We will describe each of the three
simulation procedures in turn below. Regardless of the procedure, we repeat it 100,000 and
note the resulting Sharpe ratios for each model in each simulation. We then compute the
reported metric as the percent of simulations in which the ICAPM Sharpe ratio was higher
than the Sharpe ratio for a particular alternative model. These simulations are motivated by
a similar sampling procedure in Fama and French (2018) and similar data-splitting procedure
in Kan, Wang, and Zheng (2019).

We simulate IS Sharpe ratios for three different periods: (i) The “Modern Sample” from
1973-2019, (ii) The “1st Half” of the Modern Sample from 1973-1995, and (iii) The “2nd
Half” of the Modern Sample from 1995-2019. Let the particular period of interest contain
T months of factor data. Within each simulation, we randomly sample T" months of data
from the original sample period (with replacement) and then use these simulated data to
compute the maximum Sharpe ratios for the ICAPM and each alternative model. We record
these Sharpe ratios and repeat the process 100,000 times. Reported values are the percent
of times the ICAPM Sharpe ratio is greater than that for the alternative model across all

simulations.
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We simulate the “2nd Half OS (w from 1973-1995)” Sharpe ratios as follows.'*!* Let there
be T" months in the Modern Sample from 1973-2019. Within each simulation, we randomly
select 7'/2 months of data from the first half of the Modern Sample (i.e., from 1973-1995) with
replacement. For each of these randomly-selected months, ¢, we pair it with month ¢ + 7'/2
from the second half of the Modern Sample (1995-2019). We use the simulated data from the
first half of the sample to construct factor weights, w, that produce the maximum in-sample
Sharpe ratio for each model, then apply these weights to the paired simulated factor data
from the second half of the sample and compute the resulting OS Sharpe ratios for each
model. We record these Sharpe ratios and repeat the process 100,000 times. Reported values
are the percent of times the ICAPM Sharpe ratio is greater than that for the alternative
model across all simulations.

The simulation methodology we use for “2nd Half OS (w from 1928-1995)” is similar to
that used for “2nd Half OS (w from 1973-1995)”, but allows us to use factor data from before
1973 (where available) to estimate in-sample weights, w. Within each simulation, we select IS
and OS data from 1973-1995 and 1995-2019, respectively, in the same manner as for the “2nd
Half OS (w from 1973-1995)” simulations. For a given model, let there be N months of data
available before 1973. We also randomly sample N months from this data (with replacement)
and combine it with the data sampled from 1973-1995. We the use this combined data to
estimate factor weights that produce the maximum in-sample Sharpe ratio, then apply these
weights to the randomly-sampled data from 1995-2019 and compute the OS Sharpe ratio
from this data. In this way, we make use of data available before 1973 (when available),
which helps improve the stability of the estimated weights, w. We record these Sharpe ratios
and repeat the process 100,000 times. Reported values are the percent of times the ICAPM

Sharpe ratio is greater than that for the alternative model across all simulations.

IA-15Recall that we use data from 1973-1995 to estimate weights, w, applied to the factors to construct
maximum Sharpe ratios in the 1973-1995 sample, and then apply these weights to factor data from 1995-
2019 to construct the OS Sharpe ratios.
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B.4.3 Comparing Yo?/3E [r]? Across Factor Models

We use bootstrap simulations to estimate the percent of times the ICAPM Ya?/SE [r]” ratio
is lower than those from alternative models under the bootstrapped distribution when the
models are applied to various testing assets (Table 8) and 158 anomalies from Chen and
Zimmermann (2020) (Table 10).

The simulation procedure is as follows. Let there be T" months of data from 1973-2019.
In each simulation, we randomly select 7" months of data (with replacement) from the 1973-
2019 period and record the associated factor values and test asset returns. We then compute
the Ya?/YE [r]° metric for each model given the sampled data and record these values.
We repeat the process 100,000 times for all results except for those reported in Table 10
related to anomalies. In that case, we repeat the process 10,000 times due to data processing
limitations associated with simulating returns from 1,580 anomaly portfolios. In all cases,
reported values are the percent of times the ICAPM Ya?/SE [r]* metric is less than that for

the alternative model across all simulations.
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C Data Sources and Measurement

This section contains details on the data sources and measurement beyond the information
provided in the main text. Subsection C.1 details the aggregate variables necessary to obtain
rg, rv, Ng, and Ny, Subsection C.2 describes our estimation of betas to construct rg, rv,
rye, and ryv, Subsection C.3 focuses on the factor models we study in Sections 3 and 4
(beyond the intertemporal factor model), and Subsection C.4 focuses on the anomaly deciles

we explore in Section 4.

C.1 Aggregate Variables used to Measure 7, 7y, N, and Ny

Constructing our tradable intertemporal risk factors requires the measurement of dp; and o?.
Similarly, the estimation of Er; and Vr; (described in Subsection B.1) requires the measure-
ment of ., dp;, and o7. As such, measuring 7g, ry, Ng, and Ny for our baseline analysis
requires only the measurement of r,,, dp;, and o?.

Our monthly log realized variance measure is given by of = log(3F - £Yyry, ;) with ¢
indexing the month and ¢ the day. 7., is measured from daily log returns on the CRSP
value-weighted index and N, represents the number of trading days on month .

Our wealth log return and dividend yield, 7, and dp;, are based on a value-weighted
portfolio containing all common stocks available in the CRSP dataset and their measurement
accounts for delistings and mergers and acquisitions (M&A) paid in cash. We do not use the
CRSP value-weighted index because accounting for delistings and M&A activity requires a
“bottom-up” approach.

We start by adjusting returns for delistings. For each firm for which we can identify
a delisting (delisting code available and different from 100), we adjust the (ex- and cum-
dividend) return for the month in which the distribution of proceeds took place by assigning
the delisting return to that month. If no delisting return is available, we base the delisting
return on the findings in Shumway (1997) and assign to the delisting month a return of -30%
if the delisting was for cause (delisting code between 400 and 599) and of 0% otherwise. We
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assign a 0% return to all months between delisting and distribution when there is a temporal
gap between the two events.
With ex- and cum-dividend returns accounting for delistings, we construct returns based

on a value-weighted equity portfolio. We start by selecting all common shares (share codes

10 and 11) listed on NYSE, NASDAQ, or AMEX (exchange code 1, 2, and 3) and then

ET

calculate value-weighted cum- and ex-dividend monthly returns (B2 and Ry, ).

Since our dividend measurement accounts for M&A paid in cash (as suggested in Allen and
Michaely (2003) and Sabbatucci (2015)), we also construct a monthly “M&A yield” (M & Ay)
at the aggregate level. Specifically, each month we sum all proceeds from distributions that
can be classified as originating from an M&A paid in cash (distribution code between 3000
and 3400) across all firms that have lagged market equity available, and we divide this value
by the sum of the lagged market equity for these firms.

To get dividends that incorporate M&A activity, we calculate a normalized aggregate price

ex
mon,t

series, P;, by cumulating R, — M&Ay. We then calculate dividends from cum- and ex-
dividend returns as is standard in the literature (see Koijen and Nieuwerburgh (2011)), but
relying on the adjusted ex-dividend return so that Dyon, = (RS, — R + M&Ay)-Pp_.
Finally, we follow Binsbergen and Koijen (2010) to get the monthly series of annual dividends
(D;) as the sum of the monthly dividends (D,,on¢) over the respective period.

Our annual dividend yield is given by dp, = log(D,/P,) and our monthly real log return
by 1wt = 10g((P: + Dmont)/Pi—1) — log(CPI;/CPI,_;), where CPI is the consumer price

index obtained from the Federal Reserve of St. Louis webpage.

C.2 Betas Estimated on a Rolling Window

As we explain in the main text, we use a 5-year rolling window to estimate 34, and 3,2 and
require stocks to have the full five years of data available to be included in the construction
of rg and ry. The only exception to the 5-year rolling window rule is in the beginning of our
sample period, before we have five years of data on Adp and Ac? available to estimate betas.

Our first observation for Adp; is on January/1927 and for Ao? is on February/1926. As such,
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at the end of December/1927, we use stock returns going back to January/1927 for 4, (i.e.,
12 months of data) and February/1926 for (3,2 (i.e., 23 months of data). For the subsequent
months, we expand the window for each factor (keeping the January/1927 and February /1926
starting points) until we have five years of data to estimate the respective beta. Once we
have five years of data to estimate beta (December/1931 for (4, and January/1931 for S,2)
we start applying the five year rolling window procedure. To assure the universe of stocks
used to construct the factors are always the same, we impose that stocks need to have
returns available for the entire 3,2 measurement window (which starts earlier than the (g,
measurement window before December/1931).

We face a related challenge when estimating Syg and Syv to build the decile portfolios
necessary to obtain ryg and ryy. Specifically, since Ng and Ny are estimated in-sample
(using either our Long Sample or our Modern Sample), we cannot estimate Syg and Syy on
a b-year rolling window during the first five years of the relevant sample period. As such, for
the first five years in each sample period, we use the Syg and [yv estimated over the first
five years to create the deciles instead of using a rolling window. This approach allows us to

obtain ryg and ryy over the same period we have our tradable risk factors, rg and ry.

C.3 Replicating Factors from Prominent Factor Models

We obtain the factor data for all factor models from the original authors."*'9 We also replicate
factors from all the factor models we investigate for two reasons. First, replicating the factors
allows us to extend factors from the SY4 and DHS3 models beyond their publicly-available
end dates (2016 and 2018, respectively) to the end of our sample (2019). In these cases,
we use our replicated versions of the factors from 2017-2019 and in 2019, respectively, in

our main results. Second, we need to reconstruct the factors each month to create the net-

[A-161928-2019 data for the factors in FF3 and FFC4 as well as 1963-2019 data for the factors in FF5 are
obtained from Kenneth French’s data library (https://mba.tuck.dartmouth.edu/pages/faculty/ken.
french/data_library.html). 1967-2019 data for the factors in q4 and g5 are obtained from the global-q
data library (http://global-q.org/index.html). 1963-2016 data for the factors in SY4 are obtained from
Robert Stambaugh’s webpage (http://finance.wharton.upenn.edu/ stambaug/). 1972-2018 data for the
factors in DHS3 are obtained from Lin Sun’s webpage (https://sites.google.com/view/linsunhome).
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trading-cost factors used to produce results in Figure 4 and in Table 7 (Panel B). We follow
Detzel, Novy-Marx, and Velikov (2020) in the cost adjustment, with the necessary details
provided in Footnote 34.

We describe how we obtain or construct signals used to create factors from each model
we investigate below. Once the signals are constructed, we follow the sorting procedures
described in the original papers to create the respective factors. For instance, to construct
the FF3 SMB and HML factors, we use the 2x3 sorting procedure described in Fama and
French (1993). Note that we need not account for trading costs associated with the market

factor since it is a passive strategy that just holds the market portfolio.

a) FF3 factors (SMB and HML)

SMB and HML are constructed annually at the end of June in each year ¢t using the same
procedure as in Fama and French (1993). We use market equity, computed by multiplying
CRSP shares outstanding (shrout) with absolute price (prc) at the end of June in year ¢, as
the sorting signal for size. The sorting signal for HML is book-to-market equity, where book
equity is based on accounting data that is available at the end of December in year t — 1
and market equity is from the same month. We construct book equity using COMPUSTAT
data as described in Fama and French (1993) with two slight modifications. First, we exclude
deferred taxes from the calculation for fiscal years starting in 1993 due to changes in tax
treatments.'*!” Second, we augment the COMPUSTAT book equity data with hand-collected
book equity data from Moody’s Manuals.'*'® Finally, we use NYSE breakpoints for the size
and book-to-market signals for sorting, which we obtain from Kenneth French’s website. We
reconstruct SMB and HML over our Long Sample (1928-2019) and achieve correlations of
99.8% and 99.6% with the original factors, respectively, over that period.

IA-17Note that this modification is also used to construct the publicly available SMB and HML factors.
Further details can be found on Kenneth French’s webpage.
IA-18This data is available on Kenneth French’s website and is based on Davis, Fama, and French (2000).
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b) FFC4 factors (MOM)

MOM is constructed monthly using a stock’s cumulative returns over the past 12 months
and skipping the last month (i.e., the “12-2 return”) as in Carhart (1997). The factor is then
constructed using an independent double-sorting procedure that sorts on the momentum
measure and market equity, computed by multiplying CRSP shares outstanding (shrout)
with absolute price (prc), at the end of each month as in Carhart (1997). We reconstruct
MOM over our Long Sample (1928-2019) and achieve a correlation of 99.9% with the original

factor over that period.

c) FF5 factors (SMB, CMA, and RMW)

The FF5 model uses the same HML factor as the FF3 model. However, its construction of
SMB is slightly different than that in the FF3 model. The FF5 model also adds CMA and
RMW factors. Therefore, we reconstruct the FF5 SMB, CMA, and RMW factors annually
at the end of June in each year ¢ using the same procedure as in Fama and French (2015).
To construct the CMA and RMW, we use COMPUSTAT data to construct asset growth
(“investment”) and profitability (“operating profitability”) signals as described in Fama and
French (2015). We use NYSE breakpoints for the investment and operating profitability
signals for sorting, which we obtain from Kenneth French’s website. We reconstruct the FF5
SMB, CMA, and RMW factors from 1963-2019 and achieve correlations of 99.7%, 98.2%, and
98.9% with the original factors, respectively, during the period in which they are available
(1963-2019).

d) g4 and g5 models (ME, IA, ROE, and EG)

We reconstruct the ME, IA, ROE, and EG factors using the same procedure described in
Hou, Xue, and Zhang (2015) and Hou et al. (2020) using signals that were provided directly
by the authors."*'” Our reconstructed ME, IA, ROE, and EG factors achieve correlations of

TA-19We thank the authors of these papers for sharing these data.
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99.9%, 99.6%, 99.8%, and 99.7% with the original factors, respectively, during the period in
which they are available (1967-2019).

e) SY4 model (SMB, MGMT, and PERF)

We reconstruct the SY4 SMB, MGMT, and PERF factors using the same procedure described
in Stambaugh and Yuan (2017). For the SY4 SMB factor, the signal is the same as in the SMB
factor of the FF3 model even though the factor construction differs from the approach in FF3.
Therefore we rely on the same size signal we use in the FF3 SMB construction to obtain the
SY4 size signal. The MGMT factor requires six different signals: net stock issues, composite
equity issues, accruals, net operating assets, asset growth, and the investment-to-assets ratio.
We obtain four of these signals (accruals, net operating assets, asset growth, and investment-
to-asset ratio) from the signal data Chen and Zimmermann (2020) make publicly available
(the respective labels are “Accruals”, “NOA”, “AG”, and “InvestPPEInv”).'*?Y We construct
the other two signals (net stock issues and composite equity issues) directly from CRSP and
COMPUSTAT data following Stambaugh and Yuan (2017) because Chen and Zimmermann
(2020)’s construction of the two analogous signals differs slightly from the construction in
Stambaugh and Yuan (2017)."4-?! The PERF factor requires five different signals: financial
distress, O-score, 12-2 momentum, gross profitability, and quarterly return on assets. We
use the same momentum signal as in our MOM factor. The remaining four signals (financial
distress, O-score, gross profitability, and quarterly return on assets) are obtained from the
signal data in Chen and Zimmermann (2020) (the respective labels are “FailureProbability”,
“OScore”, “GP”, and “roaq”). Given these signals, we construct SMB, MGMT, and PERF as
in Stambaugh and Yuan (2017). Our reconstructed SMB, MGMT, and PERF factors achieve
correlations of 95.7%, 96.7%, and 93.0% with the original factors, respectively, during the
period in which they are available (1963-2016). Note that we reconstruct these factors over

the 1963-2019 period and augment the original factors with our reconstructed factors only

[A-20Gee https://github.com/OpenSourceAP/CrossSection

TA-2INote that the construction of net stock issues and composite equity issues in Stambaugh and Yuan
(2017) differs from the construction used in the DHS3 FIN factor of Daniel, Hirshleifer, and Sun (2020).
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from 2017 to 2019 in our main results.

f) DHS3 model (FIN and PEAD)

We construct FIN and PEAD factors using the same procedure described in Daniel, Hirsh-
leifer, and Sun (2020). The FIN factor requires two signals: net stock issues and composite
equity issues. We construct net stock issues as in Daniel, Hirshleifer, and Sun (2020) directly
using COMPUSTAT data.'*?? We use the “CompEqlss” signal from Chen and Zimmermann
(2020) for composite equity issues since it is constructed in the same way as the corresponding
signal in Daniel, Hirshleifer, and Sun (2020). The PEAD factor uses the four-day cumula-
tive returns around earnings announcements as a signal. We use the “AnnouncementReturn”
signal from Chen and Zimmermann (2020) since it is constructed in the same way as the cor-
responding signal in Daniel, Hirshleifer, and Sun (2020). Our reconstructed FIN and PEAD
factors achieve correlations of 97.3% and 97.2% with the original factors, respectively, during
the period in which they are available (1972-2018). Note that we reconstruct these factors
over the 1972-2019 period and augment the original factors with our reconstructed factors

only for 2019 in our main results.

C.4 Anomaly Portfolios

We obtain 158 anomaly decile portfolios (that are value-weighted and based on NYSE break-
points) from Chen and Zimmermann (2020) (see Footnote IA.20), which gives us a total of
1,580 portfolios. In particular, we begin with the 180 “clear predictors” from Chen and Zim-
mermann (2020), which reflect anomalies that they classify as being “clearly significant in
the original papers”. From these 180 significant anomalies, we remove anomalies that do not
have return records for all 10 decile portfolios for at least half of our 1973-2019 sample. This
procedure yields the 158 anomalies (and the corresponding 1,580 decile portfolios) we use as

test assets in Section 4.

TA-22Note that the construction of net stock issues and composite equity issues in Daniel, Hirshleifer, and
Sun (2020) differs from the construction used in the SY4 MGMT factor of Stambaugh and Yuan (2017).
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D Supplementary Empirical Results

This section provides empirical results that supplement our analysis in the main text. Subsec-
tion D.1 discusses the risk price distortion that arises if one relies on orthogonalized factors
in the SDF estimation, Subsection D.2 explores principal components to estimate the mim-
icking factor weights used as sorting signals in our analysis, Subsection D.3 considers 3-year
rolling window betas instead our our baseline 5-year rolling window betas, Subsection D.4
compares our log-GARCH with a level-GARCH specification, Subsection D.5 studies Ng and
Ny constructed from vector autoregressions, Subsection D.6 considers a maximum likelihood
estimation of our log-GARCH process, Subsection D.7 provides results with a nonlinear Ny
solved numerically, Subsection D.8 reports the ICAPM risk prices controlling for sentiment
and liquidity, Subsection D.9 provides further risk price results controlling for the betting
against beta factor, and Subsection D.10 relates our risk price results to some of the prior

ICAPM literature.

D.1 Risk Price Distortion with Orthogonalized Factors

In Subsection 2.3, we discuss the fact that our tradable risk factors (r,,, rg, and ry) are
strongly correlated. While this result is in line with the ICAPM logic that market prices
and investment opportunities vary jointly, it is unusual in the factor model literature as
typical factor models are constructed such that their tradable factors are (at least close to)
orthogonal. This aspect raises the question of whether we should design our ICAPM factors to
be orthogonal. This subsection shows that doing so would distort the risk prices we estimate,
and thus break their link to risk aversion and our structural ICAPM more broadly.

We assume that the true SDF is generally given by
M, =a — b f, (IA.130)

with f; reflecting a vector of K risk factors with covariance matrix ¥ .

Now, note that if A is the positive definite square-root matrix of ¥y (i.e., ¥y = AA'), then
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we have Var[A™' f;] = A7'S;A7Y = ATPAA'A™Y = 1423 As such, the orthogonal factors

f& =TA'f, (IA.131)
satisfy
oiqa 0 0
0 o2 0
Var[fd] = 2 (IA.132)
0 O c. .
0 0 a%d

so long as I' is a diagonal matrix with elements oy, 4
As such, if we create f¢, and estimate the SDF M, = a — b, f¢, then we recover the true

SDF in Equation [A.130, but with distorted risk prices
by =T 7TAb (TA.133)

so that by = b if and only if A = I', which requires the square-root matrix A to be diagonal.
That is, unless f; is already orthogonal, relying on orthogonal factors for the SDF estimation
will distort risk prices. In the context of our analysis, f; is unlikely to be orthogonal be-
cause market prices and investment opportunities vary jointly, and thus relying on fZ would
complicate the interpretation of risk prices.

In the main text, we use f; in our SDF but also consider the risk premia on

fF=Vf = \IIEJZI ft, where U is a diagonal matrix with elements +/Var[r,,]/Var[f?]. We

refer to f;- as orthogonal factors, but the meaning of “orthogonal” in the context of fi is
different from the meaning we use above when discussing f{. Specifically, f;* are orthogo-
nal to f; since Cov[f*, f] = Cov[\DE;lf, f] = ¥, but are not orthogonal to each other since
Var[ft] = Var[\I/E;I f1= \IIZJZI\I/. These fi* factors are useful because their variances match
the market variance, Var|f;] = Var[r,,], whereas their risk premia are proportional to the f;

risk prices, E[f{] = WX E[f] o b. However, using f- to estimate the SDF M; = a — b fi*

IA-23Note that there exists an infinite number of matrices T' such that ¥ F = FF', but there is a unique
positive definite I' such that X = IT.
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would also lead to risk price distortion since we have b, = W'Y ;b so that, similar to above,

b, = bif and only if ¥y = ¥, which requires ¥; to be diagonal.

D.2 Mimicking Portfolio Weights from PCA

As explained in Subsections 1.3.3 and 1.3.4, to construct rg, ryg, 7v, and 7ryy, we build
basis portfolios by sorting stocks based on their univariate betas relative to the respective
non-tradable factors (similar to Herskovic, Moreira, and Muir (2019)). A stock’s univariate
beta relative to a generic risk factor, x, is a natural sorting signal given its direct connection
to the mimicking factor weight (see Footnote 19).

To understand whether we can improve upon our univariate beta signals, we now explore
a more sophisticated method to estimate the mimicking factor weights (from Giglio and Xiu
(2020)) that relies on Principal Component Analysis (PCA). Specifically, over each 5-year
rolling window, we obtain the first ten principle components of stock returns and project
Adp and Ao? onto them with the restriction that the final stock weights (7 and 7y) sum to
zero so that we have long-short portfolios. This method provides direct estimates of 7 and
my, which we use as a replacement for the Saq, and Sa,2 signals we rely on in our baseline
analysis. The decile portfolios needed to construct ryg and ryvy follow a similar procedure
except that the g and my weights are based on projections of Ng and Ny onto the principle
components.

Table TA.2 adds the resulting factors, rL¢4, rE€4 rPCA and rE54, to the correla-
tions in Table 1. In general, we have Cor(r£“4 Ng) < Cor(rg, Ng) and Cor(rf%4 Ny) <
Cor(ry, Ny) as well as Cor(r{$4, Ng) < Cor(ryg, Ng) and Cor(r§54, Ny) < Cor(ryy, Ny).
Moreover, Cor(r£¢A rE€4) < Cor(rg,ryg) and Cor(r£C4 r8C4) < Cor(ry,ryvy). So, all
correlations become weaker when we use a more sophisticated method to obtain mimicking
factor weights as sorting signals. Moreover, using five or fifteen principle components yields
similar results (not tabulated).

It is important to point out that the results described in the prior paragraph are likely

related to the fact that using single stocks to construct mimicking factors yields a large cross-
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section with very few time periods, which can be detrimental to the performance of principle
component methods. However, we are reluctant to change from single stocks as base assets
to typical anomaly portfolios used in the literature for two reasons. First, most anomaly
portfolios can only be constructed after COMPUSTAT variables are available, which (after
accounting for some initial training period to estimate the principle components) would only
allow us to construct tradable risk factors starting (at the earliest) in the 1980s. Second, the
choice of characteristics used to obtain anomalies is subject to serious statistical/empirical
problems (see, for example, Berk (2000), Cederburg and O’Doherty (2015), Ang, Liu, and
Schwarz (2020), and Tian (2021)) as well as publication biases (see Lo and MacKinlay (1990)
and Harvey (2017)). These issues can be avoided by relying on single stocks to construct our
risk factors, with Table 1 and Figures 2 and 3 demonstrating that our tradable factors are

already good ex-ante proxies for the Ng and Ny mimicking portfolios.

D.3 Exposure to Adp and Ao ? using Three-Year Rolling Windows

In this subsection, we construct portfolios and factors based on stock exposures to Adp and
Ac? (B4 and fB,2, respectively) using 3-year rolling estimation windows rather than 5-year
windows as in our baseline analysis.

Table TA.3 reports results analogous to those in Tables 2 and 3 when stocks are sorted
into decile portfolios based on either Sy, (Panel A) or S, (Panel B) estimated using the
3-year rolling windows. As in our main results, these portfolios sort well on ex-post exposure
to the original expected return and variance news proxies (Adp and Ac?) as well as the
news components themselves (Ng and Ny). For brevity, we only provide results for our Long
Sample (1928-2019), but the results for our Modern Sample (1973-2019) are also similar to
our main results for that period.

Table [A.4 reports estimated ICAPM risk prices and risk premia when the ICAPM factors
are constructed from stocks based on g, and 3,2 estimated using the 3-year rolling windows.
Results are quantitatively similar to our main results (with 5-year rolling windows), implying

that the consistency of ICAPM factor model risk prices with ICAPM theory is robust to
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modifying the 3 estimation window.

D.4 V7r; from Log-GARCH vs Level-GARCH

As described in Subsection A.3.5, we model the market variance, Vr;, as a log-GARCH
and demonstrate that our log(Vr;) process can be derived as the Bayesian posterior for the
log conditional variance in a stochastic volatility model in which log realized variance, o2,
provides a noisy signal for the unobservable log conditional variance. However, we could have
alternatively modeled Vr, as a level-GARCH and used the same latent stochastic volatility
framework to provide a Bayesian interpretation for the model so long as we interpreted &, and
o, as the level (and not the log) of the realized and conditional variances respectively. This
subsection explains why we use a log-GARCH instead of a level- GARCH in our empirical
analysis.

First, while level-GARCH models are often used in the literature for their linearity, there
is little tractability gains in our framework given that the closed-form solution Ny = Oy - 7,
requires linear approximations whether we use a log-GARCH or a level-GARCH. As such, the
key benefit of level-GARCH models does not apply in our context while the main benefit of
the log-GARCH framework (i.e., better ability to forecast variance) is present in our setting
as can be seen in Figures [A.2(a) and Figures [A.2(b). Specifically, these figures demonstrate
that the sum of squared errors (when forecasting subsequent realized variance at different
horizons) of a level- GARCH are higher than those of a log-GARCH.

And second, our Bayesian framework requires normality of the unobservable shocks (oth-
erwise the Bayesian updating is non-linear), which implies normality of 57 in our GARCH
model. While asymptotically (as the number of observations used to estimate o7 grows) o7
converges to a normal distribution whether o7 is the realized variance or its log (Barndorff-
Nielsen and Shephard (2002)), in small samples nether model yields normal o7 shocks, but
o7 is approximately normal in the log-GARCH model whereas it is far from normal in the

level-GARCH model (Andersen et al. (2001a,b) and Barndorff-Nielsen and Shephard (2005)).
Figures [A.2(c) and IA.2(d) provide a visualization of this well-established result in the con-
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text of our empirical analysis (we estimate the level-GARCH using a procedure analogous to
our log-GARCH estimation in Subsection B.1.1). While neither model yields normal shocks,
the log-GARCH 67 can be approximated by a normal distribution so that our Bayesian
interpretation is reasonable whereas the level GARCH &7 is far from normally distributed,

which would render the Bayesian interpretation much less reasonable.

D.5 Ny and Ny from Vector Autoregressions

In the main text, we avoid the ICAPM “fishing license” (Fama (1991)) when constructing
Nr and Ny as we do not specify an arbitrary set of state variables for expected returns
and volatility, but instead build a simple Bayesian learning framework in which a long-term
investor observes only market prices and dividends (similar to Binsbergen and Koijen (2010)).
In our framework, Ng and Ny are ultimately linked to log dividend yield shocks and log
realized variance shocks, respectively. While our approach is parsimonious and theoretically
founded, much of the prior ICAPM literature relies on vector autoregressions (VARs) with
multiple state variables that have some logical link to expected returns and volatility (e.g.,
Campbell et al. (2018) and Gongalves (2021a)).

In this subsection, we show that our tradable intertemporal risk factors (rg and ry) are
good ex-ante mimicking factors for Ng and Ny even if these news terms are constructed from
a VAR. To estimate the VAR, we assume that z; = (r,+, s) evolves as (with s; reflecting a

state vector that includes dp, and RV; = e%%)
Zt+1 — zZ = B(Zt - 5) + ZH (IA134)

We then estimate B in-sample (using OLS equation-by-equation) and define
Bo=0-B(I-9¢- B)_l7 12 = Tw.t, and 1,RVZt = RV}, so that news to long-term expected
returns and volatility are given by Ng; = I;Boozt and Ny; o< Npy = 1;%‘,3005,5. Following
Gongalves (2021a), we fix the first B column to be zero before the estimation because r,, is
not a good predictor of future returns or variance, but the Ng and Ny constructed without

this step are very similar. In our most extensive specification, s; contains dp;, RV;, and four
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extra state variables (all measured in natural log units): the credit spread (CS), Treasury
yield (TY), term spread (T'S), and value spread (V.9).!4

Table IA.5 reports Cor(ryg, Ng), Cor(rg, Ng), and Cor(rg, ryg) (as well as the analogous
Ny, rnv, and ry correlations) over our long and modern sample periods for different VAR
specifications (as well as for our Bayesian framework for comparability). Moreover, Figure
IA.3 provides ex-post B,nr and B,nv of decile portfolios sorted on Adp and Ao?.

Table [A.5, Panel B sets s; = (dp;, ¢?) so that the dividend yield and realized variance are
the only state variables used to construct Ng and Ny. The idea behind this specification is to
check whether cross-predictability (i.e., dp; forecasting realized variance and o? forecasting
returns) makes a VAR specification sufficiently different from our Bayesian framework as to
render rg and 7y bad at mimicking Ng and Ny. We find that this is not the case. Specifically,
Cor(rg,ryg) and Cor(ry,ryy) are quite high in this specification (0.95 and 0.83 over the
Long Sample and 0.90 and 0.76 over the Modern Sample) and Figure [A.3 shows large spreads
in betas across the decile portfolios, suggesting that cross-predictability is not a problem for
our analysis.

Table TA.5, Panel C sets s; = (dp;, 07, C'S;) to explore a specification that contains the
three state variables that, according to Campbell et al. (2018), jointly capture long-term

volatility."**> We continue to observe high values for Cor(rg, ryg) and Cor(ry,ryv) (0.93

IA-240ur measurement of these variables largely follows Gongalves (2021a). The credit spread (C.S;) is the
difference between Moody’s corporate BAA and AAA log yields with both coming from the Federal Reserve
of St. Louis website. The Treasury yield (TY") is the annualized 3-month log Treasury bill rate and comes from
Global Financial Data until December 1933 and from the Federal Reserve of St. Louis webpage after that.
The term spread (7'S) is the difference between the 10-year log Treasury yield and T'Y, where the former
comes from Global Financial Data until March 1953 and from the Federal Reserve of St. Louis website
thereafter. The value spread (V'S) is the difference between the log book-to-market ratios of the value and
growth portfolios formed based on small stocks and adjusting for within-year movements in market equity.
The data come from Kenneth French’s data library and measurement follows Campbell and Vuolteenaho
(2004).

IA-25Campbell et al. (2018) argue that long-term volatility news is jointly captured by three state variables:
the realized volatility, the smooth earnings yield, and the credit spread. Our specification uses the same
three variables, except that, following Gongalves (2021a), we use dp; as a valuation ratio instead of the
smooth earnings yield. The reason is that, as our Bayesian framework makes it clear, dp; provides a signal
for expected returns. Moreover, Campbell (1991) log-linear approximation for stock returns implies that state
vectors that do not span dp; are mispecified (see Engsted, Pedersen, and Tanggaard (2012) for details).
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and 0.77 over the Long Sample and 0.89 and 0.75 over the Modern Sample) and large beta
spreads across decile portfolios (see Figure IA.3), results that indicate that our tradable
intertemporal factors continue to capture well ex-post mimicking factors for Ny and Ny even
when the credit spread is included in the state vector.

Table TA.5, Panel D sets s; = (dp;, o2, CSy, TY;, T'S;), which includes the three state
variables that capture long-term volatility (according to Campbell et al. (2018)) as well as
the Treasury yield, 7Y, and the term spread, T'S, which are classical interest rate and equity
premium predictors (Fama and Schwert (1977), Fama (1981), Campbell (1987), and Fama
and French (1989)). Remarkably, the Cor(rg, ryg) and Cor(ry, ryy) values remain high and
very similar to what we observe in Panels B and C (0.92 and 0.77 over the Long Sample and
0.90 and 0.77 over the Modern Sample). Moreover, Figure IA.3 continues to display beta
spreads across decile portfolios that are similar to what we observe for other specifications.
As such, our tradable intertemporal factors capture well ex-post mimicking factors for Ng
and Ny even when ex-post news are constructed from a multivariate system that includes
several traditional state variables in the predictability literature.

Table TA.5, Panel E sets s, = (dp;, o7, CS;, TY;, TS, VS;), which includes all state
variables in our analysis. The beta spreads in Figure [A.3 remain large and the Cor(rg, ryg)
level remains very high (0.91 over the Long Sample and 0.86 over the Modern Sample).
However, Cor(ry, ryv) sharply declines (0.46 over the Long Sample and 0.63 over the Modern
Sample). This result indicates that there is a component of long-run variance captured by the
value spread that is not fully reflected in our rg and ry factors. Interestingly, this limitation
of ry as a proxy for ryy under this particular VAR specification concentrates in the late
1990s and early 2000s, which is the tech boom and bust period, suggesting that it is an
isolated incident. In fact, Cor(ry,ryy) is 0.63 over our Long Sample and 0.70 over our
Modern Sample if we exclude the years from 1999 to 2002. So, overall, we conclude that rg
and ry are generally good ex-ante proxies for the Ng and Ny mimicking factors even in a
specification that includes all state variables we explore.

The results in Table IA.5 and Figure [A.3 indicate that our interpretation of rg and ry as
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mimicking factors for Ng and Ny is robust to the use of a VAR framework to estimate Ng and
Ny. However, the strength of the ry interpretation does weaken a bit as we include the value
spread in the VAR. To address this issue, we perform an extra exercise that asks whether
VAR models with several state variables are better at forecasting long-term variance than
our simple log-GARCH framework. Specifically, Figures IA.4(a) and IA.4(b) display the sum
of squared forecasting errors for different VAR specifications (relative to the same quantity
for our log-GARCH model) at different forecasting horizons from 1 month to 120 months (10
years). As it is clear from the figures, our simple log-GARCH model is better at forecasting
long-run variance than all VAR specifications we explore. Moreover, the VAR that includes
the value spread is not the best performing VAR in terms of predicting long-run variance.
As such, our long-run variance predictability results limit any remaining concerns with the

interpretation of our ry factor.

D.6 ICAPM Risk Prices with log-GARCH Estimated by MLE

Using our log-GARCH, we find that the ry risk price that is restricted by the ICAPM (with
~ as the only parameter) is large and comparable to the unrestricted ry risk price. This result
may seem surprising given that prior literature (e.g., Chacko and Viceira (2005)) finds that
news to long-term variance induces a quantitatively small hedging demand when conditional
variance is modeled as a univariate autoregressive process.

The crux of the matter is that, as explained in Subsection B.1.1, we estimate our log-
GARCH process by targeting long-run (10-year) realized variance. The underlying idea is
that targeting long-run expectations provides a robust estimation method if we recognize that
any autoregressive model is likely mispecified (see Ederington and Guan (2010) and Jorda
and Kozicki (2011)). To demonstrate that the targeting of long-run variance is the driver of
the strong ry risk price, we reestimate the log-GARCH by maximum likelihood, which effec-
tively focuses on short-term variance dynamics as it assumes that the intertemporal variance

dynamics in the log-GARCH specification are exactly correct.”*?% We then reestimate the

IA-26The log-GARCH implies 07, ; ~ N(w, 4 log(Vr¢),02) so that the maximum likelihood estimation that
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Ng and Ny dynamics using this alternative Vr, process and obtain new ICAPM risk prices,
with the final results reported in Table [A.6 under the column “MLE Nvy”. As it is clear from
the table, the ry risk price is quantitatively small (albeit significant) when the log-GARCH
process is estimated by maximum likelihood, a result that is in line with the weak volatil-
ity hedging channel in the prior literature that models conditional variance as a univariate
autoregressive process (e.g., Chacko and Viceira (2005)).

Figures 1A.4(c) and IA.4(d) show why estimating our log-GARCH by maximum like-
lihood is not appropriate if the main objective of the estimation is to capture long-term
variance dynamics. In particular, VAR models tend to perform better than this log-GARCH
estimated by maximum likelihood at forecasting long-term variance (for most horizons), in
stark contrast with the results we find in Figures [A.4(a) and TA.4(b) when we estimate the
log-GARCH by a NLS that targets long-run variance.

D.7 ICAPM Risk Prices with Nonlinear Ny

Our baseline estimate of ex-post variance news, Ny ~ 6, - 52, relies on three linear approxi-
mations (see Subsection A.4.3 for details on the approximations). In this subsection, we solve
for vw,; numerically without relying on these linearizations and use the resulting solution to
obtain a nonlinear Ny. We then use this nonlinear Ny in our I[CAPM estimation, with the
results reported in Table [A.6 under the column “Nonlinear Ny”. As can be seen by compar-
ing the “Baseline Ny” and “Nonlinear Ny” columns, this nonlinear Ny yields results that are
quantitatively similar to (and even a bit stronger than) our baseline results. The rest of this
subsection explains the numerical procedure we rely on to obtain our nonlinear Ny.

Let 7, reflect wealth portfolio returns and s; be a state vector so that z; = [ry4, S| is

we rely on is based on

T . )
Min Z log (02) + (0741 — wo — log(Vry))

{wvrwo ,pvr,d0,02} =1 Ug

with log(Vrip1) = wyr + ¢y - log(Vre) + ¢o - Ut2+1-
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modeled as

Twir: = Er(st) + Twir1 (TA.135)
Ser1 = Es(sy) + Spqa- (IA.136)
Varryis1] = Vr(s) (TA.137)
Var[siy1] = Vs(sy) (TA.138)

Covi[Twis1, St+1] = Crs(se) (TA.139)

where the functions Er(s;), Es(s;), Vr(s:), Vs(s;), and Crs(s;) are known and can be mea-
sured in the data.

We know that the log value-wealth ratio is a function of s;, vw; = vw(s;), and we would
like to solve for the vw(s;) function using the recursive Equation TA.36, which is reproduced

here for convenience:

(v=1)

VWy = f(¢7(5a 5) +6- Et[rw,t+1] +4- Et[thJrl] -9 9

- Vary[vg1] (TA.140)

First, let’s rewrite the recursive equation in a way that makes the dependence on s;
explicit:

vw(sy) = f(¥,8,8) + 8- Er(s;) + - Efvw(siy1)] (TA.141)

= (=1
— 5. 5

~(Vr(sy) + Varvw(se)] + 2 - Covg[ry 41, vw(si+1)])
with this result relying on Var:[vii1] = Var|ry 141 + vwigq]. For notational convenience, the
rest of the derivations suppress the dependence of some of the functions on s; by defining
Es; = Es(s;) and Vs; = Vs(s;).

In principle, Equation [A.141 can be solved numerically as a function iteration on the
data grid with interpolation for vw(s;) and numerical integration to compute the vw mo-

ments, E[vw(si11)], Varvw(siq)], and Covg[ry 41, vw(si+1)]. However, depending on the

application, this approach is too costly from a computational standpoint. We now rely on a
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conditional second order Taylor approximation for vw(s;;1) to solve for the vw moments so
that the recursion can be efficiently evaluated.
Given a current guess for vw(s;) (we later detail the algorithm to initiate and update the

vw(s;) function), we have

! 1 !
vwo(Sei1, Esy) =~ vw(Es;) + G(Esy) (s441 — Esy) + 3 (41 — Esy) H(Esy)(si41 — Esy)  (IA.142)

where G(x) is the vw gradient vector evaluated at x and H(x) is the vw hessian matrix

evaluated at z.

Using the approximation in Equation IA.142, we then have:"*27
1
Ei[vw(sir1)] = vw(Esy) + 5 tr (H(Es;)Vs;) (TA.143)
/ 1
Varvw(sii1)] = G(Es;)VsG(Esy) + 3 tr (Vs,H(Es;)VsyH(Es;)) (TA.144)
Covy[Fy 41, vw(Se41)] = Q(Est)/Crs(st) (TA.145)

where tr(X) is the trace of matrix X.

Substituting Equations [A.143, TA.144, and TA.145 into Equation [A.141, we have

vw(s;) = f(¥,8,8) + 6-Er(s;) + 0- (Uw(]ESt) + %~tr ('H(]Est)Vst)) (IA.146)

R -1 - Vr(sy)

—9- -1 . (g(ESt)VStg(ESt)/ + % “tr (VStH(ESt)VStH(ESt))>

— §-(y—=1)-G(Es,) Crs(s,)

We now specialize the state vector to include the state variables in our model. In particular,

IA-2TNote that our second order Taylor approximation is conditional and is only being used to approximate
the vw moments: EJvw(si4+1)], Var,[vw(s;41)], and Cov; [Ty 141, vw(si+1)]. As such, our numerical solution
method is still global and our vw(s;) function is still allowed to be arbitrarily nonlinear. This approach is
commonly use in the nonlinear filtering literature (see Chapter 8 of Anderson and Moore (1979)).
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we have s; = [Ery, log(Vry), Upy] with

Er(s;) =Er, (IA.147)

Er + (ﬁE‘(ETt—ET)

E3<3t> = Wy + ¢V~log(Vrt) ) (IA'148)

¢U,t ~Upe + ¢U,V,t - Vry

Vr(sy) = Varyry, (TA.149)
Var[Er41] G5 - Covy[Eres1,57,,] 0

Vs(st) = | ¢, Cou[Er1,6%,,]  ¢2-Var[oh,] 0 |, and (IA.150)
0 0 0

Covy [?w,t—i-lu IE;”wrl]
Crs(s)) = | ¢o - Covy[Fus1,02,] | - (IA.151)

0

The expressions for all variance and covariance terms above are provided below Equation
[A.97 and are functions of Vr; and Uy, (and thus of s;). Note that ¢uy, duv.e, Eapr, and &,
are also functions of Vr, and Uy, (and thus of s;).

Equation IA.146 provides an algorithm for solving for vw(s;) as a function of :

1. Create a three-dimensional grid that covers reasonable state space variable values'2®

TA-28T4 define the state space upper and lower bounds, we simulate the state vector given parameter estimates
for 100,000 months. We take the resulting maximum and minimum simulated state variable values as the
boundaries in the state space on which we solve for the value function. Furthermore, we create a 11 x 11 x 11
three-dimensional state space grid using equal-spacings across each state variable dimension. We choose to
use 11 grid points in each state variable dimension to balance granularity of our solutions with computation
time. In practice, we find that the converged vw, is smooth with low curvature, so this grid spacing is unlikely
to significantly impact our results related to the nonlinear Ny.
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nfl(

2. Start from an arbitrary function vw"™ !(s;) at points on the grid (e.g., vw™ (s;) = 0,

or a previous solution possibly from a different vy close to the current )

3. Calculate (numerically) the G(Es;) vector and the H(Es;) matrix at the Es, value
associated with each grid point (i.e., the gradient and hessian evaluated at the expected

state vector value next period given the state vector value on the grid)-2

4. Evaluate the right hand side of Equation [A.146 at each dataset grid point and call

the resulting values vw™(s;)
5. Repeat steps 2 to 4 until vw"(s;) converges for all points in the dataset

6. Given a converged solution, vw(s;), compute Ny at each date in our sample according

to Equation TA.38'430

The algorithm described above solves for the value function given a pre-specified ~. In order
to identify the optimal v through our GMM procedure given the nonlinear Ny, we have an

outter algorithm:

1. Solve for vw,; over a grid of  values (we begin with an initial grid that ranges from 1

to 10)

2. Evaluate the GMM objective given Ny associated with each of these v grid points and
identify the grid point with the lowest objective

IA-29To numerically estimate the G(Es;) vector and the H(Es;) matrix at each iteration given vw™!(s;),

we use linear interpolation to estimate vw™ 1(s;) off the grid points at points necessary for the numerical
derivative approximations. In all cases, we use standard expressions for the numerical derivatives that are
second-order accurate in the step size used to estimate the derivatives. We use step sizes equal to 1/4 of
the grid spacings in each state variable dimension. Since we estimate vw™ !(s;) off the grid points using
linear interpolation for tractability and stability, we cannot use very small step sizes to estimate numerical
derivatives since this would lead to second derivative estimates equal to zero. We find this choice to be
innocuous, again because the value function solution has relatively low curvature on the state space grid.
IA-30To compute vw; at each date in our sample, we use Equation IA.143 to compute E;_ [vw(s;)]. We then
approximate the realized vw; via linear interpolation given our converged solution on the grid, vw(s;), and
obtain vw, = vwy —E;_1[vw(s;)]. Based on Equation IA.38, we then have Ny = 2- (Ng, —ow,)/(y—1), with
NEg based on Equation TA.91, which is an exact solution that is independent of the Ny solution method.
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3. Create a new v grid that spans the next lowest and next highest « values on the current

grid relative to the value that produced the lowest objective

4. Repeat steps 1-3 until the v grid converges'3!

Our final Ny time series used in Table [A.6 is that associated with this optimal . Note that

we implement this procedure separately in our Long and Modern Samples.

D.8 ICAPM Risk Prices Controlling for Sentiment and Liquidity

In this subsection, we explore whether the ICAPM risk prices are robust to controlling for
two other factors: sentiment and liquidity.

These factors are outside the models we investigate in the main paper, but have been
shown to explain some aspects of the cross section of average returns. The sentiment factor
we use is a tradable version of the sentiment index in Baker and Wurgler (2006), which
we construct by creating a mimicking portfolio for changes to sentiment using the same
methodology as we do to construct our intertemporal risk factors, rg and ry. We obtain the
sentiment data from Jeffrey Wurgler’s website. Note that these data are only available until
December 2018, so our analysis using sentiment ends one year before our standard ending
period of December 2019. For liquidity, we use the tradable liquidity factor in Pastor and
Stambaugh (2003), and we obtain the relevant data from CRSP.

Table [A.7 provides results analogous to those in Table 6 when controlling for the sentiment
and liquidity factors. Panel A provides results over our Long Sample (1928-2019) and Panel
B provides results over our Modern Sample (1973-2019). In all cases, our main results are
qualitatively unchanged. The market and reinvestment factors have positive and statistically
significant risk prices. The volatility factor has a negative and statistically significant price
of risk. The risk prices remain quantitatively similar to their original values as well, except
for the case of the volatility risk price when controlling for the liquidity factor. In this case,

the volatility risk price magnitude decreases slightly, which is reasonable since volatility and

A3 practice, we iterate until the final v grid range is lower than 0.0001.
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liquidity tend to be correlated. However, the volatility risk price remains large in magnitude

and statistically significant.

D.9 ICAPM Risk Prices Controlling for the Betting Against Beta Factor

In this subsection, we further explore whether the ICAPM risk prices are robust to controlling
for the betting against beta (BaB) factor of Frazzini and Pedersen (2014).

We start by replicating their BaB factor following their exact methodology."*? The risk
prices related to this replication are provided in Table [A.8 under the header “Original
BaB”. As the table shows, the ICAPM risk prices are strong and statistically significant
after controlling for the BaB factor. Interestingly, the only exception to this result is that
the market price of risk becomes much weaker and only marginally significant over our Long
Sample after all four factors are included in the SDF. However, as we detail below, this result
is an artifact of the fact that the BaB factor has an embedded long position on the market
portfolio to hedge the negative market beta of the rest of the portfolio.

As Novy-Marx and Velikov (2022) demonstrate, the returns on the BaB factor can be

written as:'433
Original __ RL,tJrl - Rf,tJrl RH,t+1 — Rf’tJrl
BaBjt+1 — 3. - B
m, m,
__..moHedge Hedge
= TBaBt+1 T TBaB,t+1 (TA.152)
where
noHedge
"BaBt11 = Rriv1 — R
Hedge  _ -1 -1 -1 -1
TBaBt+1 = (( m,L 1) ’ RL,t+1 + (1 - ﬁm,H) ) RH,tH) - ( m,L Bm,H> ’ Rf,t+1
Hedge . : . . . .
The factor r. ;"¢ is a BaB factor with no hedge. That is, this factor is negatively exposed

to market risk since it longs low beta stocks and shorts high beta stocks. The factor rh W

IA-32Qver the period we have data from the original paper (04/1929 to 03/2012), our replicating BaB factor
has a correlation of 0.99 with the original BaB factor. Moreover, over the same period, our replicating BaB
factor has an average return of 0.73% with a volatility of 3.34%, which are close to the average return (0.70%)
and volatility (3.10%) of the original BaB factor.

TA-33We set Bm,Lt = Bm,r and B, H,t = Bm,u to simplify the exposition, but we account for the time-varying
betas when constructing the BaB factor (and the arguments we make remain valid with time-varying betas).
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is a hedging portfolio that buys equities financed by borrowing at the risk-free rate. The

rhelse market beta is positive with the same magnitude as the (negative) market beta of the
i€ factor. As such, rorg = ppoliedse o pledse hag zero market beta (ie., it is hedged

against market risk).
As Novy-Marx and Velikov (2022) point out, implementing rgjjége is non-standard and
very costly. In fact, it would be much more natural to hedge against the negative market

risk of 7% by buying the market portfolio itself. In this case, the BaB factor would be

MktHedged Hed
Thapet = Tpapits + (Bt = Bnr)  Tmest (IA.153)

.1 MktHedged : : : MktHedged
with 75,5 9 also having zero market beta. The risk prices that use rg, 5 7 as the BaB

factor are provided in Table TA.8 under the header “Mkt Hedged BaB”. The ICAPM risk
prices remain strong and statistically significant. Perhaps more importantly, once the hedge
is based on the market factor, the BaB factor is the weakest from a statistical standpoint
(but it remains statistically significant).

Equation [A.153 also clarifies why the market risk price seems relatively weak when the

BaB factor is included in the SDF. Specifically, we have

- MktHedged
My =a + by Tmgt1 + bBaB * TBep 11

- noHedge
=a + bm *Tmt+1 + bBaB : TBaB,t+1 + bBaB : (ﬁm,H - ﬁm,L) *Tmt+1

=a + [bm + bBaB : <5m,H - ﬂm,L)] *Tm,t+1 + bBaB . T%oaléiflﬁi (IA154)

and analogously in the SDF specification that controls for the intertemporal risk factors.
As such, the market hedge embedded in rg{gHedged incorporates a portion of the market
risk price, and thus artificially decreases the estimated b,,. To address this issue, we further
provide risk prices for a specification that uses r%‘;}éedge as the BaB factor in Table TA.8
under the header “Not Hedged BaB”. As it is clear from the table, the BaB factor remains
the weakest from a statistical standpoint (but it also remains statistically significant over
our Modern Sample). However, the market risk price controlling for the BaB factor is now

at least as strong as (and typically stronger than) the market risk price in the specifications
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that do not control for the BaB factor.

In summary, the ICAPM risk prices remain strong and statistically significant after con-
trolling for the BaB factor. This result is true whether we use the original BaB factor or
alternative versions that either rely on the market portfolio for hedging purpose or that do
not hedge at all. In contrast, the risk price of the original BaB factor is extremely strong, but
its statistical power weakens substantially if we use the market portfolio for hedging purpose

or do not hedge at all when constructing the BaB factor.

D.10 Relation Between our Risk Prices and the Prior ICAPM Literature

Some prior papers estimate the risk prices of shocks to market expected returns and volatility
in the context of an ICAPM without controlling for each other. This subsection relates our

findings to this literature.

(a) rg Risk Price

In terms of the rg risk price, the ICAPMg column in Table 5 shows that bg is much smaller
when we do not control for ry, but it is still strong and statistically significant. This result
is consistent with several papers in the ICAPM literature that estimate the risk price of
news to long-term expected returns through auxiliary econometric models (e.g., Campbell
and Vuolteenaho (2004), Brennan, Wang, and Xia (2004), Maio (2013), Cederburg (2019),
and Gongalves (2021b)). However, one paper in the ICAPM literature (Kozak and Santosh
(2020)) finds that the risk price of shocks to expected returns is actually negative. This
paper is important because it does not require an auxiliary econometric model to estimate
expected returns. In particular, Kozak and Santosh (2020) show that the covariance of an
asset, 7, relative to market expected return shocks can be measured using the risk factor
SH kMY r, 4 since future returns are composed of expected returns plus an error term
that is orthogonal to r;;.

To understand this apparent contradiction to our results, we follow our rg construction to

create a tradable factor based on the Kozak and Santosh (2020) measure of expected returns.
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We call this tradable factor 757 and report SDF regressions that include this factor in Table
IA.9. Consistent with Kozak and Santosh (2020), the r2” factor has a negative risk price
(although the noise makes it statistically weak in the Modern Sample), but controlling for it
has basically no effect on the risk prices of our ICAPM factors (and vice versa). Table IA.10
shows that the reason is that the factor in Kozak and Santosh (2020) captures relatively
short-term expected returns. Specifically, market returns display long-term reversal, which
implies that % 1/<a L, s is negatively correlated with subsequent long-term returns.
As such, X kM1 0 is a good measure for short-term expected returns, but not for
long-term expected returns. From the perspective of Kozak and Santosh (2020), this aspect
is not a problem since their goal is to estimate the risk price on expected return shocks.
However, our goal is to construct a tradable factor that captures news to long-term expected
returns as implied by our ICAPM, and thus the Kozak and Santosh (2020) measure is not
appropriate for our purpose. In any case, the results in Tables [A.9 and [A.10 demonstrate

that there is no contradiction between our results and the ones in Kozak and Santosh (2020).

(b) rvy Risk Price

In terms of the ry risk price, the ICAPMy column in Table 5 shows that by is close to zero
(and statistically insignificant) when we control for r,, but not for rg. This result seems to
contradict the findings in Ang et al. (2006) and Adrian and Rosenberg (2008) but, as we
explain below, it does not.

First, Ang et al. (2006) find a negative volatility risk premium that is statistically signif-
icant (although not that large economically) in a model that includes the market portfolios.
To understand their result, it is important to note that their volatility exposure is based on
multivariate betas that control for the market factor, not univariate betas or covariances.
This aspect implies that the risk price they report is proportional to the univariate projection
coefficient of the SDF onto the volatility factor, not the multivariate projection coefficient of
the SDF onto the volatility factor controlling for other factors (see Chapter 13.4 in Cochrane

(2005)). In other words, their result is comparable to our E[ry] and not our by. As such, our
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results are in line with Ang et al. (2006) as our E[ry| is negative (although statistically weak
in the Modern Sample).

Second, Adrian and Rosenberg (2008) estimate a volatility model that has short- and
long-run (nontradable) volatility components and find that volatility risk is strongly priced
controlling for market returns. While their risk prices are estimated using covariances as
risk exposures, and thus reflect bs in our terminology, they effectively control for expected
returns indirectly. Specifically, when estimating their volatility model, they impose a general
equilibrium condition that the market expected return is linear in their two volatility com-
ponents. As such, our results are consistent with theirs since by is strong and statistically
significant after we control for rg in our SDF projections. As explained in Subsection 2.5, we
treat our ICAPM as a partial equilibrium model so that we do not impose the equilibrium
condition that the market risk premium is linear in our volatility factor because we would
like to accommodate the possibility that variation in expected returns are also driven by
other channels such as sentiment (as in Kozak, Nagel, and Santosh (2018)) and risk aversion

(as in Gongalves (2021a)) without explicitly modeling such effects.
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Figure IA.1

Accuracy of Approximations Used to Derive Ny ; =~ Oy - E'tz

Panels (a) to (c) show the approximations for (and exact values of) Vr, (Equation IA.109), Uy, (Equation
[A.111), and Vari|v] (Equation IA.110). These approximations are used to derive an approximate expression for
Ny; = (Ep1 —E)[D ney 5" Var; p[v]] (Equation TA.103), which is displayed in panel (d) together with its numerical
solution (solved globally as described in Subsection D.7), which we still label “exact”. To help visualize the correlation
in panel (d), we use a filter analogous to the one in Figure 2, except that we do not divide the shocks by their respective
standard deviations so that differences in standard deviation between the exact and approximate series are displayed
(note that the correlation number displayed is still based on the original news). To normalize units, all panels report the
z-scores for each variable but with means and standard deviations calculated always based on the exact series so that
the figures display any difference in means and standard deviations between the exact and approximate solutions. All
results are reported using our benchmark estimation for Er, and Vr, in TableIA.1 over our Long Sample (1928-2019)
and, for panels (c) and (d), the v value obtained in our structural estimation in Table 5 over our Long Sample.
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Figure IA.2

Log-GARCH vs Level-GARCH

Panels (a) and (b) provide the forecasting sum of squared errors (SSE) of a level-GARCH relative to our baseline
log-GARCH model. We provide the relative SSE values for different forecasting horizons going from one month to one
hundred and twenty months (ten years). Panels (c¢) and (d) provide empirical density estimates for the shocks of the
same log-GARCH and level- GARCH models. Subsection D.4 provides further details.
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B.ne and B, vy of B, and 8,2 Decile Portfolios: Vg and Ny from a VAR System

These graphs show ex-post decile portfolio betas (in market beta units as explained in Footnote 26) with respect to
the Ng and Ny mimicking factors (ryg and ryy) when news are computed under our baseline Bayesian framework in
Subsection 1.3.2 or under different vector autoregressive (VAR) specifications. In particular, we estimate news using
four alternative VAR specifications that include different combinations of the following state variables: dividend yield
(dp), realized variance (RV'), credit spread (CS), Treasury yield (TY), term spread (7'S), and value spread (V.S).
Panels (a) and (b) use data from our Long Sample (1928-2019) whereas Panels (c) and (d) use data from our Modern
Sample (1973-2019). Panels (a) and (c) use portfolios sorted on ex-ante exposures to Adp (5q,) whereas Panels (b) and
(d) use portfolios sorted on ex-ante exposures to Acg? (8,2). See Subsection D.5 for more details.

[A.81



(a) Long Sample (b) Modern Sample

15 SSE(VAR) ) 1.2 SSE(VAR)
o SSE(Log - GARCH) L SSE(Log - GARCH)
13 2
1.1
1.2 .-
1.1 N
1.0 s
1.0 = REEE -
T == — dp+RV dp+RV
09l - - dp+RV+CS - - dp+RV+CS
! -—- dp+RV+CS+TY+TS -—- dp+RV+CS+TY+TS
08 dp+RV+CS+TY+TS+VS 0.9 dp+RV+CS+TY+TS+VS
0 i 2 3 4 5 6 7 8 9 10 0 i 2 3 4 & 6 7 8 9 10
Variance Forecasting Horizon (in Years) Variance Forecasting Horizon (in Years)
(c) Long Sample (d) Modern Sample
12 SSE(VAR) 1.1 SSE(VAR)
SSE(Log - GARCH_MLE) P SSE(Log - GARCH_MLE)
1.1
s 1.0 e
1.0 e IRRREE .
e ACER N
0.9 e 09l 7 Sl <
...\l ’/,’ i /,’-"
08 L
"\ T — dp+RV 0.8] — dp+RV
0.7 No--e - - dp+RV+CS - - dp+RV+CS
N -—- dp+RV+CS+TY+TS -—- dp+RV+CS+TY+TS
06 dp+RV+CS+TY+TS+VS 07 dp+RV+CS+TY+TS+VS
0 i 2 3 4 &5 6 7 8 9 10 0 i 2 3 4 & 6 7 8 9 10
Variance Forecasting Horizon (in Years) Variance Forecasting Horizon (in Years)

Figure TA.4
VAR Forecasting Sum Squared Errors

Panels (a) and (b) provide the forecasting sum of squared errors (SSE) of different VAR specifications relative to our
baseline log-GARCH model, which is estimated by targeting long-run variance (see Subsection B.1.1), while Panels (c)
and (d) provide analogous results when the log-GARCH model is estimated by maximum likelihood. We consider four
alternative VAR specifications that include different combinations of the following state variables: dividend yield (dp),
realized variance (RV'), credit spread (C'S), Treasury yield (TY), term spread (7'S), and value spread (V'S). Subsections
D.5 and D.6 provide further details.
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Table TA.1
Er, and Vr; Parameters

Panel A reports the parameter estimates related to the Er; process while Panel B reports the parameter estimates
related to the Vr, process. The estimation procedure is described in Subsection B.1. Parameter estimates are re-
ported in their original units with two exceptions. First, some parameters are annualized for interpretability, with
their label providing the explicit annualization (e.g., 12y is the annualized mean r,,). Second, the units of param-
eters related to covariances (vy.,, Vyg, Vug, Oro, Odpo) is hard to interpret, and thus we instead report correlation
values. Specifically, we report Cor,, = v, /vy, Coryg = vy 4/vy, Cory g = v,/ (V- vy), Coryy = aw/(\/w - 04),
and Corgy, = O'dp7g/(\/w “Vgp - 0y), Where Vr = ewv/(1=¢v),

PANEL A: Er; Process

Long Sample (1928-2019) Modern Sample (1973-2019)

p 0.964 0.968
12 - p 0.064 0.062
1 0.9473 0.967
p12 0.182 0.237
v, 0.011 0.012
Vg 0.209 0.272
Cor,, -0.635 -0.518
Cor,g 0.050 -0.054
Cor,., 0.736 0.859

PANEL B: Vr; Process

Long Sample (1928-2019) Modern Sample (1973-2019)

VVr 0.045 0.040
wy -0.160 -0.597
Wy -0.026 -0.502
Wo -0.520 -0.169
by 0.974 0.908
by 0.716 0.343
o) 0.258 0.564
O 0.692 0.646
Cor, -0.455 -0.456
Corap.o 0.430 0.396
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Table IA.2
Correlations: News Proxies, Tradable Factors, and Ex-post Mimicking Factors

(Adding Factors based on PCA)
PCA

This table reports correlations between our tradable risk factors (rg, ry, r£¢4, and r£¢4) and ex-post news (Ng
and Ny) as well as ex-post news mimicking factors (ryg, rnv, rA54, 7554). To construct rg (ry), we buy value-
weighted portfolios of the stocks with the 30% highest exposures to Adp (Ac?) and sell a value-weighted portfolio
of the stocks with the 30% lowest exposures to Adp (Ac?). Similarly, to construct r£¢4 (rF°4), we buy value-
weighted portfolios of the stocks with the 30% highest weights on the Adp (Ac?) mimicking portfolio and sell a
value-weighted portfolio of the stocks with the 30% lowest weights on the Adp (Ac?) mimicking portfolio, with
mimicking weights estimated by Principal Component Analysis (PCA) using the method in Giglio and Xiu (2020).

To construct ryg and r{S4 (ryy and r§$4), we project Ng (Ny) onto returns from decile portfolios constructed

by sorting stocks based on the same signals used for rg and 74 (ry and r§¢4) while imposing that projection
coefficients sum to zero (i.e., the factors are zero-net-cost portfolios). The news are based on Equations 21 and
22, and are estimated ex-post using our Long Sample (1928-2019) or Modern Sample (1973-2019). The tradable
risk factors as well as the decile portfolios necessary to obtain the ex-post mimicking factors are constructed
each month using their respective signals estimated on a 5-year rolling window. Subsections 1.3.3, 1.3.4, and D.2
provide further empirical details on the construction of the tradable and ex-post mimicking risk factors. A detailed

description of our news estimation procedure is available in Subsection B.1.

PANEL A: Reinvestment Risk (IVg)

Long Sample (1928-2019) Modern Sample (1973-2019)

PCA PCA PCA PCA
Adp Ng r™ TNE T§ TNE Adp Nz ™ TN T TNE

Adp 1 091 0.68 0.68 0.39 0.57 1 0.88 0.54 0.57 0.41 0.47
Ng 0.91 1 0.51 0.51 0.31 0.44 0.88 1 0.36  0.39 0.28 0.36
TE 0.68  0.51 1 0.93 0.53 0.81 0.54 0.36 1 0.89 0.74 0.68
TNE 0.68 0.51 0.93 1 0.44 0.76 0.57 0.39 0.89 1 0.66 0.69

rEC4 | 039 031 053 044 1 0.63 | 041 0.28 0.74 0.66 1 0.71
rhSA4 | 057 044 081 076  0.63 1 047 0.36 0.68 0.69  0.71 1

PANEL B: Volatility Risk (Ny)

Long Sample (1928-2019) Modern Sample (1973-2019)
Ac?> Ny vy vy 1mH64 rRCA | Ac? Ny vy ryy rPCA pRCA
Aoc? 1 0.75 024 0.27 0.09 0.24 1 0.92 0.25 0.30 0.18 0.28

Ny 0.75 1 0.24 0.30 0.12 0.26 0.92 1 0.28 0.36 0.22 0.32
Ty 024 024 1 0.81 0.47 0.70 0.25 0.28 1 0.84 0.69 0.79
TNV 027 030 0.1 1 0.42 0.72 0.30 0.36 0.84 1 0.57 0.74

ryc4 0.09 0.12 047 0.42 1 0.53 0.18 0.22 0.69 0.57 1 0.68
rﬁ%,m 024 026 070 0.72 0.53 1 028 032 079 0.74 0.68 1
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Table IA.3
Decile Portfolios Sorted on 34, and 3,2 (Three-Year 3s)

This table reports statistics related to monthly returns on 10 [g,-sorted portfolios (Panel A) and 10 S,2-sorted
portfolios (Panel B) when sorting on exposure to either Adp or Ac?, respectively, estimated over three-year
rolling windows. All data is from our Long Sample (1928-2019). The portion of Panel A reports portfolio return
exposures to our expected return news proxy (Adp), the in-sample expected return news measure (Ng), our
tradable reinvestment risk factor (rg), and the Ng mimicking portfolio (ryg). Portfolio return exposures to each
of these time series are denoted by 4, OnE, e, and Byng, respectively, and are normalized to be in market
beta units. The portion of Panel B reports portfolio return exposures to our volatility news proxy (Ac?), the
in-sample volatility news measure (Ny), our tradable volatility risk factor (ry), and the Ny mimicking portfolio
(rnv). Portfolio return exposures to each of these time series are denoted by f,2, Syv, By, and S,.nv, respectively,
and are normalized to be in market beta units (see Footnote 26). In the bottom portion of each panel, we report
portfolio average returns (E [r]) and as when computed with respect to the CAPM (a,), the ICAPM excluding
rE (@mv) or ry (amr), and the full ICAPM (a,, g v). All returns are in percent and annualized (approximately)
by multiplying monthly returns by 12. The “Slope” statistic is a measure of the slope of the 10 related portfolio
statistics with respect to portfolio decile (see Footnote 26). Portfolios are rebalanced monthly based on individual
stock exposures to Adp or o2 with further details provided in Subsection 1.3.1. The 10-1 portfolio t-statistics
are computed according to Newey and West (1987, 1994). The Slope t-statistics are computed according to the
method in Driscoll and Kraay (1998) using the procedure in Newey and West (1994) to select the number of lags.

PANEL A: 34,-Sorted Portfolios

Dec 1 2 3 4 5 6 7 8 9 10 | 10-1  (t10_1) | Slope (tsiope)
Bap | -152 -130 -118 -1.07 -1.00 -0.94 -0.83 -0.74 -0.67 -0.57 | 0.96 (9.93) | 0.88  (7.98)
BN | -1.14 -098 -0.88 -0.80 -0.75 -0.71 -0.62 -0.55 -0.50 -0.42 | 0.72  (6.16) | 0.66  (4.88)
Be | -1.70 -1.41 -1.21 -1.04 -0.94 -0.85 -0.71 -0.55 -045 -0.34 | 1.36  (55.1) | 1.27  (56.0)
BrNg | -1.68 141 -1.18 -1.06 -0.93 -0.84 -0.71 -059 -047 -0.34 | 1.35 (325) | 124  (355)
Elr] | 94% 87% 91% 93% 88% 9.3% 95% 82% 7.6% 6.8% |-2.7% (-0.98) | -1.9% (-0.54)

am | -41% -29% -14% -03% -02% 09% 21% 1.6% 1.6% 1.8% | 59%  (2.98) | 5.9% (
amy | -43% -31% -15% -03% -02% 1.0% 22% 1.7% 1.7% 1.9% | 6.2%  (4.00) | 62%  (3.27)
) (

ampey | 0.0% 01% 08% 12% 0.6% 14% 23% 06% 03% 01% | 0.1%  (0.10 0.3%

PANEL B: 3,2-Sorted Portfolios

Dec 1 2 3 4 5 6 7 8 9 10 | 10-1  (t10_1) | Slope (tsiope)

B2 -0.50 -041 -0.38 -0.37 -0.33 -0.30 -0.29 -0.29 -0.26 -0.26 | 0.24

BNv -0.54 -044 -042 -041 -0.37 -0.34 -0.33 -0.31 -0.29 -0.30 | 0.25

Brny | -1.16  -1.00 -0.87 -0.75 -0.61 -0.55 -0.45 -0.40 -0.34 -0.38 | 0.78

(6.55) (5.02)

(6.35) (4.62)
By | -123 -1.09 -0.96 -0.80 -0.65 -0.59 -0.50 -0.39 -0.36 -0.38 | 0.85 (15.8) | 0.90  (43.9)

(14.5) (17.9)
E[r] | 10.8% 101% 105% 9.6% 9.0% 87% 7.8% 7.6% 65% 62% |-4.5% (

amE 1.7%  1.4%  21% 14% 11% 11% 0.0% 0.1% -09% -1.6% | -3.3%

(-2.27)

am | 06% -04% 1.0% 08% 1.0% 13% 0.7% 0.8% -03% -1.1% |-0.5% (-0.27) |-0.2%  (-0.10)
(-2.38)
(-0.07)

amey | 01% 00% 08% 08% 08% 09% 01% 1.0% 03% 0.0% |-0.1%
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Table 1A .4
The ICAPM Risk Prices and Pricing Errors (Three-Year (3s)

Panel A reports estimated CAPM and ICAPM risk prices (b) according to Equation 8 while Panel B reports
the annualized average returns (E[r|) and associated pricing errors (o) for the three orthogonalized strategies
introduced in Subsection 2.3. The ICAPM,, column reports the respective information when imposing the ICAPM
structural restrictions in Footnote 11, which imply relative risk aversion, v, is the only parameter as it determines
all three risk prices (see Footnote 30 for estimation details). For the CAPM and ICAPM columns of each panel,
we use v = b, = I;nZJIlE[f] (see Subsection 1.3.1). Since bs are not easily comparable, we report oy - by for each
factor fi: so that the reported values can be interpreted as the change in M, induced by a one standard deviation
change in the respective fi,; (holding other factors fixed). b is estimated by Generalized Method of Moments
(GMM) and the t-statistics are computed according to GMM asymptotic theory with Newey and West (1987,
1994) for the spectral density matrix (see Subsection B.2).

Long Sample (1928-2019) Modern Sample (1973-2019)
(5-Year Betas) (3-Year Betas) (5-Year Betas) (3-Year Betas)
CAPM ICAPM ICAPM, ICAPM ICAPM, | CAPM ICAPM ICAPM, ICAPM ICAPM,
PANEL A: Risk Prices (M, = a + b f})
b 0.12 0.26 0.34 0.25 0.31 0.12 0.26 0.29 0.24 0.268
(tstaz) | (3.05)  (3.59)  (6.00)  (3.31)  (5.49) | (244) (3.45)  (7.19)  (3.20)  (6.41)
b 0.32 0.26 0.28 0.24 0.37 0.27 0.30 0.23
(tstat) (4.28)  (5.05)  (3.70)  (4.55) (4.19)  (6.14)  (3.82)  (5.37)
by -0.18 -0.11 -0.15 -0.08 -0.23 -0.23 -0.17 -0.17
(tstat) (-3.34)  (-253)  (-3.06)  (-2.28) (-3.52)  (-3.07)  (-3.01)  (-2.69)
[v] [2.3] 4.8] 6.3] [4.6] [5.9] 2.8] [5.6] 6.9] [5.3] 6.2]
PANEL B: Annualized Pricing Errors (as)
E[rt] | 10.5%  10.5% 10.5% 10.5% 10.1% 10.2%  10.2% 10.2% 10.2% 9.7%
oy, 5.6% 0.0% -3.2% 0.0% -2.7% 5.2% 0.0% -2.2% 0.0% -1.07%
(tstar) | (3.72)  (0.00)  (-2.18)  (0.00)  (-2.05) | (3.32)  (0.00) (-1.01)  (0.00)  (-0.80)
E[TIJE‘] 9.9% 9.9% 9.9% 9.9% 9.3% 10.3%  10.3% 10.3% 10.3% 9.2%
ag 9.9% 0.0% 2.0% 0.0% 1.4% 10.3%  0.0% 2.6% 0.0% 2.2%
(tstas) | (5.07)  (0.00)  (2.33)  (0.00)  (L77) | (447) (0.00)  (1.89)  (0.00)  (1.61)
E[T\Jf‘] -6.6%  -6.6% -6.6% -6.6% -6.0% -7.6%  -7.6% -7.6% -7.6% -5.9%
oy -6.6% 0.0% -2.7% 0.0% -2.7% -7.6% 0.0% -0.2% 0.0% -0.1%
(totar) | (-3.38)  (0.00)  (-1.46)  (0.00)  (-1.45) | (-3.29) (0.00)  (-0.12)  (0.00)  (0.04)
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Table IA.5
Correlations: News Proxies, Tradable Factors, and Ex-post Mimicking Factors
(News from Bayesian Framework and VAR Specifications)

This table reports correlations between our tradable risk factors (rg and rv) and ex-post news (Ng and Ny) as
well as ex-post news mimicking factors (ryg and ryy). To construct rg (ry), we buy a value-weighted portfolio
of the stocks with the 30% highest exposures to Adp (Ac?) and sell a value-weighted portfolio of the stocks
with the 30% lowest exposures to Adp (Ac?). To construct ryg (ryv), we project Ng (Ny) onto returns from
decile portfolios constructed by sorting stocks based on their exposure to Ng (Ny) and imposing that projection
coefficients sum to zero (i.e., the factors are zero-net-cost portfolios). The news are estimated ex-post over our
Long (1928-2019) or Modern (1973-2019) Sample based on the Bayesian framework (Equations 21 and 22) of the
VAR in Equation [A.134, with different panels using different state vectors. The tradable risk factors, rg and rv,
as well as the decile portfolios necessary to obtain the ex-post mimicking factors are constructed each month using
risk exposures estimated on a 5-year rolling window. Subsections 1.3.3, 1.3.4, and D.5 provide further details on
the state variables and construction of risk factors.

PANEL A: News from Bayesian Framework

Sample | Cor(ryg, Ng) Cor(rg, Ng) Cor(rg,rng) | Cor(rny, Ny) Cor(ry, Ny) Cor(ry,rnvy)

Long 0.51 0.51 0.93 0.30 0.24 0.81
Modern 0.39 0.36 0.89 0.36 0.28 0.84

PANEL B: News from VAR with s = (dp, RV)

Sample | Cor(ryg, Ng) Cor(rg, Ng) Cor(rg,rng) | Cor(rny, Ny) Cor(ry, Ny) Cor(ry,rNvy)

Long 0.69 0.66 0.95 0.60 0.48 0.83
Modern 0.58 0.50 0.90 0.22 0.17 0.76

PANEL C: News from VAR with s = (dp, RV, CS)

Sample | Cor(rng, Ng) Cor(rg, Ng) Cor(rg,rng) | Cor(rny, Ny) Cor(ry, Ny) Cor(ry,rNvy)

Long 0.64 0.62 0.93 0.62 0.46 0.77
Modern 0.58 0.50 0.89 0.34 0.22 0.75

PANEL D: News from VAR with s = (dp, RV, CS, TY, TS)

Sample | Cor(ryg, Ng) Cor(rg, Ng) Cor(rg,rng) | Cor(rny, Ny) Cor(ry, Ny) Cor(ry,rnvy)

Long 0.67 0.64 0.92 0.57 0.43 0.77
Modern 0.59 0.51 0.90 0.37 0.25 0.77

PANEL E: News from VAR with s = (dp, RV, CS, TY, TS, VS)

Sample | Cor(ryg, Ng) Cor(rg, Ng) Cor(rg,rng) | Cor(rny, Ny) Cor(ry, Ny) Cor(ry,rnvy)

Long 0.61 0.57 0.91 0.56 0.25 0.46
Modern 0.60 0.51 0.86 0.32 0.19 0.63
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Table IA.6
The ICAPM Risk Prices and Pricing Errors (Alternative Ny)

Panel A reports estimated ICAPM risk prices (b) while Panel B reports the annualized average returns (E[r])
and associated pricing errors («) for the three orthogonalized strategies introduced in Subsection 2.3. All columns
impose the ICAPM structural restrictions in Footnote 11, which imply relative risk aversion, ~, is the only
parameter as it determines all three risk prices (see Footnote 30 for estimation details). Since bs are not easily
comparable, we report oy, - by for each factor fi, so that the reported values can be interpreted as the change in M,
induced by a one standard deviation change in the respective fi; (holding other factors fixed). b is estimated by
Generalized Method of Moments (GMM) and the t-statistics are computed according to GMM asymptotic theory
with Newey and West (1987, 1994) for the spectral density matrix (see Internet Appendix B.2). Columns differ
in the Ny specification, with the first column of each panel reporting our baseline results. Column “MLE Ny”
estimates our log-GARCH process used to obtain Ny by maximum likelihood (see Subsection D.6), and column
“Nonlinear Ny” obtains the nonlinear Ny numerically (see Subsection D.7).

Long Sample (1928-2019) Modern Sample (1973-2019)
(Baseline Ny) (MLE Ny) (Nonlinear Ny) | (Baseline Ny) (MLE Ny) (Nonlinear Nvy)
ICAPM,  ICAPM, ICAPM, ICAPM,  ICAPM, ICAPM,,
PANEL A: Risk Prices (M; = a + b f;)
bm 0.34 0.32 0.33 0.29 0.34 0.27
(tstat) (6.00) (5.18) (6.80) (7.19) (5.23) (7.97)
bg 0.26 0.26 0.25 0.27 0.30 0.23
(tstat) (5.05) (4.30) (5.68) (6.14) (4.54) (6.65)
by -0.11 -0.02 -0.14 -0.23 -0.08 -0.26
(tstat) (-2.53) (-2.15) (-2.84) (-3.07) (-2.27) (-3.33)
v 6.3] 5.9] 6.1] [6.9] [7.6] [6.0]
PANEL B: Annualized Pricing Errors (as)
E[r#‘z] 10.5% 10.5% 10.5% 10.2% 10.2% 10.2%
oy -3.2% -2.3% 2.7% -2.2% -3.5% -0.7%
(tstat) (-2.18) (-2.33) (-1.58) (-1.01) (-2.17) (-0.30)
E[rz] 9.9% 9.9% 9.9% 10.3% 10.3% 10.3%
og 2.0% 1.9% 2.3% 2.6% 1.8% 3.7%
(tstat) (2.33) (1.88) (2.38) (1.89) (1.50) (2.30)
E[ri] -6.6% -6.6% -6.6% 7.6% 7.6% 7.6%
oy -2.7% -5.7% -1.2% -0.2% -4.8% 1.0%
(tstat) (-1.46) (-2.83) (-0.71) (-0.12) (-2.28) (0.74)
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Table TA.7
The ICAPM Risk Prices Controlling for Sentiment and Liquidity Factors

This table reports estimated risk prices (b) for ICAPM risk factors (f;) according to Equation 8 when controlling
for sentiment and liquidity factors (z;) in the SDF M, = a—b fi —b;::ct. The sentiment factor is a tradable version of
the index in Baker and Wurgler (2006), with construction analogous to rg and ry, and data (until 2018) obtained
from Jeffrey Wurgler’s website. For liquidity, we use the tradable liquidity factor in Péastor and Stambaugh (2003)
available on CRSP. Panels A and B cover our Long (1928-2019) and Modern (1973-2019) samples, respectively.
In the case of the Long Sample, we include the earliest factor data available for each model (1970 for sentiment
and 1968 for liquidity) and use the Stambaugh (1997) procedure to estimate b over the entire Long Sample (see
Subsection 3.1 for more details). Since bs are not easily comparable, we report o -b so that the reported values can
be interpreted as the change in M; induced by a one standard deviation change in the respective factor (holding
other factors fixed). b is estimated by Generalized Method of Moments (GMM) and the t-statistics are computed
using a bootstrap exercise in Panel A (see Internet Appendix B.4) and GMM asymptotic theory with Newey and
West (1987, 1994) for the spectral density matrix in Panel B (see Subsection B.2).

PANEL A: Long Sample (1928-2019)

T = CAPM ICAPM CAPM+SENT ICAPM+SENT CAPM+LIQ ICAPM+LIQ
b 0.12 0.26 0.14 0.25 0.12 0.26
Tm
(tstat) | (3.05) (3.59) (2.86) (4.50) (2.45) (4.70)
b 0.32 0.32 0.29
TR
(tstat) (4.28) (4.57) (4.03)
b -0.18 -0.19 -0.14
rv
(tstat) (-3.34) (-3.38) (-2.30)
TSENT b 0.08 0.05 0.11 0.09
or 1110 (stat) (1.79) (1.28) (2.73) (2.05)
PANEL B: Modern Sample (1973-2019)
T = CAPM ICAPM CAPM+SENT ICAPM+SENT CAPM+LIQ ICAPM+LIQ
b 0.12 0.26 0.13 0.24 0.15 0.25
Tm
(tstat) | (2.44)  (3.45) (2.39) (3.31) (2.34) (3.44)
b 0.37 0.34 0.34
TE
(tstat) (4.19) (3.97) (3.78)
b -0.23 -0.23 -0.19
Ty
(tstat) (-3.52) (-3.69) (~2.80)
TSENT b 0.11 0.05 0.30 0.09
or rp1g  (tstat) (2.64) (1.15) (3.62) (1.87)
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Table TA.8

The ICAPM Risk Prices Controlling for the Betting Against Beta Factor

This table reports estimated risk prices (b) for ICAPM risk factors (f;) according to Equation 8 when controlling
for the betting against beta (BaB) factor of Frazzini and Pedersen (2014) in the SDF M, = a — b’ft —bpuB - TBaB -
The columns under “Original BaB” rely on our replication of the BaB factor in Frazzini and Pedersen (2014).
The columns under “Mkt Hedged BaB” adjust the BaB factor so that its implicit market hedge is based on a
position on the market portfolio. The columns under “Not Hedged BaB” fully remove the market hedging position
from the BaB factor. Further details associated with the different column headers are provided in Subsection D.9.
Panels A and B cover our Long (1928-2019) and Modern (1973-2019) samples, respectively. Since bs are not easily
comparable, we report o - b so that the reported values can be interpreted as the change in M, induced by a
one standard deviation change in the respective factor (holding other factors fixed). b is estimated by Generalized
Method of Moments (GMM) and the t-statistics are computed using GMM asymptotic theory with Newey and

West (1987, 1994) for the spectral density matrix (see Subsection B.2).

PANEL A: Long Sample (1928-2019)

T = CAPM ICAPM Original BaB Mkt Hedged BaB Not Hedged BaB
b 0.12 0.26 0.14 0.12 0.14 0.19 0.26 0.29
T'm
(tstat) (3.05) (3.59) (3.09) (1.86) (3.18) (3.12) (3.26) (3.46)
b 0.32 0.14 0.22 0.23
TE
(tstat) (4.28) (2.03) (3.15) (3.29)
b -0.18 -0.21 -0.19 -0.19
rv
(tstat) (-3.34) (-3.45) (-3.36) (-3.33)
b 0.24 0.26 0.13 0.11 0.19 0.14
TBaB
(tstat) (4.34) (4.27) (2.73) (2.04) (2.62) (1.68)
PANEL B: Modern Sample (1973-2019)
T = CAPM ICAPM Original BaB Mkt Hedged BaB Not Hedged BaB
b 0.12 0.26 0.15 0.16 0.15 0.16 0.32 0.36
Tm
(tstat) (2.44) (3.45) (2.34)  (2.29) (2.63) (2.50) (3.05) (3.40)
b 0.37 0.21 0.22 0.22
TE
(tstat) (4.19) (2.34) (2.47) (2.38)
b -0.23 -0.28 -0.29 -0.30
Ty
(tstat) (-3.52) (-3.26) (-3.43) (-3.38)
b 0.30 0.32 0.19 0.22 0.27 0.33
TBaB
(tstat) (3.62) (3.38) (2.76) (2.37) (2.74) (2.29)
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Table TA.9
The ICAPM Risk Prices Controlling for a Short-term Expected Return Factor

This table reports estimated risk prices (b) for ICAPM risk factors (f;) according to Equation 8 when controlling
for a tradable version of the short-term expected return factor in Kozak and Santosh (2020) through the SDF
M; =a—1b f, —bg" - rg%. The construction of 757 is analogous to the construction of rg and ry except that the
betas used for sorting are based on stock exposures to the factor Zthlmh_l “Tmt+h and the beta estimation window
ends H months before the sorting date to avoid a look-ahead bias. We rely on x = 0.90 and the columns differ
in the H used. The baseline analysis in Kozak and Santosh (2020) is based on £ = 0.90 and H=12 months, with
H=36 months being the longest horizon they explore. Further details on 757 are provided in Subsection D.10.
Panels A and B cover our Long (1928-2019) and Modern (1973-2019) samples, respectively. Since bs are not easily
comparable, we report os - b so that the reported values can be interpreted as the change in M, induced by a
one standard deviation change in the respective factor (holding other factors fixed). b is estimated by Generalized
Method of Moments (GMM) and the t-statistics are computed using GMM asymptotic theory with Newey and
West (1987, 1994) for the spectral density matrix (see Subsection B.2).

PANEL A: Long Sample (1928-2019)

xr = CAPM ICAPM H=12 months H=24 months H=36 months
b 0.12 0.26 0.13 0.28 0.12 0.27 0.12 0.27
Tm
(tstat) (3.05) (3.59) (3.48) (3.88) (3.20) (3.82) (3.08) (3.75)
b 0.32 0.31 0.32 0.32
TE
(tstat) (4.28) (3.83) (3.92) (3.97)
b -0.18 -0.15 -0.15 -0.16
ry
(tstat) (-3.34) (-2.66) (-2.69) (-2.74)
b -0.08 -0.07 -0.07 -0.07 -0.07 -0.07
rST
(tstat) (-2.44) (-2.08) (-2.05) (-1.94) (-1.89) (-1.92)
PANEL B: Modern Sample (1973-2019)
xr = CAPM ICAPM H=12 months H=24 months H=36 months
b 0.12 0.26 0.12 0.25 0.11 0.25 0.11 0.24
Tm
(tstat) (2.44) (3.45) (2.36) (3.42) (2.23) (3.32) (2.14) (3.25)
b 0.37 0.36 0.37 0.36
TE
(tstat) (4.19) (4.03) (4.11) (4.10)
b -0.23 -0.22 -0.22 -0.22
ry
(tstat) (-3.52) (-3.19) (-3.25) (-3.30)
b -0.07 -0.07 -0.06 -0.07 -0.05 -0.06
rST
(tstat) (-1.61) (-1.59) (-1.33) (-1.47) (-1.09) (-1.23)
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Table IA.10
Return Reversals over Long Horizons

This table reports correlations between relatively short term market returns, ZhH:_Ol/{h - T'mt—p and subsequent
long-term market returns 2,112:01(5h - Tmt+h- We also report 95% confidence intervals for these correlations, which
are robust to autocorrelation and heteroskedasticity (see Dalla, Giraitis, and Phillips (2020)). The rows differ in
the x value used (k = 0.90 and k = 0.97) and the columns differ in the H value used (12 months, 24 months, and
36 months). The baseline analysis in Kozak and Santosh (2020) is based on x = 0.90 and H=12 months, with
r = 0.97 being the highest discounting they explore and H=36 months being the longest horizon they explore.

PANEL A: Long Sample (1928-2019)

H=12 months H=24 months H=36 months
H-1 120
Cor < S okh. Tmgt—h > 0. o . Tm,t—i-h) -0.06 -0.06 -0.07
Kk = 0.90 h=0 h=1
[Robust 95% Confidence Interval] [-0.12 ; 0.00] [-0.12 ; 0.00] [-0.13 ; 0.00]
H-1 120
Cor < S okh. Tmgt—h s 2. oM. Tm,t+h> -0.07 -0.08 -0.07
Kk = 0.97 h=0 h=1
[Robust 95% Confidence Interval] [-0.13 ; -0.01] [-0.14 ; -0.01] [-0.14 ; 0.00]
PANEL B: Modern Sample (1973-2019)
H=12 months H=24 months H=36 months
H—1 120
Cor < S kR Tmgt—h s 2. oM. Tm,t+h> -0.24 -0.34 -0.35
Kk = 0.90 h=0 h=1
[Robust 95% Confidence Interval] [-0.36 ; -0.12] [-0.47 ; -0.20] [-0.49 ; -0.21]
H-1 120
Cor < > kR Tmgt—h s 9. oh . rm,H_h) -0.26 -0.38 -0.45
Kk = 0.97 h=0 h=1
[Robust 95% Confidence Interval] [-0.37 ; -0.14] [-0.51 ; -0.25] [-0.59 ; -0.31]

[A.92
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